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Abstract

Despite the significant advances in vehicle automation and electrification, the next-decade
aspirations for massive deployments of autonomous electric mobility on demand (AEMoD)
services in big cities are still threatened by two major bottlenecks, namely the communica-
tion/computation and charging delays. In order to target the communication/computation
delays, the thesis suggests the exploitation of fog-based architectures for localized AEMoD
system operations. These emerging architectures are soon-to-become widely used, allowing
for all localized operational decisions to be made with very low latency by fog controllers
located close to the end applications (e.g., each city zone for AEMoD systems). As for the
charging delays, an optimized multi-class charging and dispatching management model, with
partial charging option for AEMoD vehicles, is developed for each of these zones as a queuing
system. The stability conditions of this model and the optimal number of classes are then de-
rived. Decisions on the proportions of each class vehicles to partially /fully charge or directly
serve customers are optimized to minimize the maximum and average system response times.
The study of the model covered also finding the optimal vehicle dimensioning for each zone
in order to guarantee a bounded need of vehicles with a bounded response time. This study
aimed also to resolve a clear and unrealistic limitation in the first proposed model, namely
the matched charge-to-trip only service, by enabling sub-class service; i.e., allowing vehicles
to serve customer classes with trips needing less charge. A queuing model representing the
new multi-class management scheme is introduced. Its stability conditions are then derived.
Decisions on the proportions of each class’s vehicles to charge and to partially/fully charge,
or directly serve customers with sub-class service are then optimized in order to minimize
the maximum response time of the system. Both of the proposed models were simulated and
results show the merits of our proposed models and optimized decision schemes compared
to several non optimized schemes.

Keywords: Autonomous Mobility On-Demand; Electric Vehicles; Queuing Systems.
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CHAPTER 1

Introduction

This thesis includes: in the second chapter, a paper [1] that had been published in in Proc.
of IEEE Vehicular Technology Conference (VTC’17-Fall), Toronto, ON, Canada, September
2017. and in the third chapter another paper [3] that was accepted for publication in IEEE
International Communication Conference (ICC), 2018. Both of those paper were co-authored

by Mustafa Ammous, Dr. Sameh Sorour and Dr. Ahmed Abdel-Rahim.

1.1 Motivation

Urban transportation systems are experiencing tremendous challenges nowadays due to the
exploding demand on private vehicle ownership, which result in dramatic increases in road
congestion, parking demand [5], increased travel times [6], and carbon footprint [7] [8]. This
clearly calls for revolutionary solutions to sustain the future private mobility. Mobility
on-demand (MoD) services were successful in providing a partial solution to the increased
private vehicle ownership problem [9], by providing one-way vehicle sharing between dedi-
cated pick-up and drop-off locations for a monthly subscription fee, and with no worries for
vehicle insurance and maintenance costs. The electrification of such MoD vehicles can also
gradually reduce the carbon footprint problem. However, the need to make extra trips for
picking-up, after dropping-off, and occasionally for fueling /charging these MoD vehicle has
significantly affected the convenience of this solution and reduced its effect in solving urban
traffic problems.

Nonetheless, an expected game-changer for the success of these services is the signifi-
cant advances in vehicle automation and wireless connectivity. With more than 10 million
self-driving vehicles expected to be on the road by 2020 [10], and the vision of governments
and automakers to inject more wireless connectivity, and coordinated optimization on city

roads, it is strongly forecasted that private vehicle ownership will significantly decline by



2025, as individuals’ private mobility will further depend on the concept of Autonomous
Electric MoD (AEMoD) [11] [12]. Indeed, AEMoD systems will preserve the benefits of
current MoD systems, but relieve customers from their inconveniences, including picking-up
and dropping-off vehicles at dedicated locations, parking hassle/delays, and fueling/charging
detours. Indeed, the self-driving feature in these vehicles will allow them to navigate to cus-
tomers’ locations for pick-up, locate spots for parking after customer drop-off, and self-drive
to fuel/charging stations between customer trips when needed. Moreover, it will provide
them with added time of in-vehicle work and leisure. In short, AEMoD systems will enable
customers to simply press some buttons on an app to promptly get an autonomous electric
vehicle to transport them door-to-door, with no pick-up/drop-off and driving responsibili-
ties, no dedicated parking needs, no carbon emission, no vehicle insurance and maintenance
costs, and extra in-vehicle work/leisure times. With all of these ecological, economical, and
customer-oriented qualities, AEMoD systems are highly expected to significantly prevail in
attracting millions of subscribers across the world and in providing on-demand and hassle-
free private urban mobility.

Despite the great aspirations for wide AEMoD service deployments by early-to-mid next
decade, the timeliness of such service (i.e., promptness in providing a ready vehicle to each
requesting customer with minimum or bounded delays), and thus its entire success, is threat-
ened by two major bottlenecks. First, the expected massive demand of AEMoD services will
result in excessive, if not prohibitive, computational and communication delays if cloud based
approaches are employed for the micro-operation (e.g., collecting requests, and optimizing
dispatching and charging decisions) of such systems. Moreover, the typical full-battery charg-
ing rates of electric vehicles will not be able to cope with the gigantic numbers of vehicles

involved in these systems, thus resulting in instabilities and unbounded customer delays.



1.2 Related Work

Mobility on demand services were studied from several perspectives since the performance of
these systems depends on many factors, such as the charging resources, customers satisfac-
tion, waiting time, etc. Recent works have addressed important problems in AMoD systems
by building different operation models for them. In [14], the authors proposed two different
models: a distributed queuing model in which they spatially averaged the customers queues
into one queue, and a lumped model that exploits the theory of Jackson networks. These
models were employed to analyze the re-balancing between the stations. In [18] a lumped
spatial-queuing model was proposed. Several non-practical assumption were made in order
to treat the problem as a Jackson Network. [17] casted an AMoD system into a closed multi-
class BCMP queuing network model, and solved the routing problem for rebalancing vehicles
on congested roads. Many key factors were not considered in this work in order to simplify
the mathematical resolution. None of these papers considered the computational architec-
ture for massive demands on such services, the vehicle electrification, and the influence of
charging limitations on its stability.

In [15], the paper presents a model predictive control (MPC) approach to optimize the dis-
patching and scheduling of the vehicles in AMoD systems. It is valuable to apply the MPC
algorithms to minimize the future waiting time of customers, but the optimization of the
proposed system was done without or with very simplistic consideration of the AMoD vehi-
cle electrification. The MPC technique was also used in more recent works like [21], where
a finite-horizon dynamic programming algorithm was proposed to provide optimal sched-
ules for plug-in electric vehicles (PEV) charging given statistical information on their future
charging demands. The focus was more on reducing the algorithm complexity compared to
similar algorithms proposed in [24] and [25].

In [26] [27] [28], the authors designed an artificial neural network to predict the quality of

service of an MoD system for campus demand utilizing a small number of vehicles. Com-



bined predictive positioning and ridesharing approaches were shown to achieve a valuable
MOD fleet management performance but this performance does not stand for a city scale.
In [19], the authors addressed the vehicle dispatching problem based on distances separating
vehicles from customers. They employed a combination of the Euclidean bipartite matching
problem and random permutation theory to minimize the trip cost, but without considering
the charging limitation.

Charging AEMoD vehicles was also studied from different perspectives. Some works [20] [22]
proposed optimization models to reduce the cost in term of power and energy. [20] provided
a valuable analysis to an approximate dynamic programming system with feedback-based
optimization for the charging process. In [22], a time variant cost optimization was proposed
for charging at Photovoltaics charging stations. In [23], the involvement of smart grids for
energy cost optimization were not only studied by closed loop and open loop methods, but
also using artificial intelligence techniques. These techniques allowed to introduce several
agents and complex models, like considering the vehicles themselves as sources of energy that
can contribute to the grid. Al might have valuable outcomes but the cost and complexity of
deploying these methods are high. Our work is different from [20] [22] [23] since it aims to

optimize the system response/waiting times for customer satisfaction.

1.3 Owur Contributions

In this thesis, we target the two timeliness limitations hindering the success of AEMoD sys-
tems, namely the communication/computation delays and possible system instability due
to the charging process. To resolve the first limitation, we suggest the exploitation of the
new and trendy fog-based networking and computing architectures [36] [29] [13]. While long
propagation delays remain a key drawback for centralized Cloud Computing, MEC with the
proximate access is widely agreed to be a key technology for realizing various application for
next-generation Internet with millisecond-scale reaction time [32]. The privileges brought by

this technique will allow handling vehicular networks [37] in need for instantaneous decision



making applications such autonomous mobility [40]. Consequently, they can also be involved
in handling AEMoD system operations in a distributed way. This approach will push the
operational decision load close to end customers in each city zone, thus reducing the com-
putational complexity and communication delays. Luckily, this architecture perfectly fits
the nature of many AEMoD fleet operations that are mostly local, such as dispatching and
charging. Indeed, AEMoD vehicles will be usually directed to pick up customers close to
their locations and charge at near-by charging stations. This thus makes the fog-based ar-
chitectures well-suited localized solutions to guarantee low communication and computation
latencies for such local management operations.

Having this component resolved by the aforementioned soon-to-be-deployed technologies,
the thesis focuses on resolving the second timeliness bottlneck by proposing a multi-class
dispatching and charging approach in each service zone. The proposed approach classifies
its incoming vehicles according to their state-of-charge (SoC) and smartly manages their
charging options according to the available charging resources in this zone. This management
is done through introducing the option of no or partial charging for vehicles with non-depleted
batteries, and enabling the full charging option only to vehicles will fully depleted batteries.
This multi-class system also allocates these vehicles to the different classes of customers
according to the suitableness of the vehicles SoC for the customer trip distance. The thesis
also proposes the enhancement of this model by introducing the ability to serve customers
of any class for which a vehicles has enough amount of charge.

Given these novel system operation architecture, the questions now becomes: What s the
optimal proportion of vehicles from each class to dispatch (i.e., no charging) or partially/fully
charge, to both maintain charging stability and minimize the maximum or average response
times of the system? What is the system dimension and vehicles in-flow that can satisfy the
demand of customers with respect to a limited average waiting time? What are the optimal
proportions of vehicles dispatching to different sub-classes that will allow having an enhanced

system? To address these questions, in the Second chapter, a queuing model representing



the proposed fog-based multi-class charging and dispatching scheme is first introduced. An
analytical and numerical studies of the proposed system are done in order to minimize the
maximum and average system response times and show the merits of the model compared
to other non-optimized schemes. In the third chapter, an optimization of the vehicles inflow
rates is conducted analytically and simulations that shows the the performance of the system
are presented. Finally in the fourth chapter, an enhanced system model, that solves some
unrealistic boundaries of the first proposed system, is proposed. an optimization of the
maximum expected response time showed that the enhancement brought to this model allows

it to out perform the first model and other non optimized policies.



CHAPTER 2
Fog-Based Multi-Class Dispatching and Charging for Autonomous

Electric Mobility On-Demand

[1] ”A Multi-Class Dispatching and Charging Scheme for Autonomous Electric Mobility
On-Demand,” in Proc. of IEEE Vehicular Technology Conference (VTC’17-Fall), Toronto,
ON, Canada, September 2017.

Introduction

In this chapter, We suggest the exploitation of fog-based architectures for localized AEMoD
system operations. This architecture is defined justified by multiple references that explains
the income and advantages brought by it. Later an optimized multi-class charging and dis-
patching queuing model, with partial charging option for AEMoD vehicles, is developed for
each of these zones. The stability conditions of this model and the number of classes that fit
the charging capabilities of the service zone are then derived. Decisions on the proportions
of each class vehicles to partially/fully charge, or directly serve customers are then opti-
mized to minimize the maximum and average system response times. The maximum and
average response time minimization problems are formulated as stochastic linear and convex
optimization problems, respectively, and optimal decisions are analytically derived for each
problem using Lagrangian analysis. Finally, the merits of our proposed optimized decision
scheme are tested and compared to both the always-charge and the equal split schemes. Fur-
thermore, the comparison of the maximum and average response time minimization results
shows a very low variance in performance, which suggests using the linear programming

solution for lower complexity.



