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ABSTRACT

Convexity plays an essential role in many areas of mathematics, from geometry,
analysis and linear algebra to numerous applications in other areas of mathematics
such as optimization. It unifies many apparently diverse mathematical phenomena,
and is relevant to engineering and the sciences. In practice, however, convexity
does not always hold, which raises the need for suitable generalizations of convexity.
In this thesis, I will study generalizations of convexity and use metric entropy to
give a numerical quantification of the collections of sets and function classes which
satisfy these generalized convexity conditions. In particular, I will estimate the metric
entropy of the collection of bounded sets in IR¥ with positive reach, the metric entropy
of an [;-hull (0 < g < 1) in an important case, as well as the upper bound for the

metric entropy of separately convex functions in R¥.
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PREFACE

The results in chapter 3 have been extracted in a preprint titled “Metric Entropy of
Sets with Positive Reach”, to be submitted for publication jointly with Fuchang Gao.
The results in chapter 4 have been developed and submitted for publication with
the title “Metric Entropy of /,;-hulls in Banach spaces of type p, 0 < g < 1.”
The results in chapter 5 are being extracted into a preprint which will be published

at a later date.
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CHAPTER 1

INTRODUCTION

Convexity plays an essential role in many areas of mathematics, from geometry to
analysis to linear algebra, and has numerous applications in other areas of mathemat-
ics such as optimization. It unifies many diverse mathematical phenomena, and is
relevant to engineering and the sciences. In this thesis, I study different generaliza-
tions of convexity of sets as well as generalizations of convexity for functions.
Convex sets have been defined and studied in many different settings. The most
useful definition to this thesis is that given for a real topological vector space. A
subset K of a real topological vector space is said to be convex if for any x,y € K
and any A € [0,1], the point Ax + (1 — A)y € K. In other words, for any two points
x,y € K, the entire line segment from x to y lies in K. A point x € K which does not
lie in any line segment joining two points of K, except possibly on the end point of a
line segment, is called an extreme point of K. If K is convex and compact in a locally
convex space, then the set of extreme points Extr(K) of K is non-empty. Furthermore,

by the Krein-Milman theorem, K is the closure of the convex hull of its extreme points;

i.e., K = conv(Extr(K)), where, for a set S € R, conv(S) is defined by

conv(S) := {x = iocixi

=1

aiZO,xiES,izxizl,n21}, (1.1)
i=1

It is straight forward to check that the convex hull of any set is a convex set. This
furnishes a convenient source of convex sets.

Convex sets possess useful geometric properties. One in particular, is that, for
a normed space X, if K C X is closed and convex, and a ¢ K, then there exists a
hyperplane that separates a from K. Furthermore, for any x on the boundary of K,
there is a hyperplane containing x such that the entire set K lies on one side of the
hyperplane. Such a hyperplane is called a supporting hyperplane at x. This property

leads to another common way of generating convex a set: taking intersections of half-



spaces.

A function f defined on a convex set K is called convex if it satisfies the inequality

fAx+ (1 =Ay) <Af(x) + (1 =A)f(y) (1.2)

holds for all x,y € K and every A € [0,1]. If the strict inequality

fAx+ (1= Ay) <Af(x) + (1 -A)f(y) (1.3)

holds for all x,y € K and every A € (0,1), then the function is said to be strictly
convex.
There are several equivalent characterizations of conditions (1.2) and (1.3). For

instance, it is straightforward to check that any real valued function f is convex on
dom(f) C X

if and only if for any x € dom(f) and any vector v € X, the function

8(t) = f(x +to)

is a convex function on

{teR:x+tv € dom(f)}.

It is also not difficult to see that if dom(f) C R”" is a convex set, then f is convex if

and only if its epigraph defined by

epi(f):= {(x, HEeR™ | t> f(x),x € dom(f)} (1.4)

is a convex set in R"*1,



If f is a differentiable function on dom(f), where dom(f) C R”" is a convex set,

then f is convex if any only if for all x,y € dom(f),

fly) = f(x) > VFx)(y—x),

where V£ is the gradient of f defined by

VF(x) = (af(x)

axl Yy

af<x>>?