2.1 Proposed System Model

2.1.1 Fog-based Architecture

Fog-based architectures have recently emerged as novel distributed edge computing architec-
tures to both mitigate the communication and computational burdens on backhaul networks
and cloud servers, respectively, and reduce the delays for system analytics and decision mak-
ing. These architectures push computational resources close to the end entities, thus pro-
viding them with low complexity and latency analytics and optimization solutions through
local communications with these resources. The concept of MEC was firstly proposed by
the European Telecommunications Standard Institute (ETSI) in 2014, and was defined as
a new platform that ”provides IT and mobile cloud computing capabilities (MCC) within
the Radio Access Network (RAN) in close proximity to mobile subscribers” [30]. This led
to the emergence of a new research area called Fog Computing and Networking [31]. It is
widely agreed and proved that the MEC will solve the delays disadvantages in mobile cloud
computing (MCC) [32]. [29] provides a clear comparison that shows the benefits brought by
MEC compared to MCC. The supportable latency for MEC is less than ten milliseconds
while being larger than 100 milliseconds for MCC. It was also shown that the fog computing
has 102 —10* times higher computation capabilities than the minimum requirement for heavy
computational complexity applications, like gaming [33], autonomous driving, and instanta-
neous decision making applications [30] [35]. Moreover, with its small distance to end users,
fog computing provides a reduced backhaul usage, thus alleviating congestions [34] [39]. In
addition to the previous previlages, fog-based architectures are highly energy efficient with
respect to supporting computation offloading, and are thus considered as green technolo-
gies [36] [40] [38].

As clearly mentioned earlier, our proposal to employ a fog-based architecture for AEMoD
systems is justified by the fact that many of the AEMoD operations (e.g., dispatching and

charging) are localized with very high demand and instantaneous decision-making needs.
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Figure 2.1: Fog-based architecture for AEMoD system operation

Indeed, vehicles located in any city zone are the ones that can reach the customers in
that zone within a limited time frame. They will also charge in near-by charging points
within the zone. Fig.2.1 illustrates a candidate fog-based architecture that can support real-
time micro-operational decisions (e.g, dispatching and charging) for AEMoD systems with
extremely low computation and communications delays. The fog controller in each service
zone is responsible of collecting information about customer requests, vehicle in-flow to the
service zone, their state-of-charge (SoC), and the available full-battery charging rates in
the service zone. Given the collected information, it can promptly make dispatching, and

charging decisions for these vehicles in a timely manner.
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2.1.2 Multi-Class Dispatching and Charging Model

To guarantee the stability and timeliness of future AEMoD systems given the relatively
limited charging resources compared to demand volumes, it is very critical to answer two
important operational questions: (1) How to cope with the available charging capabilities of
each service zone given the large number of system vehicles? (2) How to smartly manage the
dispatching and charging options of different SoC vehicles, given the customers’ needs and
zone resources, in order to minimize the maximum and/or average system response time. By
the system response time, we mean the time elapsed between the instant when an arbitrary
customer requests a vehicle, and the instant when a vehicle starts moving from its parking
or charging spot towards this customer.

Motivated by the fact that different customers can be classified in ascending order of
their required trip distances (and thus the SoC needed in their allocated vehicles), this thesis
proposes to address the two above questions by introducing a multi-class dispatching and
charging scheme for AEMoD vehicles, with options of partial charging for vehicles with non-
depleted batteries. Arriving vehicles in each service zone are subdivided into different classes
in ascending order of their SoC corresponding to the different customer classes. Different
proportions of each class vehicles will be then prompted by the fog controller to either wait
(without charging) for dispatching to its corresponding customer class (i.e., customers whose
trips will require the SoC range of this class vehicles) with or partially charge to serve the
subsequent customer class. Vehicles arriving with depleted batteries will be allowed to either
partially or fully charge to serve the first or last class customers, respectively. Clearly, the
larger the number of classes, the smaller the SoC increase required for a vehicle to move from
one class to the next, the smaller the charging time needed to make this transition, the less
the burden/requirements on the zone charging resources. On the other hand, given a fixed
in-flow rate of vehicles to each city zone, more vehicle/customer classes means less available

in-flow vehicles to each customer class, which may result in longer service delays and even
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instabilities in their waiting queues.

Given this proposed multi-class system solution, the first and second above questions
can then be re-phrased as: (1) What is the minimum number of classes that can fit the
available charging resources in a given city zone? (2) What is the optimal proportion of
vehicles from each class to dispatch or partially/fully charge to both maintain the overall
system stability and minimize the maximum and/or average response time of the system? To
rigorously address these questions, we will first model our proposed multi-class charging and

dispatching solution as a queuing model and introduce its parameters in the next section.

2.1.3 Queuing Model and System Parameters

We consider one service zone controlled by a fog controller connected to: (1) the service
request apps of customers in the zone; (2) the AEMoD vehicles; (3) C' rapid charging points
distributed in the service zone and designed for short-term partial charging; and (4) one
spacious rapid charging station designed for long-term full charging. AEMoD vehicles enter
the service in this zone after dropping off their latest customers in it. Their detection
as free vehicles by the zone’s controller can thus be modeled as a Poisson process with
rate \,. Customers request service from the system according to a Poisson process. Both
customers and vehicles are classified into n classes based on an ascending order of their
required trip distance and the corresponding SoC to cover this distance, respectively. From
the thinning property of Poisson processes, the arrival process of Class ¢ customers and
vehicles, i € {0,...,n}, are both independent Poisson processes with rates AP and AoPis
where p; is the probability that the SoC of an arriving vehicle to the system belongs to Class
1. Note that pg is the probability that a vehicle arrive with a depleted battery, and is thus
not able to serve immediately. Consequently, A? = 0 as no customer will request a vehicle
that cannot travel any distance. On the other hand, p,, is also equal to 0, because no vehicle

can arrive to the system fully charged as it has just finished a prior trip.

Upon arrival, each vehicle of Class i, ¢ € {1,...,n — 1}, will park anywhere in the
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Figure 2.2: Joint dispatching and partially /fully charging model, abstracting an AEMoD
system in one service zone.

zone until it is called by the fog controller to either: (1) serve a customer from Class i
with probability ¢;; or (2) partially charge up to the SoC of Class i + 1 at any of the C
charging points (whenever any of them becomes free), with probability g, = 1 — ¢;, before
parking again in waiting to serve a customer from Class ¢ + 1. As for Class 0 vehicles that
are incapable of serving before charging, they will be directed to either fully charge at the
central charging station with probability ¢y, or partially charge at one of C' charging points
with probability g, = 1 — ¢o. In the former and latter cases, the vehicle after charging will
wait to serve customers of Class n and 1, respectively.

The full charging time of a vehicle with a depleted battery is assumed to be exponentially
distributed with rate p.. Given uniform SoC quantization among the n vehicle classes, the
partial charging time can then be modeled as an exponential random variable with rate
nu.. Note that the larger rate of the partial charging process is not due to a speed-up in
the charging process but rather due to the reduced time of partially charging. The use of

exponentially distributed charging times for charging electric vehicles has been widely used
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Table 2.1: List of System and Decision Parameters

Variables Definition

v Total arrival rate of vehicles

Di Probability of arrival of a vehicle from Class ¢

qo Probability that a battery-depleted vehicle partially charges
7 Probability that a battery-depleted vehicle fully charges

qi,© # 0  Probability that a vehicle in Class ¢ is directly dispatched
q;»1 # 0  Probability that a vehicle in Class ¢ partially charges

Lhe Service rate of fully charging a battery-depleted vehicle

AP Arrival rate of vehicles of Class ¢

ALY Arrival rate of customers served by Class ¢’s vehicles

C No. of distributed charging points in the service zone of the fog controller

in the literature [16,17] to model the randomness in the charging duration of the different
battery sizes. The customers belonging to Class ¢, arriving at rate )\g), will be served at a
rate of )\Sf), which includes the arrival rate of vehicles that: (1) arrived to the zone with a
SoC belonging to Class ¢ and were directed to wait to serve Class ¢ customers; or (2) arrived
to the zone with a SoC belonging to Class ¢ — 1 and were directed to partially charge to be
able to serve Class ¢ customers.

Given the above description and modeling of variables, the entire zone dynamics can
thus be modeled by the queuing system depicted in Fig.2.2. This system includes n M/M/1
queues for the n classes of customer service, one M/M/1 queue for the charging station, and
one M/M/C queue representing the partial charging process at the C' charging points.

Having defined the queuing model for the proposed multi-class dispatching and charging
system in a city zone, the rest of the chapter will focus on addressing the two questions in
Section 2.1.2. We will first determine the stability conditions of the system and minimum
number of required classes to cope with the charging resources in any arbitrary city zone in
Section 2.2. The maximum and average response time minimization problems will be then

formulated and analytically solved in Sections 2.3 and 2.4, respectively.
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2.2 System stability conditions

In this section, we first deduce the stability conditions of our proposed multi-class dispatch-
ing and charging system, using the basic laws of queuing theory. We will then derive an
expression for the lower bound on the number n of needed classes that fit the charging ca-
pabilities of any arbitrary service zone. Each of the n classes of customers are served by a
separate queue of vehicles, with /\g) being the arrival rate of the vehicles that are available
to serve the customers of the i-th class. Consequently, it is the service rate of the customers
i-th arrival queues. We can thus deduce from Fig. 2.2 and the system model in the previous

section that:

)\1()1) — )\v (piflqi_l +pz%) 1= 1, e, n = 1
(2.1)

)\S)n) == )\v (pnflqn—l + poq(])

Since we know that g; + ¢; = 1, we substitute g; by 1 — ¢; in order to have a system with n

variables
A = Ay (pic1 — Pic1Gio1 + Pit) i=1,...,n—-1
(2.2)
A = Xy (Pa-1 = Po-1Gn-1 + Podo)
From the well-known stability condition of an M/M/1 queue [42] [43], we have:
A0 > A0 i=1,....n (2.3)

Before reaching the customer service queues, the vehicles will go through a decision step
on whether to go to these queues immediately or partially/fully charge. The stability of
the charging queues should be guaranteed in order to ensure the global stability of the
entire system at the steady state. From the model described in the previous section, and
by the well-known stability conditions of M/M/C and M/M/1 queues [42] [43], we have the

following stability constraints on the C' charging points and central charging station queues,
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respectively:
n—1

Z Ao (pi — pigi) < C (npie)
= (2.4)

)\vaqo < He
The following lemma illustrates the lower bound on the average in-flow rate of vehicles

for a given service zone given its rate of customer demands on AEMoD services.

Lemma 1. For the entire system stability, the in-flow rate of vehicles to a given service zone
should be strictly more than the total arrival rate of customers belonging to all the classes.

In other words,

> A<, (2.5)
i=1
Proof. The proof of Lemma 1 is in Appendix A. [

Furthermore, the following lemma establishes a lower bound on the number of classes
n, given the arrival rate of the vehicles \,, the full charging rate p., and the number C' of

partial charging points.

Lemma 2. To guarantee the stability of the charging queues, the number of classes n is the

system must obey the following inequality:

A 1
> — = 2.6
"Ton o C (26)
Proof. The proof of Lemma 2 is in Appendix B. ]

2.3 Maximum Response Time Optimization

The goal of this section is to minimize the maximum expected response time across all

system’s classes.
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2.3.1 Problem Formulation

The expected response time of any class is defined as the expected duration between any
customer putting a request until a vehicle is dispatched to serve him/her. From the basic
M/M/1 queue analysis of the i-th customer class, the expression of this expected response

time for the i-th class can be expressed as:

1

m Z:L...,n (27)

Consequently, the maximum of the expected response times across all n classes of the system

can be expressed as:

1
N /N 2.
i€} {)\ff) — Y } (28)

It is obvious that the system’s class having the maximum expected response time is the one

that have the minimum expected response rate. In other words, we have:

1 . ,
arg max {W}:arg min {A{) — A} (2.9)

i€{1,...,n} > i€{1,...,n}

Consequently, minimizing the maximum expected response time across all classes is equiva-

lent to maximizing their minimum expected response rate. Using the epigraph form [41] of
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the latter problem, we get the following stochastic optimization problem:

max R (2.10a)
q0,415---,dn—1
s.t.

No (Pic1 —piciGi1 +pig) — XD >R i=1,...,n—1 (2.10D)
)\v (pn—l — Pn—14n-1 + p0q0) - )\((:n) Z R (2100)
n—1
Z Ao (Pi — pigi) < C (npe) (2.10d)
i=0
AvPoqo < fhe (2.10e)
n—1
d pi=1,0<p <1 i=0,...,n—1 (2.10f)
i=0
0<qg<1 i=0,....n—1 (2.10g)
R>0 (2.10h)

The n constraints in (2.10b) and (2.10c) represent the epigraph form constraints on the orig-
inal objective function in the right hand side of (2.9), after separation [41] and substituting
every A\ by its expansion form in (2.2). The constraints in (2.10d) and (2.10e) represent
the stability conditions on charging queues. The constraints in (2.10f) and (2.10g) are the
axiomatic constraints on probabilities (i.e., values being between 0 and 1, and sum equal to
1). Finally, Constraint (2.10h) is a strict positivity constraint on the minimum expected re-
sponse rate, which also guarantees the stability of the customer queues when combined with
(2.10b) and (2.10c). Indeed, if R is strictly positive, this guarantees that that the stability
conditions in (2.3) hold with certainty. Clearly, the above problem is a linear program with
linear constraints, which can be solved analytically using Lagrangian analysis. This will be

the target of the next subsection.
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2.3.2 Optimal Dispatching and Charging Decisions

The problem in (2.10) is a convex optimization problem with second order differentiable
objective and constraint functions that satisfies Slater’s condition. Consequently, the KKT
conditions provide necessary and sufficient conditions for optimality. Therefore, applying
the KKT conditions to the constraints of the problem and the gradient of the Lagrangian
function allows us to find the analytical solution of the decisions ¢;. The Lagrangian function

associated with the optimization problem in (2.10) is given by the following expression:

n—1
L(q,R a,B,v,w)=—-R+ Z @; (Ao (Pi-19i—1 — Piqi) +1 — Aopi—1 + AS’)
i=1

n—1
+ i (A (Po1Gn1 = odo) +R = Aupn1 + ™) + Fy (Z Ao (pi = pigi) — C (nuc))

=0

n—1 n—1
+ 81 (\opodo — 1) + )% (g — 1) = > wigi + wnR
i=0

=0

(2.11)

where q is the vector of dispatching decisions (i.e. q = [qo, .- ., ¢n-1]), and where:
e a = [oy], such that «; is the Lagrange multiplier of the i-th customer queues inequality.
e (3 = [5], such that (i is the Lagrange multiplier of the i-th charging queues inequality.
e ~ = [y;], such that ; is the Lagrange multiplier of the i-th upper bound inequality.
e w = [w;], such that w; is the Lagrange multiplier of the i-th lower bound inequality.

By applying the KKT conditions on the equality and inequality constraints, the following

theorem illustrates the optimal solution of the problem in (2.10).

Theorem 1. The optimal charging/dispatching decisions of the optimization problem in
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(2.10) can be expressed as follows:

. 0 if o > ag,
do =
1 if o] < aj,
\
(
. 0 if o >af
q; = 4 1=1,...,n—1
1 if af < af
) (2.12)
« _ Pody  Awpo—AY—R*
= Avp1

if o] =a;, #0
q* — Poqy o )\vpo—)\gn)—R*
n—1 Pn—1 A’Upnfl

w _ Pi—1G;_q . )\vpi—l_Agi>_R*

. g Dpi Avpi .
ifaj, =a; #0 t=1,...,n—1
«  _ opigf _ dep= AUtV R*
Tir1 = piys AvDit1
Proof. The proof of Theorem 1 is in Appendix C. O]

2.3.3 Maximum Expected Response Time

Again, since the problem in (2.10) is convex with differentiable objective and constraint
functions, then strong duality holds, which implies that the solution to the primal and dual
problems are identical. By solving the dual problem, we can express the optimal value of
the maximum expected response time as the reciprocal of the minimum expected response

rate of the system. The latter is characterized by the following theorem.

Theorem 2. The minimum expected response rate R* of the entire system can be expressed

as:
n

n—1
R = Z (Aopio1 — )\((;i)) a; + Z v (2.13)
i=0

=1

Proof. The proof of Theorem 2 is in Appendix D. O
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2.4 Average Response Time Optimization

The goal of this section is to minimize the average expected response time of the system

over all customer classes.

2.4.1 Problem Formulation

As stated earlier, the expected response time for each of the classes in the system is expressed
as in (2.7). Since our system is divided to n classes, the average expected response time

across the different classes is expressed as:

1 < 1
Y (2.14)
nOS A = A

Therefore, minimizing the average expected response time across all the classes of the system,

while obeying its stability conditions, can be formulated by the following problem.

n

. 1 1
minimize 52 00 (2.15a)
s.t.

Ao (Dic1 — Dic1Gi—1 + Digi) — /\((;i) >0,1=1,...,n—1 (2.15b)
Ao (D1 = Pu1n_1 + Dogo) — A >0 (2.15¢)
n—1
Z Ao (pi — pigi) < C (npue) (2.15d)
i—0
)\vaqO < He (2156)
n—1

pi=1,0<p <1 i=0,...,n—1 (2.15¢)

0<q<1 i=0,...,n—1 (2.15g)
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The n constraints in (2.15b) and (2.15c) represent the stability constraints in (2.3) and
substituting every A\ by its expansion form in (2.2). The constraints in (2.15d) and (2.15¢)
represent the stability conditions on charging queues. The constraints in (2.15f) and (2.15g)
are the axiomatic constraints on probabilities (i.e., values being between 0 and 1, and sum
equal to 1).

The above constraints are all linear but the objective function is obviously not. Nonethe-
less, the following lemma proofs that the optimization problem we have is convex which

allows us to find an absolute exact solution analytically and numerically.

Lemma 3. Defining the function f as follows:

n

1 1
flqo,q,y s qua) = E;m (2.16)
such that A and A\ are defined in (2.2) and (2.83), then the function f is convex over the

variables qo, q1, ..., Qp_1-
Proof. The proof of Lemma 3 is in Appendix E. ]

Consequently, the problem in (2.15) is a convex problem with linear constraints, which
can be solved analytically using Lagrangian analysis. This will be the target of the next

subsection.

2.4.2 Optimal Dispatching and Charging Decision

As proven above, the problem in (2.15) is a convex optimization problem with second order
differentiable objective function and constraints that satisfies Slater’s condition. Similar to
the approach of Section 2.3.2, we can apply the KKT conditions to the constraints of the
problem and the gradient of the Lagrangian function to find the analytical solution of the

decisions ¢;. The Lagrangian function associated with the optimization problem in (2.15) is
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given by the following expression:

= Ao (Dic1 — Dic1Gio1 F Digi) — Ae

n—1 n—1
1 1

+ Q; (AE") — X (Pic1 — Pi—1Gi—1 +p¢%)) + oy (/\En) = X (Pn-1 — Pn-1qn—1 +pOQO))

n—1 n—1
1
+ 81 (Aopodo — o) + Y _vi(gi—1) = > wigi + o
=0 =0 n ()\v (Pn—1 = Pn—1Gn-1 + Podo) — Ac )
(2.17)
where q is the vector of dispatching decisions (i.e. q = [qo,---,¢n_1]), and where @ = [«;],
B = 6], v = [7], w = |w;i] are the vectors of the Lagrange multipliers associated with

the inequalities constraints of the problem (2.15), and defined in the same way explained in

Section 2.3.2.
By applying the KKT conditions on the equality and inequality constraints, the following

theorem illustrates the optimal solution of the problem in (2.15).

Theorem 3. The optimal charging/dispatching decisions of the optimization problem in
(2.15) can be expressed as follows:
q; = i=0,...,n—1 (2.18)

Otherwise, we have:

A (po+pid = Proy A Paad ) — A A

= 2)‘vp0
Xo (pi + i@y — Pim1 + picagiy) — ATV A0
o= NPt pindh —p 12Ap 19 1) i=1...n—2 (219
vPi
o= Ao (Pt + Do — Pz + Pn20jy_3) — A Y
n—1

2/\vpn—1
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Proof. The proof of Theorem 3 is in Appendix F. ]

2.5 Simulation Results

In this section, we test the merits of our proposed scheme using extensive simulations. The
metrics used to evaluate these merits are the maximum and average expected response times
of the different classes. For all the performed simulation figures, the full-charging rate of a

! and the number of charging points C' = 40.

vehicle is set to p. = 0.033 mins™

For the optimized maximum and average response time solutions, Figures 2.3a and 2.3b,
respectively, illustrate both the interplay of A, and )", Agi), established in Lemma 1, and
effect of increasing the number of classes n beyond its strict lower bound introduced in
Lemma 2. They depict the maximum and average expected response times for different
values of > ", ,\ﬁ“, while fixing A, to 15 min~!. For this setting, n = 12 is the smallest
number of classes that satisfy the stability condition in Lemma 2. It is easy to notice that
the response times for all values of n increase dramatically when the Y " )\((f) approaches
A, thus bringing the system closer to its stability limit established in Lemma 1. As also
expected, the figures clearly shows that further increasing n beyond its stability lower bound
increases both the maximum and average response times. As explained earlier, this effect
occurs when due to the reduced number of available vehicles to each customer class as n

grows given fixed A\,. We thus firmly conclude that the optimal number of classes is the

smallest value satisfying Lemma 2:

A L +1 if v 1 is integer
n*={ Che  C Cpe  C (2.20)
Av — B Otherwise
Cu. C

For the maximum and average response time optimization solutions, Figures 2.4a and
2.4b, respectively, depict the maximum and average expected response time performances for
different distributions of the vehicle SoC and customer trip distances, given A\, = 8 and thus

n* = 7. By decreasing vehicle SoC distribution, we mean that the probability of an arriving



24

vehicle to have class i SoC is lower than that of it having class i — 1 SoC V i € {2,...,n}.
We can infer from both figures that both the maximum and average response times for
Gaussian distributions of trip distances and both Gaussian or decreasing ones for SoCs are
the lowest and exhibit the least response time variance. Luckily, these are the most realistic
distributions for both variables. This is justified by the fact that vehicles arrive to the
system after trips of different distances, which makes their SoC either Gaussian or slightly
decreasing. Likewise, customers requiring mid-size distances are usually more than those
requiring very small and very long distances.

For the maximum and average response time optimization solutions, Figures 2.5a and
2.5b, respectively, compare the maximum and average expected response times performances
against » ., )\gi), for different decision approaches, namely our derived optimal decisions in
Section 2.3, always partially charge decisions (i.e. ¢ = 0 V i) and equal split decisions
(i.e. ¢ = 0.5V i), for A, = 8 and thus n = 7. The latter two schemes represent non-
optimized policies, in which each vehicle takes its own fixed decision irrespective of the
system parameters. The figures clearly show superior maximum and average performances
for our derived optimal policies compared to the other two policies, especially as » ", )\g)
gets closer to \,, which are the most properly engineered scenarios (as large differences
between these two quantities results in very low utilization). Gains of 13.3% and 21.3%
in the average and maximum performances, respectively, can be noticed compared to the
always charge policy. This demonstrates the importance of our proposed scheme in achieving
lower response times and thus better customer satisfaction.

Fig. 2.6 compares the maximum and average expected response time performance given
by the maximum and average response time optimization solutions introduced in Sections
2.3 and 2.4, respectively, for different values of the Y , AY while fixing A\, to 15 min~*
(i.e.,, n* = 12). We can easily notice that the maximum expected response times achieved
by both solutions are the same. On the other hand, the average expected response time

given by the average solution is slightly lower than that of the maximum solution. These
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Figure 2.4: Effect of different customer and SoC distributions on the maximum response
time optimization solution and Effect of different customer and SoC distributions on the
average response time optimization solution.

results suggest that the variance in performance achieved by both solutions is negligible.
Consequently, the one that is obtained using less complexity should be used to almost satisfy

the minimum value for both metrics. We know from Sections 2.3 and 2.4 that the maximum
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Figure 2.5: Comparison of the maximum response time optimization solution to non-
optimized policies and Comparison of the average response time optimization solution to

non-optimized policies.

and average solutions are obtained by solving linear and convex yet non-linear optimizations,
respectively. It is well known that solving the latter requires more computations that the
former. For example, when using Interior-point methods, the maximum number of iterations
for the maximum and average solutions are 10 and 25, respectively. Thus, the use of the
maximum solution is recommended in future AEMoD sytems due to its lower complexity

and its negligible degradation in its average response time performance compared to the

average solution.

Conclusion

In this chapter, we proposed solutions to the computational and charging bottlenecks threat-
ening the success of AEMoD systems by employing a fog-based architecture to distribute
the optimization loads over different service zones, reduce communication delays. We also
proposed a multi-class dispatching and charging scheme to guarantee the fitness of the ve-
hicle charge requirements for customer trips with the available resources in each city zone.

To efficiently engineer this multi-class solution, we developed its queuing model, derived its
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of the expected response time

stability conditions, and characterized the optimal number of classes to both minimize the
response time and match the zone charging resources. We then formulated the problem of
optimizing the proportions of vehicles of each class that will partially /fully charge or directly
serve customers as a stochastic linear and convex optimization problems, in order to mini-
mize the maximum and average expected system response times of the system, respectively.
The optimal decisions for both problems were analytically derived using Lagrangian analysis.
Simulation results demonstrated both the merits of our proposed optimal decision scheme
compared to typical non-optimized schemes, and its performance for different distributions
of vehicle SoC and customer trip distances. The comparison between the maximum and av-
erage problem solutions exhibited negligible variance, which favored the use of the maximum

solution due to its lower complexity.
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CHAPTER 3

Optimal Vehicle Dimensioning for Multi-Class AMODS

[3] ”Optimal Vehicle Dimensioning for Multi-Class Autonomous Electric Mobility On-

Demand Systems,” IEEE International Communication Conference (ICC), 2018.