0xy,

(1.6)

If f is a twice-differentiable function on dom(f), where dom(f) C R" is a convex

set, then f is convex if any only if for all x € dom(f), the Hessian matrix Hf(x) is

positive semi-definite, where

_ 82f
axlaxl
0 f
0x20x1

fjf(x)::

9 f
| dx,0x7

0% f
axlaxz
02 f
ax28x2

axlaxz

2f |
dx10x,
82f

0x20xy,

02 f

0x,0xy |

However, for high dimensions, positive definiteness of the Hessian (1.7) can be dif-

ficult to check as are the conditions (1.2) and (1.3). Consequently, in practice, one

often verifies the convexity of a function by checking if it can be expressed using

some basic convex functions and convexity-preserving operators. Some basic convex

functions over R” include:

All norms on R”;

{(x1,...,xp) ER" | x; >0,1<i<mn}.

The maximum function max{xy, xo, ..

The geometric mean function (I ; x;

The log-sum-exp function log(}_}" ; ei);

)1/n

-;xn}}

over the following subset of IR":

(1.8)



Operations that preserve convexity include:

¢ The operation of taking a nonnegative weighted sum of convex functions: that

is, a nonnegative weighted sum of convex functions is convex;

¢ Composition of a convex function with an affine mapping: if f is a convex

function on dom(f) C R", A is an n X m matrix and b € R", then the function

g(x) = f(Ax +b) (1.9)

is a convex function on {x € R" | Ax+b € dom(f)}.

¢ Taking the maximum of two convex functions: the maximum of two convex
functions is convex on the intersection of their domains; that is, if f and g are

convex functions on dom(f),dom(g) C R", then the function & defined by

h(x):=max{f(x),g(x)} (1.10)

is a convex function on
dom() = dom(f) (") dom(g).

¢ Composition of a convex function with a convex and nondecreasing scalar func-
tion, i.e., if ¢ is convex function on dom(g) C R”, and & is a nondecreasing

convex function on R, then f(x) = h(g(x)) is a convex function on dom(g);

* The minimization of a convex function on a convex set is convex, i.e., if f is

convex in (x,y) and C C dom(f) is a non-empty convex set, then the function

g(x) = yiggf (x,y)

is a convex function on

dom(g) = {x | (x,y) € dom(f) for some x},



provided that g(x) > —oo.

When a function cannot be expressed as a known convex function using convexity
preserving operators, checking convexity is typically very difficult.

On the other hand, when a function is convex, it has some nice properties. For
example, one variable convex functions are necessarily continuous and have one-sided
derivatives. If f is strictly convex on a compact convex domain, then it has a unique
minimizer. Consequently, as a class, the set of convex functions on a fixed domain
is much smaller than, say, the class of continuous functions on the same domain.
Similarly, the collection of convex sets contained in a bounded region, say [0,1]¢, is
much smaller than, for instance, the collection of simply connected sets contained in
[0,1]%. One of the most effective way to gauge the “size” of a collection of sets, or the
“massiveness” of a function class, is to use the metric entropy of the set of functions
class, which will be introduced in detail in the next chapter. Roughly speaking, if T
is a set in a metric space (X, p), then the size of the set T can be gauged by the the
quantity

log N(¢,C,p)

with varying ¢, where N(¢, C, p) is the minimum cardinality of e-net of T, that is,
N(e,C,p) :=min{n | Ixq,...,x, € X such that U;_; B(x;;e) D C}, (1.11)

where

B(x;e) ={y €T |p(xy) <e}.

In order to be able to compute metric entropy for classes of sets, we require an
appropriate metric to measure the distance between two sets. In this dissertation we
employ the most commonly used metric, the Hausdorff distance, h(-,-). Given two
bounded sets K and L in R"” the Hausdorff distance, which we denote by h(K, L), is
defined by

h(K,L):=max {sup inf ||k — 1|, sup inf ||k — l||} : (1.12)
keK leL leL keK



In practice, one usually employs the following, equivalent formulation:
h(K,L):=inf{r € (0,00) | KC L+ B(r),L C K+ B(r)}. (1.13)
where
B(r)=B(0;r) ={y e R" [ |ly| < }.