Introduction

While the proposed architecture, multi-class, and joint dispatching and charging optimization
in the previous chapter seems very promising, the study assumed a constant vehicle in-
flow to each zone. Though this typical by the active vehicle in-flow to the system (in-flow
of vehicles dropping customers in this zone), the zone demand may require more (less)
vehicles at any time of the day, which may call for relocating excess vehicles from (to)
neighboring zones. One one hand, serving customers within bounded response times can
be guaranteed by injecting more vehicles to each zone. On the other hand, one of the key
goals of AEMoD systems is to reduce the congestion. Therefore, determining the optimal
number of needed vehicles (dimensioning) to stably serve each zone with bounded response
time guarantees is very crucial factor in the operation and key goals of AEMoD systems. In
addition, such systems need to be resilient and maintain their stability in special conditions
like low charging resources, limited vehicles availability. In this chapter, we work on the
system model proposed in the previous chapter. This chapter focuses on finding the optimal
vehicle dimensioning for each zone of these systems in order to guarantee a bounded response
time of its vehicles. We first derive the stability conditions of the system. Most of the stability
conditions are already defined and formulated in the previous chapter. We derive the number
of system classes to guarantee the response time bound. Decisions on the proportions of each
class vehicles to partially /fully charge, or directly serve customers are then optimized so as
to minimize the vehicles in-flow to any given zone. Excess waiting times of customers in rare

critical events, such as limited charging resources and/or limited vehicles availabilities, are
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also investigated. Results show the merits of our proposed model compared to other schemes

and in usual and critical scenarios.

3.1 System Stability and Response Time Limit Conditions

In this section, we first deduce the stability conditions of the proposed system using the
basic laws of queuing theory. We will also derive a lower bound on the number of classes n
that fits the customer demands, average response time limit, and charging capabilities of any
arbitrary service zone. As shown in Fig. 2.2, each of the n customer classes is served by a
separate queue of vehicles having a vehicle in-flow rate AP, Consequently, represents . From
the aforementioned vehicle dispatching and charging dynamics in Section 2.1, illustrated in
Fig. 2.2, the expressions of the service rate of the customer arrival in the i queue A was
given in the chapter 2 by the equation 2.2.The stability condition customers queues, was
derived in equation 2.3. Moreover, The stability constraints on the C' charging points and
one central charging station queues were given by the equations 2.4.

It is also established from M/M/1 queue analysis that the average response time for any

customer in the ¢-th class can be expressed as:
(3.1)

To guarantee customers’ satisfaction, the fog controller of each zone must impose an average
response time limit 7" for any class. We can thus express this average response time constraint

for the customers of the i-th class as:

)\g) ,\((f) <T (3.2)
which can also be re-written as:
. . 1
AD 20 > — 3.3
020> (33)
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The following lemma sets a lower bound on the average vehicle in-flow rate to the entire
service zone to guarantee both its stability and the average response time limit fulfillment

for all its classes, given their demand rates.

Lemma 4. For the entire zone stability, and fulfillment of the average response time limait

for all its classes, the average vehicles in-flow rate must be lower bounded by:

A, > A®) n )
> Zl O+ (3.4)
Proof. The proof of Lemma 4 is in Appendix G. ]

Furthermore, the following lemma establishes a lower bound on the number of classes n

that fits zone’s customer demands, average response time limit, and charging capabilities.

Lemma 5. For stablize the zone operation given its customer demands, average response
time limit, and charging capabilities, the number of classes n in the zone must obey the

following inequality:

noy (@) _
n > 2z he —He (3.5)
Cue—1/T
Proof. The proof of Lemma 5 is in Appendix H. ]

3.2 Optimal Vehicle Dimensioning

3.2.1 Problem Formulation

As previously mentioned, this chapter aims to minimize the average vehicle in-flow rate A, to
the entire zone, given its charging capacity and customer demand rates, while guaranteeing
an average response time limit for each class customers. Given the described system dynamics

in Section 2.1 and the derived conditions in Section 3.1, the above problem can be formulated
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as a stochastic optimization problem as follows:

minimize A, (3.6a)
q0,491,---qn—1
s.t
(0 1 :
A = Mo(Pic1 — Pic1Gi—1 + piti) + T <0,:=1,...,n—1 (3.6b)
1
A — Ny (Pro1 = Pne1@n—1 + Podo) + 750 (3.6¢)
n—1
Z Ao(pi = pigi) — Cnpe) <0 (3.6d)
=0
/\upo(IO — Me <0 (366)
n—1
 pi=1,0<p <1,i=0,....n—1 (3.6f)
=0
0<¢<1,i=0,....,n—1 (3.6g)
A >SS A0 2 3.6h

The n constraints in (3.6b) and (3.6¢) represent the stability and response time limit condi-
tions of the system introduced in (3.3), after substituting every AP by its expansion form in
(2.2). The constraints in (3.6d) and (3.6e) represent the stability conditions for the charging
queues. The constraints in (3.6f) and (3.6g) are the axiomatic constraints on probabilities
(i.e., values being between 0 and 1, and sum equal to 1). Finally, Constraint (3.6h) is the
lower bound on )\, introduced by Lemma (4).

The above optimization problem is a quadratic non-convex problem with second order dif-
ferentiable objective and constraint functions. Usually, the solution obtained by using the
Lagrangian and KKT analysis for such non-convex problems provides a lower bound on the
actual optimal solution. Consequently, we propose to solve the above problem by first find-
ing the solution derived through Lagrangian and KKT analysis, then, if needed, iteratively

tightening this solution to the feasibility set of the original problem.
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3.2.2 Lower Bound Solution

The Lagrangian function associated with the optimization problem in (3.6) is given by the

following expression:

1

L(a, My 0t 8,75, @) = Ay + an(Ao(Pr-1n1 = Podo = 1) + A + )
n—1 n—1
+ Z 0i(No(Pi-1Gi-1 = pigi = pi-1) + A + l) + Bo( ) Ao(pi — pigi) — Cnpte + €)
i=1 ©T i=0 (37)
n—1 n—1 n n
- (g — 1) — q; — — O
+ Bi(Aupogo — He + €1) + Z‘Z:(;%(qZ 1) ;wlql Wi ( Ay ; Al T>
where q is the vector of dispatching decisions (i.e. q = [qo, - - -, ¢a—1]), and where @ = [ov;],

B = [Bi], ¥ = [v] and w = |w;] are the Lagrange multipliers of the system inequalities as
defined in section 2.3.2. For more accurate resolutions, two small positive constants ¢, and
¢, are added to the stability conditions on the charging queues to make them non strict
inequalities.

Solving the equations given by the KKT conditions on the problem equality and inequal-
ity constraints, the following theorem illustrates the optimal lower bound solutions of the

problem in (3.6)

Theorem 4. The lower bound solution of the optimization problem in (5.6), obtained from
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Lagrangian and KKT analysis can be expressed as follows:

¢

N p M2 w0
| Z 0+ 7) = B (Crpe = e0) = i (e — 1) w =0
)
0 of —ap — B+ 87 >0
1 o —a;, — By + 7 <0
q* — Pnflq;_l—il’n71 + Agn)‘i’% * # 0
0 PO AvDo n
e Bi #0 (3.8)
\Co(Oé*, B v AL q) Otherwise
4
0 ol —af = B > 0
1 aj g —oaf — 35 <0
q;k — . 1 = 17 . ,n — 1
piflq;;il*pifl + Ag;i;;% a;k # 0
Gilar, B* v N5 q%) Otherwise
\

where (;(a*, B*,v*, N5, q%) is the solution that that mazimize inf L(q, o*, 5*,v*, A¥)
q

Proof. The proof of Theorem 4 is in Appendix 1. ]

3.2.3 Solution Tightening

As stated earlier, the closed-form solution derived in the previous section from analyzing
the constraints’ KKT conditions does not always match with the optimal solution of the
original optimization problem, and is sometimes a non-feasible lower bound on our problem.
Unfortunately, there is no method to find the exact closed-from solution of non-convex opti-
mization. However, starting from the derived lower bound, we can numerically tighten this
solution by toward the feasibility set of the original problem. There are several algorithms

to iteratively tighten lower bound solutions, one of which is the Suggest-and-Improve algo-
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rithm algorithm proposed in [44] to tighten non-convex quadratic problems. We will thus
propose to employ this method whenever the KK'T conditions based solution is not feasible

and tightening is required.

3.3 Simulation Results

In this section, we test both the performance and merits of the proposed dimensioning so-
lution for the considered multi-class AEMoD system. The metric of interest in this study
is the optimal vehicle in-flow rate to an arbitrary zone of interest. The performance of the
proposed dimensioning solution is tested for two possible SoC distributions for in-flow ve-
hicles, namely the decreasing and Gaussian distributions. The former distribution better
models the more probable active-vehicle-dominant in-flow scenarios, as such vehicles typi-
cally exhibit higher chances of having lower battery charge. The latter distribution models
the rarer relocated-vehicle-dominant in-flow scenarios, as such vehicles typically charge for
random amounts of times before relocating to the zone of interest. Customers trip distances
are always assumed to follow a Gaussian distribution because customers requiring mid-size
distances are usually more than those requiring very small and very long distances. For
all the performed simulation studies, the full-charging rate of a vehicle is set to u. = 0.033
mins~!. Moreover, for Figures 3.1a, 3.1b, and 3.2a, the number of charging poles C' is set to
40.

The first important finding of this study is that the obtained solutions using the closed-
form expressions in Theorem 1 (i.e., the one derived by applying the KKT conditions) were
always feasible solutions to the original problem in (3.6), for the entire broad range of system
parameters employed in our simulations. Thus, the derived closed-form solution is in fact
the optimal dimensioning solution for a broad range of system settings, and no tightening is
needed.

Fig. 3.1a shows the trade-off relation between the average response time limit, total

customer demand rate, and the optimal vehicle in-flow rate, for both vehicle SoC distribu-
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tions. This curve can be used by the fog controller to get a rough estimate (without exact
demand information per class nor optimization of the dispatching and charging dynamics)
on its required in-flow rate (and thus whether it needs extra vehicles or have excess vehicles
to relocate) for any given customer demand rate and desired response time limit.

Fig. 3.1b illustrates the effect of increasing the number of classes n beyond its lower
bound introduced in Lemma 5 for both variable total customer demand rate (while fixing
the average response time limits to 5 mins) and variable average response time limits (while
fixing the total customer demand rate to 5 min~!) in the left and right sub figures, respec-
tively. Both decreasing and Gaussian SoC distributions are considered. In both sub-figure,
the lower bound on the number of classes vary depending on the values of the average re-
sponse time and the total customer demand rate (as shown in Lemma 2), with maximum
values of 14 and 11 for the employed values in the left and right sub-figures, respectively.
The results in both figures clearly show that increasing n beyond its lower bound increases
the required vehicle in-flow to the zone. We thus conclude that the optimal number of classes

is the smallest integer value satisfying Lemma 5.

Fig. 3.2a compares the performance of our proposed optimal vehicle dimensioning scheme
with other non-optimized approaches (in which vehicles follow a fixed dispatching/charging
policy irrespective of the system parameters) for different values of total customer demand
rate (with 7' = 5) and average response time limit (with > 7, AD = 5). The two non-
optimized approaches are the always-charge approach (i.e. ¢ = 0 V i) and the equal-split
approach (i.e. ¢; = 0.5V 7). The figure clearly shows the superior performance of our de-
rived optimal policy compared to the two non-optimized policies, especially for large total
customer demand rates and lower average response time limits. For > " , AP = 10 min?

in the left subfigure, 36% and 44.4% less vehicle in-flow rates are required compared to

always-charge and equal-split policies, respectively, for the more typical decreasing SoC dis-
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Figure 3.1: Effect of varying the average response time limit and total customer demand
rate and Effect of increasing the number of classes

tribution. These reductions reach 57.6% and 42.5%, respectively for T'= 10 min in the right
subfigure. The always-charge policy is exhibiting less increase in the required vehicle in-flow
rate when the SoC follows a Gaussian distribution. However, some considerable gains can
still be achieved using our proposed optimized approach in this less frequent SoC distribu-
tion setting. Noting that these gains can be higher in more critical scenarios, the results
demonstrate the importance of our proposed scheme in establishing a better engineered and

more stable system with less vehicles.

Finally, we studied the resilience requirements for our considered model in the critical
scenarios of sudden reduction in the number of charging sources within the zone. This
reduction may occur due to either natural (e.g., typical failures of one or more stations) or
intentional (e.g., a malicious attack on the fog controller blocking its access to these sources).
The resilience measures that the fog controller can take in these scenarios is to both notify its
customers of a transient increase in the vehicles’ response times given the available vehicles

in the zone, and request a higher vehicle in-flow rate to gradually restore its original response
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Figure 3.2: Comparison to non-optimized policies and Effect of varying the charging point
availability

time limit.

Our developed optimization framework in [1] and this chapter can easily provide proper
numbers for both the above two needed actions by the fog controller in charging station
outage events. The problem of computing the maximum transient response time of the
system given the fixed vehicle in-flow rate at failure time was already solved in our previous
related work [1]. The left subfigure of Fig. 3.2b depicts the maximum response time values
of the system for different numbers of available charging poles for a vehicle in-flow rate

1 For a Gaussian distribution of

A, = 8 min~! and a total customer demand rate of 5 min~
vehicles” SoC, the response time increases dramatically when the number of charging poles
drops below 20. On the other hand, the degradation in response time was much less severe
when the SoC of vehicles follows the decreasing distribution. Luckily, the decreasing SoC
distribution is the one that is more probable especially at the time just preceding the failure
(where most vehicles arriving to the zone are active vehicles).

As for the recovery from this critical scenario and restoration of the original response time

limit, the proposed dimensioning framework in this chapter can be employed to determine
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the new optimal value of vehicle in-flow rate. The right sub-figure in Fig. 3.2b depicts
the optimal vehicles in-flow A} for different values of available charging poles C'. In this

simulation, the total customer demand rate is set to >, AD = 8 min~!

and the average
response time limit is restored back to T" = 10 mins. The figure shows that the Gaussian SoC
distribution case, which would be luckily the dominant case in this zone after failure time
(due to the domination of relocated vehicles called in by the fog controller to recover from the

failure event), exhibit lower need of vehicle in-flow rate to restore the system conventional

operation.

Conclusion

This chapter aimed to formally characterize the optimal vehicle dimensioning for fog-based
multi-class AEMoD systems given a system-wide average response time limit. Using the
system’s queuing model and its stability /response-time constraints, we formulated the opti-
mal vehicle dimensioning problem as a non-convex quadratic program over the multi-class
dispatching and charging proportions. The lower bound solution corresponding to the La-
grangian and KKT-conditions analysis of the problem were analytically derived, and were
shown to match the optimal solution of the original problem for a broad range of system
parameters using extensive simulations. The optimal number of classes to minimize the
required vehicle in-flow rate was also characterized. Simulation results demonstrated the
merits of our proposed optimal decision scheme compared to other schemes. They also il-
lustrated the resilience requirements calculated using our proposed solutions to recover from

sudden reductions in charging resources.
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CHAPTER 4

Multi-Class Management with Sub-Class Service for Autonomous

Electric Mobility On-Demand Systems

Introduction

Despite the valuable results given by deriving the optimal split proportions for the previously
introduced model (compared to typical non-optimized splitting approaches), its dispatching
process is not realistic. Indeed, vehicles in this model only sever trips fitting their SoC
(before or after partially charging), ignoring the fact that they can also serve all customer
classes requesting smaller trips (and thus less charge). This is not only impractical, but can
also result in battery depletion of all vehicles by the end of the service, which can cause
instabilities to the entire system. In this Chapter, we aim to address this clear limitation of
the previous model, by enabling sub-class dispatching; i.e., allowing proportions of each class
vehicles to serve to customers from its class as well as all classes requesting shorter trips).
The question now is: What are the optimal charging and sub-classes dispatching proportions
to maintain charging stability and minimize the mazimum response time of the system? To
address this question, a queuing model representing the proposed multi-class management
with sub-class service scheme is first introduced. The stability conditions of this model.
Decisions on both the proportions of each class’s vehicles to partially /fully charge vs directly
dispatch and their proportions of serving own vs sub-classes are then jointly optimized.
Finally, the merits of our proposed optimized decision scheme are tested and compared to

the proposed work in [1] [3] as well as several non optimized schemes.

4.1 System Model

We consider one service zone controlled by a fog controller connected to: (1) the service

request apps of customers in the zone; (2) the AEMoD vehicles; (3) C rapid charging points
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distributed in the service zone and designed for short-term partial charging; and (4) one
spacious rapid charging station designed for long-term full charging. AEMoD vehicles enter
the service in this zone after dropping off their latest customers in it. Their detection
as free vehicles by the zone’s controller can thus be modeled as a Poisson process with
rate \,. Customers request service from the system according to a Poisson process. Both
customers and vehicles are classified into n classes based on an ascending order of their
required trip distance and the corresponding SoC to cover this distance, respectively. From
the thinning property of Poisson processes, the arrival process of Class ¢ customers and
vehicles, ¢ € {0,...,n}, are both independent Poisson processes with rates )\g) and A\,p;,
where p; is the probability that the SoC of an arriving vehicle to the system belongs to Class
1. Note that pg is the probability that a vehicle arrive with a depleted battery, and is thus
not able to serve immediately. Consequently, A&O) = 0 as no customer will request a vehicle
that cannot travel any distance. On the other hand, p, is also equal to 0, because no vehicle
can arrive to the system fully charged as it has just finished a prior trip.

Upon arrival, each vehicle of Class i, i € {1,...,n — 1}, will park anywhere in the zone
until it is called by the fog controller to either: (1) join vehicles that will serve customer
with their current state of charge with probability ¢; (The served customer can be from any
Sub-class j with j < i); or (2) partially charge up to the SoC of class i + 1 at any of the C'
charging points (whenever any of them becomes free), with probability g, = 1 — ¢;, before
parking again in waiting to serve a customer from any Sub-class j with j < ¢+ 1. As for
Class 0 vehicles that are incapable of serving before charging, they will be directed to either
fully charge at the central charging station with probability gy, or partially charge at one of
C' charging points with probability g, = 1 — go. In the former and latter cases, the vehicle
after charging will wait to serve customers of any Sub-class j < n and 1, respectively.
Considering the above explanation, Each vehicle, whether decided to serve immediately or
decided to charge before serving, will be able to serve: (1) customers from same class with

probability II;; or (2) customers with a trip distance from any Sub-class with probability
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Figure 4.1: Joint dispatching and partially /fully charging model, abstracting an AEMoD
system in one service zone.
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As widely used in the literature (e.g., [16,17]), the full charging time of a vehicle with a
depleted battery is assumed to be exponentially distributed with rate p.. Given uniform SoC
quantization among the n vehicle classes, the partial charging time can then be modeled as an
exponential random variable with rate nu.. Note that the larger rate of the partial charging
process is not due to a speed-up in the charging process but rather due to the reduced time
of partially charging. The customers belonging to Class ¢, arriving at rate )\g), will be served
at a rate of )\q(fs), which includes summation of proportions of arrival rates of vehicles that:
(1) arrived to the zone with a SoC belonging to Class j Vj > i and were directed to wait to
serve Class i Vi < j customers; or (2) arrived to the zone with a SoC belonging to Class j —1
and were directed to partially charge to be able to serve a Sub-Class ¢ Vi < j customers.
Given the above description and modeling of variables, the entire zone dynamics can thus be
modeled by the queuing system . This system includes n M/M/1 queues for the n classes of

customer service, one M/M/1 queue for the central charging station, and one M/M/C queue
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representing the partial charging process at the C' charging points.
Our goal in this chapter is to minimize the maximum expected response time of the
entire system. By response time, we mean the time needed that vehicle starts moving from

its parking or charging spot towards this customer.

4.2 System stability conditions

In this section, we first deduce the stability conditions of our proposed joint dispatching and
charging system, using the basic laws of queuing theory. Each class of vehicles with an arrival
rate \Y will be characterized by its SoC when it is ready to serve customers. Each of the
n classes of customers are served by a separate queue of vehicles, with A being the arrival
rate of the vehicles that are available to serve the customers of the i* class. Consequently, it

h arrival queues. We can thus deduce from the system

is the service rate of the customers i’
model in the previous section the rate of vehicles with SoC that allows to serve a class ¢ or

any sub-class j < ¢ that requires lower SoC to serve its customers:

A =X picaGiy +pigi), i=1,..n - 1.
(4.1)

)\S)n) = )\v<pnflqn—1 + p0q0)

Since we know that g; + ¢; = 1 Then we substitute g; by 1 — ¢; in order to have a system

with n variables

A = No(pic1 = pic1gio1 +pigi), i=1,...,n—1
(4.2)

A = Xo(Pn-1 = Pu-1da-1 + Poto)

We can also deduce the expression of the rate of vehicles that will actually serve a class of

customers i:
n

k=i
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By injecting the expression of A* in (4.2) in (4.3), we find:

1
AD =20 (pr1 — pro1@e1 + Prge) e + o (Pt — Pa1@n1 + Pogo) s, i =1,...,n — 1

)

n

£
Il

A = Ao (Puo1 = Pr1Gn1 + P00)

(4.4)
From the well-known stability condition of an M/M/1 queue:
AD SO =1 n (4.5)

To guarantee customers’ satisfaction, the fog controller of each zone must impose an average
response time limit 7" for any class. We can thus express this average response time constraint

for the customers of the i-th class as:

1

. . 1

Before reaching the customer service queues, the vehicles will go through a decision step
of either to go to these queues immediately or partially charge. From the system model, we
have the following stability constraints on the C' charging points and central charging station

queues, respectively:
n—1

Z Ao(pi — pigi) < C(npe)
i—0 (4.7)

)\vaqO < e
The following lemma allows the estimation of the average needed vehicles arrival for a given

service zone.

Lemma 6. For the entire zone stability, and fulfillment of the average response time limit

for all its classes, the average vehicles arrival rate must be lower bounded by:

A= A 4 nR (4.8)

i=1
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Proof. The proof of Lemma 6 is in Appendix J [

4.3 Joint Charging and Dispatching optimization

4.3.1 Problem Formulation

The goal of this chapter is to minimize the maximum expected response time of the system’s
classes. The response time of any class is defined as the average of the duration from any
customer request until a vehicle is dispatched to serve him/her. The maximum expected

response time is expressed as:

1
00 4.9
i€{lyoom) {AS,Q _ Ap} (4.9)

It is obvious that the system’s class having the maximum expected response time is the one

that have the minimum expected response rate. In other words, we have:

1 o
_ ol im0 0
el {Ai? Y0 } =g in ) D = A (4.10)

Consequently, minimizing the maximum expected response time is equivalent to maximizing

the minimum expected response rate. Using the epigraph form [41] of the latter problem,
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we get the following stochastic optimization problem:

maximize R (4.11a)
q05--sqn—1,1111,.-., Mpn
s.t
n—1
Ao D (Prot = Pro1@h-1 + Prai) s (4.11Db)
k=i

+ )\U(pn—l — Pn—14n-1 + pOQO)Hni - )\EZ) Z R 1= 17 e, = 1 (4110)
)\v(pnfl — Pn—14n—1 + pOQO)Hnn - )\gn) Z R (411d)
n—1
Z Mo (i — pigi) < C(ny) (4.11e)
i=0
AvPodo < fhe (4.11f)
d Iy=1i=1...,n (4.11g)
j=1
OSHUSLZIL,’H,]IL,Z (411h)
0<¢<1,:1=0,....n—1 (4.111)
n—1
dpi=1,0<p<1,i=0...,n-1 (4.115)
i=0
0<R< Lz (4.11k)

(4.111)

The n constraints in (4.11c) and (4.11d) represent the epigraph form’s constraints on the
original objective function in the right hand side of (4.10), after separation [41] and substitut-
ing every A% by its expansion form in (4.4). The constraints in (4.11e) and (4.11f) represent
the stability conditions on charging queues. The constraints in (4.11g), (4.11h), (4.11i) and
(4.11j) are the axiomatic constraints on the probabilities (i.e., values being between 0 and
1, and sum equal to 1). The Finally, Constraint (4.11k) is a positivity constraint on the

minimum expected response rate. Finally, Constraint (4.11k) is is a positivity constraint
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and the upper bound on R introduced by Lemma (6).

4.3.2 Lower Bound Analytical Solutions

The optimization problem in (4.11) is a quadratic non-convex problem with second order
differentiable objective and constraint functions. Usually, the solution obtained by using the
Lagrangian and KKT analysis for such non-convex problems provides a lower bound on the
actual optimal solution. Consequently, we propose to solve the above problem by first finding
the solution derived through Lagrangian and KKT analysis, then, if needed, iteratively
tightening this solution to the feasibility set of the original problem. The Lagrangian function

associated with the optimization problem in (4.11) is given by the following expression:

n—1
L(R7q7H7a718777w7“7V75) _R_szch_ _52 +25 ank—l
=0 =1

+3 o A9 — ), (pk = Dk 1Gr1 4 Pe@) Tk — Ao (Pt — Pr1Gn-1 + Pogo) Il + R]

—_

n—

+ an (A = Xy (Paet = Poa1@n-1 + Pogo)ui + R) + 5o (> Xo(pi — pigs) — C(npue))

i

Il
=)

+§%(%‘—1)+%(R— Av_z:bl +ZZV” i = 1) = il + S Aupodo = pe)
i=0 i=1 j=1
(4.12)
where:
e q=1qo,---,qn1] is the vector of charing decisions.

o II = [II,;] is the vector of dispatching decisions to serve customers.

e a = [oy], such that «; is the associated Lagrange multiplier to the i-th customer queues

inequality.
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B = [Bi], such that [3i is the associated Lagrange multiplier to the i-th charging queues

inequality.

e & = [0;], such that ¢; is the associated Lagrange multiplier to the i-th equality constraint

on the dispatching decision.

e v = [y], such that ; is the associated Lagrange multiplier to the i-th upper bound

inequality on the charging decisions and the expected response time.

e w = [w;], such that w; is the associated Lagrange multiplier to the i-th lower bound

inequality on the charging decisions and the expected response time.

o 1t = [p;;], such that y;; is the associated Lagrange multiplier to the j-th lower bound

inequality on the dispatching decision II;;.

e v = [y;], such that v;; is the associated Lagrange multiplier to the j-th upper bound

inequality on the dispatching decision II;;.