We establish the notation, which will be in use throughout this thesis, A < B which
means that there exist two constants 0 < C; < Cy < oo such that C;1B < A < (3B, then,
the following celebrated result of Bronshtein [3] quantifies the “size” of the collection

of convex sets contained in B(1), the unit ball in RY, d > 2 centered at the origin.

Theorem 1. (Bronshtein [3]) Let C be the collection of convex sets contained in [0, 1]d, d>2.
Then for any 0 < e <1

log N(e,C, h) < e~ @=-1)/2,

Similarly, if we let () be a measurable subset of R?, and denote

I sl = [ 1)~ storex)

where 1 < p < oo, then following results proved by Gao and Wellner [15] quantify the

massiveness of the collection of convex functions over R

Theorem 2. (Gao and Wellner [15]) Let Q be a bounded and closed convex domain in R?
with non-empty interior. Let C,(Q)), 1 < r < oo, be the set of convex functions on Q) whose
L’ (Q))-norms are bounded by 1. Denote by | Q)| the volume of Q).

(i) There exist constants co > 0 depending only on d, such that

1_1
log N(e, Cr(Q), [| - [r(cr)) > co(lQfr e )42,



(ii) If Q) has finitely many extreme points, then for any 1 < p < r, there exists a constant
C depending on p,d,r such that for any e > 0,

log N(&,Cr(Q), || llr(ery) < Cre™ '
d
log Njj (e, Coo(Q), || - lr(c)) < CilQ[ZPe™72,

When r = oo, the same inequality holds for the bracketing entropy Njj(g,Coo(Q), |||l 1r (Q2)),

which was introduced in definition 3.

In view of the fact that a general compact convex set in RY can be approximated
by convex sets with finitely many extreme points, one might guess that the rate ¢ 4/2

holds for a general compact convex set in R?. This, however, is not the case.

Theorem 3. (Gao and Wellner [15]) If D is closed unit ball in RY, then there exists a constant
cp dependent only on d and p such that for all 0 < e <1,

log N(¢,Coo(D), || - [l1r(p)) > 26 7P,

where B = max{(d —1)p/2,d/2}.

Theorem 1 of Bronshtein is the theoretic foundation of many shape-reconstruction
algorithms for high-dimensional convex sets; while Theorem 2 and Theorem 3 play
key roles in the study of risk bounds of multivariate convex regression [20]. In these
applications, one would often like to see extensions of these results to a more general
collections of sets or classes of functions. For example, in image reconstruction
of brain activities, it is not realistic to assume that the active regions are convex.
Rather, an active region typically consists of several subregions, each of which are
approximately convex, such as a kidney-shaped region.

Motivated by these applications, the work in this thesis generalizes convexity.
There are several different approaches to generalizing convexity for collections of sets.

In this thesis, we will focus on the following two approaches:

1. Positive Reach

As we discussed above, a convex set in IRY can be formed by intersecting half-spaces,



and each point on its boundary has a supporting hyperplane. Thus, one can move
a half-space (or a ball of infinite radius) along the boundary of a convex set without
intersecting the interior of the convex set. Consider, somewhat more generally, sets
with the property that one can roll a ball of radius at most c along the boundary of
the set. This property was first studied by Federer in [11] under the name “reach”.

More precisely, the reach of a set K C R? is defined as
reach(K):=sup {r > 0 | Vy with dist(y,K) < r,3!x € K nearest to y} .

We say that a set K has positive reach, if reach(K) > 0. Considering its intuitive
motivation, positive reach serves as a useful generalization of convexity. Reach is

considered in depth in chapter 3.