For more accurate resolutions, Three small positive constants €y, €; and €5 are added to the
stability conditions on the charging queues and the positivity condition on the maximum
expected waiting time to make them non strict inequalities.

Solving the equations given by the KKT conditions on the problem equality and inequal-
ity constraints, the following theorem illustrates the optimal lower bound solutions of the

problem in (4.11).

Theorem 5. The lower bound solution of the optimization problem in (4.11), obtained from

Lagrangian and KKT analysis can be expressed as follows:
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B INNC
e Y # O
€2 wp #0
R =
S o S0 (Dhet — Pr1Gfr + PRI + Mo(Paet — Pao1df_y + pog)TLs; — A)
+og (Ao (Pr—1 — Pn—1¢;_1 + Pog)ILy, — )\ﬁn)) Otherwise
0 ofllyy — >0 o1 — B3 + 87 > 0
1 ofTlyy — > o Ty, — B3 + B <0
£ ) A dopn1qh_ 5, ~Aopn_1T;, +R*
9 = /\Ulpol_lnn* Oé;; 7& 0
Np Bt #0
Co(R*, ¢*, II*, o*, B*, v*, w*, u*,v*,0*) Otherwise
.
0 o —og — B >0
. 1 aj g —ai — By <0 i=1,....,n—1.
i R*4+2P 1, {ZZ;L,Q(pkflqz_l7pqu;)nki+(pn—lq;_17p0qs)nnifzz‘:i Pr—1Tki+pi1¢;_ T —pit1qis1Tif1i41] £ 20
Avpi (T =11 14541) a; a
C’i(R*7q*7H*7a*76*7’y*7W*7M*7V*y(s*) Othe/r'w’ise
0 &G Ao (Pim1Gi—1+ — Pi—1 — Piq;) +0; >0
* .
=91 Ao (Pim1Gi—1+ — pi—1 — Piqi) +0; <0 = I...,n—1
\CU(R*7 q*7 H*a Oé*, /3*7 7*7 w*; ,U*a V*, 6*> Othe’rwise
(4.13)

where (; and (;; are the solution that that maximize inf L(q, II*, R,

q,II

Proof. The proof of Theorem 5 is in Appendix K.

4.3.3 Solution Tightening

As stated earlier, the closed-form solution derived in the previous

* * % * * ook Ok
Oé,ﬁ,’Y,W,/J,V,(S)

O

section from analyzing

the constraints’ KK'T conditions does not always match with the optimal solution of the
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original optimization problem, and is sometimes a non-feasible lower bound on our problem.
Unfortunately, there is no method to find the exact closed-from solution of non-convex
optimization. However, starting from the derived lower bound, we can numerically tighten
this solution by iterating toward the feasible set of the original problem. There are several
algorithms to iteratively tighten lower bound solutions, one of which is the Suggest-and-
Improve algorithm algorithm proposed in [44] to tighten non-convex quadratic problems.
We will thus propose to employ this method whenever the KKT conditions based solution

is not feasible and tightening is required.

4.4 Simulation Results

In this section, we test the merits of our proposed scheme using extensive simulations. The
metric used to evaluate these merits is the maximum expected response times of the different
classes. For all the performed simulation figures, the full-charging rate of a vehicle is set to

1

tte = 0.033 mins™', and the number of charging points C' = 40.

Fig. 4.2a depicts the maximum expected response time for different values of ), AE"),

while fixing A, to 8 min~!.

For this setting, n = 7 is the smallest number of classes that
satisfy the stability condition in Lemma 2 in [1]. From queuing theory rules [42] [43] the
more serving queues a system have, the higher the waiting time will be. Moreover, in previ-
ous related work [1] [3], we showed that increasing the number of classes n beyond its strict
lower bound introduced in Lemma 2 in [1] will damage the system performance and increase
the maximum response time.

Fig. 4.2a compare the maximum expected response time performances against Z?:l )\g),

for different decision approaches namely our derived optimal decisions to the following deci-

sions sets:

1. Optimized charging decisions (i.e. ¢; V ¢) with same class dispatching (i.e. II;; =1V i
andH”:0VZ,j%z)
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2. Always partially charge decisions (i.e. ¢; = 0 V i) with same class dispatching (i.e.
IIy=1Viand I;; =0V 4,5 # 1)

3. Equal split charging decisions (i.e. ¢ = 0.5 V i) with same class dispatching (i.e.

4. Always partially charge decisions (i.e. ¢; = 0 V i) with proportional sub-classes dis-

patching decisions (i.e. II;; proportional to the customers sub-classes needs)

5. Equal split charge decisions (i.e. ¢; = 0 V i) with proportional sub-classes dispatching

decisions (i.e. II;; proportional to the customers sub-classes needs)

These five schemes represent the possible non-optimized policies, in which each vehicle takes
its own fixed decision irrespective of the system parameters. These schemes are possible in
case of a non connected and optimized system.

Fig. 4.2a compares these approaches with a decreasing SoC distribution. The figure
clearly show superior performances for our derived optimal policy compared to the other
policies, especially as > " | )\gi) gets closer to \,, which are the most properly engineers
scenarios (as large differences between these two quantities results in very low utilization),
This approves the expression found in lemma 6. A Gains of 49.3%, 69.8%, 93.22%, 86.7%
and 94.4% in the performances, can be noticed compared to the previously stated policies
respectively.

Fig. 4.2b shows the study of the resilience requirements for our considered model in
the critical scenarios of sudden reduction in the number of charging sources within the
zone. This reduction may occur due to either natural (e.g., typical failures of one or more
stations) or intentional (e.g., a malicious attack on the fog controller blocking its access to
these sources). The resilience measure that the fog controller can take in these scenarios
is to notify its customers of a transient increase in the vehicles’ response times given the
available vehicles in the zone. For this, we are only comparing the new proposed model

to our previously proposed model. The figures shows clearly the advantage brought by
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Figure 4.2: Comparison to non-optimized policies for Decreasing SoC distribution and Effect
of varying charging points availability
the sub-class dispatching model. The gain gets higher in critical scenarios and reaches up
to 65% with very acceptable maximum response time even is very low energy resources.
This demonstrates the importance of our proposed scheme in achieving better customer

satisfaction.

Conclusion

In this chapter we proposed a multi-class dispatching and charging scheme and developed its
queuing model and stability conditions. We then formulated the problem of optimizing the
proportions of vehicles of each class that will partially /fully charge or directly serve customers
of same class or any lower sub-class as an optimization problem, in order to minimize the
maximum expected system response time while respecting the system stability constraints.
The optimal decisions and corresponding maximum response time were analytically derived.
Simulation results demonstrated both the merits of our proposed optimal decision scheme
compared to typical non-optimized schemes and previously optimized scheme, and its per-

formance for different distributions of vehicle SoC and customer trip distances.
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CHAPTER 5

Conclusion

5.1 Summary

In this Thesis, we proposed solutions to the computational and charging bottlenecks threat-
ening the success of AEMoD systems in attracting a large number of customers and solving
private urban transportation problems. The computational bottleneck can be resolved by
employing a fog-based architecture to distribute the optimization loads over different service
zones, reduce communication delays, while which matching the nature of dispatching/charg-
ing processes of AEMoD vehicles. We also proposed a multi-class dispatching and charging
scheme to guarantee the fitness of the vehicle charge requirements for customer trips with
the available resources in each city zone. To efficiently engineer this multi-class solution,
we developed its queuing model, derived its stability conditions, and characterized the op-
timal number of classes to both minimize the response time and match the zone charging
resources. We then formulated the problem of optimizing the proportions of vehicles of each
class that will partially /fully charge or directly serve customers as a stochastic linear and
convex optimization problems, in order to minimize the maximum and average expected sys-
tem response times of the system, respectively. The optimal decisions for both problems were
analytically derived using Lagrangian analysis. Simulation results demonstrated both the
merits of our proposed optimal decision scheme compared to typical non-optimized schemes,
and its performance for different distributions of vehicle SoC and customer trip distances.
The comparison between the maximum and average problem solutions exhibited negligible
variance, which favored the use of the maximum solution due to its lower complexity.

The third chapter aimed to formally characterize the optimal vehicle dimensioning for fog-
based multi-class AEMoD systems given a system-wide average response time limit. Using
the system’s queuing model and its stability /response-time constraints, we formulated the

optimal vehicle dimensioning problem as a non-convex quadratic program over the multi-
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class dispatching and charging proportions. The lower bound solution corresponding to the
Lagrangian and KKT-conditions analysis of the problem were analytically derived, and were
shown to match the optimal solution of the original problem for a broad range of system
parameters using extensive simulations. The optimal number of classes to minimize the
required vehicle in-flow rate was also characterized. Simulation results demonstrated the
merits of our proposed optimal decision scheme compared to other schemes. They also il-
lustrated the resilience requirements calculated using our proposed solutions to recover from
sudden reductions in charging resources.

In the fourth chapter,proposed an enhance multi-class dispatching and charging scheme and
developed its queuing model and stability conditions. We then formulated the problem of
optimizing the proportions of vehicles of each class that will partially /fully charge or directly
serve customers of same class or any lower sub-class as an optimization problem, in order
to minimize the maximum expected system response time while respecting the system sta-
bility constraints. The optimal decisions and corresponding maximum response time were
analytically derived. Simulation results demonstrated both the merits of our proposed opti-
mal decision scheme compared to typical non-optimized schemes and previously optimized
scheme, and its performance for different distributions of vehicle SoC and customer trip

distances.

5.2 Future Directions

For the future work, we will study the problem of maximizing the system utilization (i.e.,
minimizing the required in-flow vehicle rate to each city zone) while satisfying a maximum
response time constraint for the new proposed model in the chapter four. We will also study
scenarios where the charging process of the vehicles is more sophisticated. Most importantly

we will study the inter-fog communication and rebalancing processes.
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Appendix A: Proof of Lemma 1

From (2.2) and (2.3) we have:

A < Ny (Pic1Timy + piti) i=1,....,n—1
)\((:n) < >‘v (Z%—l@ml + pOQQ) 1 =n

The summation of all the inequalities in (5.1) gives a new inequality

n n—1
DAY <N Y (T + piti) + (PaeaTa1 + Pot0)
i=1 i=1
DA <N [podo + Pray + pidy + e+ Pri@ + Do)

i=1

We have q; + ¢; 0 p;iq; + pigi = pi

S AD <A (po+p1 P2+ o+ Pai)
=1

We have S p; = 1so 321 A9 < A,
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Appendix B: Proof of Lemma 2

The summation of the inequalities given by (2.4)

Vi ={0,...,n} gives the following inequality:

n—1 n—1
Ao D pi— Ao > it + Moo < C (npte) + pie
=0 =0

Since 27 pi = 1 (because p, = 0 as described in Section 2), we get:

n—1

i=1

60

(5.5)

(5.6)

In the worst case, all the vehicles will be directed to partially charge before serving, which

means that always ¢; = 0. Therefore, we get:

Av
Cn>—-—1
Lhe

which can be re-arranged to be:
Ay

1
n > Ciie E

(5.7)
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Appendix C: Proof of Theorem 1

Applying the KKT conditions to the inequalities constraints of (2.10), we get:

af N (Pic1@i s —pi@f) + R = Apici +AY) =0 i=1,...,n—1

ay (Ao (Pra1¢i 1 — podi) + B* = Aopno1 + A7) =0

n—1
By Ao (pi — pigi) — C (nuc)) =0
i=0
i} i} (5.9)
BT (Awpoqy — pe) =0
V(g —1) = i=0,...,n—1
wiql = i=0,....,n—1
W R =0

Likewise, applying the KKT conditions to the Lagrangian function in (2.11), and knowing
that the gradient of the Lagrangian function goes to 0 at the optimal solution, we get the

following set of equalities:

)\vpi(a;‘ll_a?)IW;—')/; ’lzl,,n—l

Aobo (0 = ) = =% (5.10)
n—1

i

=1

From Burke’s theorem on the stability condition of the queues, the constraints on the charg-
ing queues are strict inequalities and the constraints on R should also be strictly larger than
0. Combining the Burke’s theorem and the equations on (5.9), we find that g§ = g =0
and w; = 0.

Knowing that the gradient of the Lagrangian goes to 0 at the optimal solutions, we get
the system of equalities given by (5.10). The fact that 8 = 0 and w} = 0 explains the

absence of 8 and w; in (2.12) The result given by multiplying the first equality in (5.10) by
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¢; and the second equality by ¢f combined with the last three equalities given by (5.9) gives:

)\upi(afﬂ—oé:)qf:—’yf 1=1,...,n—1

Ao (0] — ag) @5 = =5 (5.11)

(5.11) Inserted in the fifth equality in (5.9) gives:

/\vpz‘(ozfﬂ—a;‘)(qf—l)q;‘:o i=1,...,n—1

Avpo (@ — o) (g5 — 1) g = 0 (5.12)

n—1

Zale

=1

From (5.12) we have 0 < ¢j < 1 only if o] = o And 0 < ¢f < 1 only if o, = a Since
0 < g <1 then these equalities may not always be true

if of > o and we know that 5 > 0 then 7§ = 0 which gives ¢j # 1 and ¢; =0

if aj,; > af and we know that ~; > 0 then ~; = 0 which gives ¢; # 1 and ¢f =0

if of < o then 5 > 0 (it cannot be 0 because this will contradict with the value of ¢;),
which implies that ¢f =1

if af,; < a7 then 4 > 0 (it cannot be 0 because this contradicts with the value of ¢;),
which implies that ¢f =1

Otherwise, if af = o # 0 (they cannot be equal to 0 at the same time, which means

that ¢o = 1, and we know in advance that this cannot be the case here), we have ¢f =

«  _ pogg _ Aepo—AYY—R*
n—1 Pn—-1 AvPn—1

Pod§  Aepo— AL —R*
p1 Avp1

Finally, if af,; = of # 0 (they cannot be equal to 0 at the same time, which means

that ¢; = 1, and we know in advance that this cannot be the case here), we have ¢ =

Pi-19i_1 )\upiq*)\gi)*R*
pi Avpi

s _ pigl _ Aepi MY Re
i+1 Dit1 AuPit1
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Appendix D: Proof of Theorem 2

To prove this theorem, we first start by putting the problem on the standard linear program-
ming form as follows:

minimize — R

q0,91,-+-5qn—1

subject to
o (Pic1Gicr —pig)) F R<Apios — AP i=1,...,n—1

)\v (pananl - pOQO) + R S )‘vpnfl - )\((:n)
n—1

_)\v szq: < C(n,uc) _)\v
i=0 (5.13)
)\vpoq0</fbc
g <1 1=0,...,n—1
—R<O0

n—1

Sp=1 0<p<l i=0...n-1
Writing the problem on its matrix form, we get:

minimize c¢’x
X (5.14)
subject to Ax <X b



where:

do
a1
X(n+1x1) =

Gn—1

)\va
0

_)\vp()
A(3n+4>< n+l) —

_/\vp(]

)‘vpo

Cln+1x1) =

_)\vpl

/\vpl

0

_)\’L)pl
0

0 |P@nyaxy) =

_Avp2

0 )\vpn72

In+1

—1in+l

(1)

/\va - /\C
)\vpn—l - )\((:n)
C (npe) — Ay

[he

1

1

oo

0

0
0 1
0 1

_)\vpnfl 1

)\vpn—l 1
_)\vpn—l 0

0
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(5.15)

(5.16)

The matrix form of the Lagrangian function can be thus expressed as: Lagrangian:
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L(x,v)=c'x+v' (Ax—b)=-b" + (ATV+C)TX (5.17)

where v is the vector of the dual variables or Lagrange multipliers vector associated with
the problem 5.14. Each element v; of v is the Lagrange multiplier associated with the ¢-th
inequality constraint a;x —b; < 0, where a; and b; are the the i-th row and and ¢-th element
of matrix A and vector b, respectively. In fact v is the vector that includes all the vectors

a, 3, v, w as follows:

V(T1x3n+4) = (041 e BoB1 Yo - Ymwo - wn) (5.18)

We will used this combined notation for ease and clarity of notation.
The Lagrange dual function is expressed as:

g(v)=inf L (x,v) = -b'v+inf (ATv+ c)Tx (5.19)

X

The solution for this function is easily determined analytically, since a linear function is
bounded below only when it is identically zero. Thus, g () = —oc except when ATv+c = 0,

where 0 is the all zero vector. Consequently, we have:

by ATv+c¢c=0
g(v) = (5.20)

—00 ortherwise

For each v = 0 (i.e., v; > 0 V i), the Lagrange dual function gives us a lower bound on

the optimal value of the original optimization problem. This leads to a new equivalent
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optimization problem, which is the dual problem:

max g(v)=-b'v
subject to ATv +c=0 (5.21)
v>=0

Applying Slater’s Theorem for duality qualification, and since strong duality holds for the
considered optimization problem, then solving the dual problem gives the exact optimal

solution for the primal problem. This is described by the equality:
g (y*) = —bTV* — CTx* = —R* (522)

By expanding on the values of b and v in the above equation, the optimal value of R* can

be expressed as:

R = Z ()\vpifl - )\g)) o; + Z v (5.23)
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Appendix E: Proof of Lemma 3

After performing the suggested substitutions in the lemma statement, the function f can be

expressed as:

1
f(q()aqla"'?qnl EZ

n—1 1 1

5.24
i > (5.24)
" A n (AU (pn—l — Pn—14n—1 +p0q0) - /\((:n)>

v (pz 1 — Pi—19;—1 +szz) /\t(:Z)

In order to prove that the function f is a convex, we need to first show that it is continu-
ous and second order differentiable which is the case of our function because it is a sum of
continuous and second order differentiable functions. Moreover, since f is a multi-variable
function, we need to show that its Hessian matrix is positive semi-definite. Let H be the

Hessian matrix of f such that:

0% f

Hyj=—2— i, j=0,....n—1 5.25
5J aqlaq] 1,7 n ( )

We notice that the Hessian matrix is a symmetric matrix because

0*f 0% f
= Vi, g 5.26
8%3% 8%3%’ J ( )

which means that:
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The calculation of the terms in the Hessian matrix leads to the following results:

Pf _ 22257 2297
Pq oy " m)?
<)‘v (Po — Pogo + P1aq1) — Ae ) </\v (Pn-1 = Pn—1Gn-1 + Pogo) — Ac )
0? 20\2p? 20\2p?
32]6.: 2 —~3 T ol — zi=1,...,n—2
4 (A’U (Pic1 — Pic1Gim1 + Diqi) — Ag”) <)\v (pi — Pits + Div1Giv1) — AUT ))
’f 2Xp; 2X0p5
P S O
()\v (pnf2 — Pn—24n—2 + pn71anl) - )\c ) </\v (pnfl — Pn—14n—1 + quO) - )‘C )
82 f = vp 1p - 3 Z — ]_, 7n - 1
4i-19i (/\v (Pic1 — Pic1Gi—1 + Piqi) — A@)
52
azf —0  j>i41,4,§j=0,....n—1
qi4;
a2f _2>\3p0pn—1

02q,_190 3
In-190 (/\u (pn—l — Pn—1Gn—1 + pOQO) - )\g )>
(5.28)

Let @ = [x;] be an n x 1 vector such that 0 < z; <1V ¢ since our variables ¢; which on the
function depends are varies that range ¢; € [0, 1]. To prove that H is positive semi-definite,

it should satisfy the following condition:

x"Hx >0 (5.29)

/
8 82

02 f
q049n—1

Zo 82qp + T 52

L _0f O2f L
<TH = i 1924 1a; T 9%q; T it 9%qi+14i (5.30)
1=1...n—2
o2f _r 0% f
\xo 82(10‘17171 + xn_z 62(I'rr,flc]an + xn_l 82(11171
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Multiplying (5.30) by the vector x gives:

rf . 0f O f & f P2
x'Hx =z (x +z + T, ) + X <:z:, + o=+ —)
"\ 1a2qoq Z Y02 0% T P

Pqoq qi—194; i
D’ f D’ f 82f
T (xo 82qo(]n—l i aZQn—IQTL—Q T aQQn—l)
(5.31)
Simplifying (5.31) gives:
— 0% f o*f
x"Hx = i QL0 Ly = 5.32
= 82 P Paag T P a0 (5:32)
Substitute (5.28) in (5.32), we get:
xI'Hx = ”231 2)‘3 (pir; — Pi—11‘@'71)2 — 2)\3 (poxo — pn7137n71)2 :
i=1 <Av (Pic1 — Pic1Gi1 + i) — Af:”) <)\v (Pn—1 = Pn—1@n—1 + PoGo) — Af;”)
(5.33)

We can see clearly that x?’ Hx > 0 because it is a sum of positive terms. Consequently, H is

positive semi-definite, thus making f a convex function.
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Appendix F: Proof of Theorem 3

Applying the KKT conditions to the inequalities constraints of the problem (2.15), we get:

ar (AD =X, (piy —piagy +pig])) =0 i=1,...,n—1

)\c”) — A\ (pn—l — Pn-1Gp_y +p0q§)> =0

58 ( 7 )\U (pz _plcﬁ) - C(n,uc)> =0
' (5.34)

vi(gi—1)=0 i=0,....,n—1

wig; =0 i=0,...,n—1

From Burke’s theorem on the stability condition of queues, the constraints on the customers’
queues and the charging queues are strict inequalities. Combining Burke’s theorem with the
equations in (5.34), we find that g5 = 57 = 0 and o = 0V i. Applying the KKT conditions
to the Lagrangian function in (2.17), and knowing that the gradient of the Lagrangian func-

tion goes to 0 at the optimal solution, we get the following set of equalities:

)‘vp() 1 1 * *
- D) +r>/0 _WO :0

2
(A (oo = Pacagics +m0a) = A7) (A (0 — pogs + paai) = A)

n

AoDi 1 1
np N2 1)) 2 T Wi =0
(AU (picy — picadi 1 + pig?) — AS’) (A,, (i — pi; + piadlyy) — AT ))
1=1...n—2
Avpnfl 1 N 1
n

2 2
(AU (Pn—2 — Pn—2@li_y + Pu1@l_y) — Aé”’“) (Av (Pn-1 = Par1 @y + Do) — Aé’”)

+ Ypo1 —wWp—1 =0
(5.35)
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The fact that 8f = 0 and w} = 0 explains the absence of ;] and w; in (5.35). Multiplying

the first equality in (5.35) by ¢, the second by ¢, and the third by ¢f_, gives:

* AUPO * 1 1
Y = qo -

2 2
<Av (po — Podgi + P1a}) — AE”) (Av (Pret1 — Puo1 @y + Dodi) — AE")>

r = pqz* — i=1...n

N (0 — mia* " _)\(i+1)2 Ao (D1 — i 10 .%_)\(i)Q
v (pz Diq; + pz+1qz+1) c v (pz—l Pi—14;_1 +pzqz) c

* Avpn—l * 1 1
Tn-1 = n Qn_1 (n) 2 (n—
(AU (pn—l - pn—lq;_l +p0q§) - )\C ) </\U (pn—Z - pn—Qq;—Q + pn—lqz—l) - )‘C |
(5.36)
Inserting (5.36) in the fifth equality of (5.35) gives:
. . 1 1
S m)? o | =Y
(Av (Po — Pogs + P1gi) — Ae ) ()‘v (Prn1 = Pu1 @y + Do) — A )
% - 1 1
@ —1)gi +0\2 | =
(AU (pi — PiG + Pis1dfsy) — Ae ) (/\v (pi1 — Pica Gy + i) — Ae )
1=1...n—2
. . 1 1
(qn—l - 1) n—1 (n) 2 (n—1) Z
(Av (pn—l — Pn-1Gp_1 +p0(JS) — A > (Av (Pn—z — Pn—2Gp_2 +Pn—1q;—1) — A )
(5.37)

From (5.34), we have 0 < ¢ < 1V i only if vf = 0 and w} = 0. Since 0 < ¢} < 1, the above

result may not always be true. From (5.34) and (5.37), we finally get:



q;

0 ifw #0

1 ifyr#£1

Otherwise, we have:

*

dy

*

q;

*

p_1 =

Xo (Po + P1a = Dut + Pacadi_y) — A+ ALY

2)\va
Ao (Di + Pis1 Gy — Pic1 + Pir@]—y) — ATTD A0

2)\vpi
/\v (pn—l +p0q>0k — Pn—2 + pn—2q;;_2) - )\ﬁn) + )\gn—l)
2)\vpn—1

i=1,...

,n—2

72

(5.38)



Proof of Lemma 4

From (2.2) and (3.3) we have

< AN(Pic1Gimy +0igi), i=1,...,n— 1.

S )\'L;(pnflqn—l +pOQO)7 1=n

The summation of all the inequalities in (5.39) gives a new inequality

,_.

n—

Z ALY + = <MD i1y + pigi) + (Pa-1@p—1 + Poo)]

=1

ZA Molpodo + D16y + 1Ty + o+ Pa1Gp 1 + Podo]

We have @, + ¢; S0 piq; + pigi = ps

n 4 n
DA+ S SN0+ P+ pat ot pasa)
=1

We have > pi = 1s0 37, A9 4 2 <A
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(5.39)

(5.40)

(5.41)

(5.42)
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Proof of Lemma 5

The summation of the inequalities given by (2.4) V i = {0,...,n} gives the following in-

equality :
n—1 n—1
Ao D P = Ao Y it + Mupodo < C(npie) + pe (5.43)
i=0 i=0

Since 37, p; = 1 (because p, = 0 as described in Section 2), we get:

n—1

Ao — Ay sz-qi < pe(Cn+1) (5.44)
i=1

In the worst case, all the vehicles will be directed to partially charge before serving, which

means that always ¢; = 0. Therefore, we get:

A
Cn>—-1, (5.45)
Lhe
which can be re-arranged to be:
Ay 1
> _ 5.46
e e (5.46)
From equation (5.46) and equation (3.4) we have
n (@, n
RIS S DD (5.47)
Cu. C— Clte C
By simplifying equation (5.47) we get
nooy(@)
n > Tz A~ le (5.48)

TCu.—1
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Proof of Theorem 4

Applying the KKT conditions to the inequalities constraints of (3.5), we get:

1 .
o (N (pima iy = pig} = pica) + o + APy =0

* * * * 1 n
A5 (A (Pn1Giy = Doty = Put) + 7 + Ay = 0.
n—1

0> A(pi — pig;) — C(npe) + €0) = 0.

%

Il
=)

(5.49)
Br(Aupoqy — pe +€1) =0

V(g —1)=0,i=0,...,n— 1.

wigi =0,i=0,...,n—1.

* * [ n
=1

Likewise, applying the KKT conditions to the Lagrangian function in (3.6), and knowing
that the gradient of the Lagrangian function goes to 0 at the optimal solution, we get the

following set of equalities:

Npi(af, —af = By) =wf —7f, i=1,...,n—1.

Avpolan — ag = B + B7) = wp — %

n—1

Z & (Pi-19;—1 — Pi€; — Pi—1) + 0, (Pn—1dp 1 (5:50)
=1

n—1
— podly = Po1) + B3O _(pi — pig})) + Bipods — wi +1 =0

=0

Knowing that the gradient of the Lagrangian goes to 0 at the optimal solutions, we get the
system of equalities given by (5.50). multiplying the first equality in (5.50) by ¢ and the

second equality by ¢; and the third equality by A’combined with the equalities given by
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(5.49) gives :
)\*plQ”L( z+1_a;'k_ﬁ6<):_’7;k7 1=1,...,n—1

)\*pOQ()(CH ay — 58 + ﬂf) = _'78

% 5.51
Za )+ B3 Crpte — o) + B (e — ) 20

_ (ST Ly

m; Ot m) =0

(5.51) Inserted in the fifth equality in (5.49) gives :

Apilai — o = Bo)(g; — g7 =0, i=1,...,n— L

Aopolar — ag, = By + B7) (g9 — 1)go = 0

(5.52)

Z aj (A + — Bo(Cnpe — €0) — B (e — €1)

(A +
=1

)

From (5.52) we have 0 < ¢5 < Ll only if aj,; —of — 35 = 0 And 0 < ¢ < 1 only if
aof —ai — B+ 57 =0 Since 0 < ¢ <1 then these equalities may not always be true

if af —a — 35+ 7 > 0 and we know that 75 > 0 then 7§ = 0 which gives ¢ # 1 and
q = 0.

if aj,; —aj — 5 > 0 and we know that v; > 0 then 7; = 0 which gives ¢; # 1 and ¢; =0

if af — o — By + B < 0 then 7§ > 0 (it cannot be 0 because this will contradict with
the value of ¢;), which implies that ¢ = 1.

if o — o — 5 < 0 then 77 > 0 (it cannot be 0 because this contradicts with the value
of ¢;), which implies that ¢ =1

We have also from the KKT conditions given by equation in in (5.49) that says either
the Lagrangian coefficient is 0 or its the associated inequality is an equality:

it 87 # 0 we have ¢} =

)\ po
Pn— 1qn 1 Pn—-1 )\gn)+%
Po AvPo

if a # 0 we have ¢ =



7

i—14;_1—Pi—1 + Agi)-F%

: * x* __ P
if af # 0, we have ¢} = o o

fori=1,...,n—1

Otherwise by the Lagrangian relaxation:
qf = Gla*, By A q") fori=1,...,n—1

Where (;(a*, 5%,7*, A%, ¢*) is the solution that that maximize the function inf L(q, a*, *,v*, \¥)
a

Now in order to find the expression of A} we first look at the last equation in (5.49).

From there we can say that if w} # 0 then X\ =>"" | A9 4 *

Otherwise from the third equation in (5.52) if w) = 0 then \j = Y7 | ar(A 4 4y —

B (Cnpie — €0) — By (pe — €1)
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Proof of Lemma 6

From (4.4) and (4.6) we have :

n—1
)\((f) +R<A, Z(pk—1 — Pr—1qk—1 + Pe@i) ki + Ao(Pr1 — Pa-1Gn-1 + pogo) i, i =1,...,n —1
k=i

)\((:n) + R < )\v(pn—l — Pn—-14n-1 +p0q0)Hnn
(5.53)

The summation of all the inequalities in (5.53) gives a new inequality
DA 4R <Y N AP, (5.54)
i=1 i=1 k=1

Which is equivalent to:

n n

S AT 4R <) AP Z Il (5.55)
=1 =1 k=1

Since We have 22:1 I =1,i=1,...,n then:

S ADnR <> AD (5.56)
i=1 i=1
From (4.1) and (4.2)
n n—1
Z A = Z (Pic1Gi—1 + PiGi) + (Pn-1Gn—1 + Poqo) (5.57)
i=1 i=1
Since g; + ¢; = 1 and we have Z;:OI p; = 1 then:

n

DA+ nR <A, (5.58)

i=1
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Proof of Theorem 5

Applying the KKT conditions to the inequalities constraints of (4.11), we get:

n—1
Ay (A + R = A (pret — per@iy + Prai) M — Ao(Put1 — Poci@y 1 + pogy) ) =0i=1,...,n—
k=1
o (A + R = Ny (Pu1 — Pa1ds_y + pogi)1L,) = 0.
n—1
5O Molpi — pigf) — Clnpe)) = 0,
1=0

BT (Aupody — ) =0
V(g —=1)=0,i=0,...,n—1.

I e N O
SR VAR ) =0.

*R*
Yl -

wig;=0,1=0,...,n—1
wa(R* —62) =0.

vi(I, —1)=0,i=1,...,n, j=1,...i.

pplly; =0, i=1,...,n, j=1,...i.

5O M —1)=0,i=1,...,n.
j=1
(5.59)

Likewise, applying the KKT conditions to the Lagrangian function in (4.12), and knowing

that the gradient of the Lagrangian function goes to 0 at the lower bound solution, we get
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the following set of equalities:

aq - UpZ (ZO{ ’L+1j )+O[:+1 i+1i+1 60>_W:‘|“’7::0,Z:1,,7’L—1

oL *TT* S . . . .
g0 =Moo <041H11 N Zajnnj — B+ ﬁl) —wy+7% =0
j=1
oL . o
AL, = aj)\u (Pic19i—1™ — i1 — piq;) + 07 + Vi — Wi = 0
oL * . . . . .
—aHn]‘ = ozj)\v (1%—1%-1 — Pn—1 — poqo) +4 + Vpi = Hnj = 0

aL - * * *

(5.60)
Multiplying the each of the partial derivatives in (5.60) by the derivation variable itself
combined with the KKT conditions of the variables lower bounds inequalities given by (5.59)

gives :

oL
0q;

ql Upl <ZO( 2+1] ) + Ck;'kJrl i+1i+1 ﬁO) +’Y: = 07 L= 17 sy — L.

oL Tk * * *
%qu qo)\vp0<041 11 ZOCH —504‘51)"‘%:0
oL
81—.[2']'
8L * * * *
] X Hnj = Hnj (aj>\v (pn—lQn—l — Pn-1 — pOQO) + 0 ) n] =0
oI,

Ay — 3 A

x Ii; = I (o Xy (pic1Gi™ — pic1 — pig)) +6;) + 5 =0

oL e
@XR——R—FR;ai—wnez—i—%(

(5.61)
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When we inject the result of the first four equations in (5.61) in the KKT conditions on the

upper bound conditions of the variables ¢; and II;; we find:

g (qgf — 1) (Za try — 1) + o I ﬁo>:0,i:1,...,n—1.

4 (45 ( I - Za*ﬂij — b+ 5T> =0 (5.62)

I (I, — 1) (Oé;)\v (Pi-1Gi—1™ — Pic1 — pig}) + 0;) =

H;J(H:;j - 1) (a;)\v (pnflqnfl* — Pn-1— p0q8> + 5:;) =0

From (5.62) we have :

0 < gy <1onlyif ajlly; — 77, ofIly, — 5+ 87 =0

0 <gj < lonlyif Z] oG (I =TI + oy 10y, — B = 0
0 <IIj; < 1 only if A, (pic1¢i1™ — pic1 — pigi) + 6 =0

0 < II;; < 1only if &\ (Pn-1Gn-1" — Pn-1 — Poqg) + 05, = 0

Since 0 < ¢f <land 0 < Hfj < 1 then these equalities may not always be true
it o117, — Z] Vi1 — By + 87 > 0 and we know that 45 > 0 then 75 = 0 which gives
q; # 1 and ¢ = 0.
if 23 y o (I — T0) + iy 17y, — By > 0 which gives ¢f # 1 and ¢f = 0
if o113, — >0 of0 — B + 87 < 0 then 45 > 0 (it cannot be 0 because this will contradict
with the value of ¢;), which implies that ¢ = 1.
if 2;:1 o (I — 105) + af 107y, — 85 < 0 then 77 > 0 (it cannot be 0 because this

contradicts with the value of ¢;), which implies that ¢ = 1

if a5\, (Pic1¢i1™ — pic1 — piqi) +0; > 0 and we know that ; > 0 then vj; = 0 which
gives II}; # 1 and II}; = 0.

if ajA, (Pr—1Gn-1" — Pn—1 — Poqg) + 0,; > 0 which gives Iy, # 1 and IT;; = 0
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if ajA, (Pic1qi—1™ — pi1 — piq)) + 07 < 0 then vi; >0 (it cannot be 0 because this will con-
tradict with the value of II;;), which implies that II;; = 1.

if &GNy (Pn-1Gn—1" — Pn—1 — poqy) + 0;, < 0 then vy, > 0 (it cannot be 0 because this will

contradict with the value of II,,;), which implies that II,,; = 1.

We have also from the KKT conditions given by equation in in (5.59) that says either
the Lagrangian coefficient is 0 or its the associated inequality is an equality:

if B # 0 we have ¢} = &=

ASpo
gn) +AvPn— 1q’:7 1H:m _Avpnflnzn +R*
Avpollnn*
R 40, [ZZ;;+2 (Pr—145_ 1 —Prg) kit (Prn—10% _1 —p0ag ) Ini—>_j—; Ph—1 Mri+pi—1q;_ 115 —pit1qiy1 115
Avpi (T =Tl 1441)

if o # 0 we have a

if of # 0, we have ¢f =

fori=1,....,n—1

Otherwise by the Lagrangian relaxation:
q:( = CZ(R*7 q*7 H*7 a*7ﬁ*77*7w*7ﬂ*7 V*7 6*> fOI'?: = 17 cee 7n_1 and H;k] = <2]<R*7 q*a H*u Oé*a 5*77*76‘)*7 :u’*a V*7

where (; and (;; are the solution that that maximize iné L(q,IT*, R*, o*, B*, v*,w*, u*, v*, 6%)
q,

Now in order to find the expression of R* we first look at its upper bound associated

condition in (5.59). From there we can say that if w} # 0 then R* = €, and if 7 # 0 then

n (%)
Av— iq Ae
R* — Z’L—l

n

Otherwise, from the last equation in (5.61), if w’ = 0 and 7} = 0 then

n—

1
R =Y ai(MD (et — pear@is + pregi) s + Ao(Pat — Poc1@y 1 + pog) 1T, — AL)

1 n—
i=1 k=i

+ a (A (Pao1 — Pac1@y + pogi)IL, — AT
(5.63)
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