2. 9-Hull, 0 < g <1
By the Krein-Milman theorem, every closed convex set in R is the closed convex hull
of the set of its extreme points. Thus, every closed convex set is the closure of of a

convex hull. If we replace the definition of convex hull given in equation (1.1) by

n
hully(S) := {x =) ax;

i=1

n

aiZO,xiES,Zuc?:l,n21}, (1.14)
i=1

where 0 < g < 1, then clearly hull;(S) = conv(S). Thus, hull,(S) can be viewed as a

generalization of conv(S). When 0 < g < 1, the set hully(S) is usually not convex, but

has some properties similar to a convex set. We will also consider sets of the form

n
XiXi

Hy(S) := {x =

n
xiGS,Z|ai|‘7§1,n21}, (1.15)

i=1 i=1

These sets are motivated by applications in sparse approximation. Note that when
g = 1, Hy(S) is just the absolute convex hull of S; when g is close to 0, then the
set Hy(S) is close to the symmetric star-convex set {tx | x € S, |t| < 1} with vantage

point 0. Thus, for 0 < g < 1, Hy(S) can be viewed as a continuous deformation from



a convex set to a star-convex set.

3. Separate-Con Functions
Just as for convex sets, there are also many different fruitful generalizations of convex-
ixty for classes of functions in R?. Among the most common generalizations used in
practice are polyconvexity, quasiconvex and rank-one convex functions. In this thesis,
we consider a condition which is easy to verify. Let a set D C R? have the property
that the intersection of D with any line parallel to a coordinate axis is convex. We say a
function f on dom(f) = D is separately convex if f is a convex function of each single
variable while holding the other variables fixed. We say a function f on dom(f) = D
is separately concave if f is a concave function of each single variable while holding
the other variables fixed. We say a function f on dom(f) = D is separate-con if for
each variable it is either a concave or convex function of that variable while the other
variables are held fixed.

The goal of this thesis is to quantitatively gauge the massiveness of sets and
function classes satisfying these three generalizations of convexity. The main results

of the thesis are the following:

Theorem 4. Let Py, be the collection of d-dimensional sets contained in B(R) that can be
expressed as the union of at most m sets of reach greater than c. Then there exists a constant

A(c,d) depending only on ¢ and d, such that for every 0 < e < 1,
log N (&, P, 1) < Ac,d)mRée~(#=1/2,
Theorem 5. If K is a precompact set in a Hilbert space satisfying
logN(4, K, || -[) = O(6™),
for o > ;qu,ando < q <1, then

log N(e, Hy(K), || - [I) = O (™) .
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Theorem 6. Let F([0,1]%) denote the collection of separately convex functions on [0,1]% that
are bounded by 1. Then, for any 1 < p < oo, there exists a constant C(d, p) depending only
on d and p, such that for all 0 < e <1,

log N(e, F([0, 1), |- ) < C(d, p)e~*+. (1.16)

The thesis is organized as follows: In Chapter 2, I collect basic concepts, definitions
and known results that are either used in later chapters, or important for conceptual
understanding of the topic. In Chapter 3, I study the “size” of the collection of
sets contained in [0,1]¢ with positive reach. In particular, Theorem 4 is proved. In
Chapter 4, I study the metric entropy of l;-hull Hy(S), provided that we know the
metric entropy of S. In particular, Theorem 5 is proved. In Chapter 5, I study the
“massiveness” of the class of bounded separate-con functions on [0, 1]d, and prove

Theorem 6.
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CHAPTER 2

PRELIMINARY RESULTS

This chapter collects those definitions, notations and concepts which are integral
to the following chapters. It introduces some of the key concepts of metric entropy,
some fundamental relations between the so-called Kolmogorov widths and Gelfand
widths, and some important metric entropy estimates which are either used in the

later chapters or are otherwise conceptually important.

2.1 DEFINITIONS

Metric entropy was first defined by Kolmogorov in [22]. Following Kolmogorov, we

first define the e-covering number for precompact subsets of normed spaces:

Definition 1. Let A be a precompact subset of a metric space (X, T). For € > 0, we define

and denote the e-covering number of A under the metric T by

N(s,A,T)::min{n €N

n
dxq,--,x, € X, AC U B(xk,s)}, (2.1)
k=1
where B(xy, €) denotes the closed ball under t, with center xy and radius €. When there is no

confusion we refer to N (g, A, T) simply as the covering number of A.

The logarithm of the e-covering number of A is called the e-metric entropy of A
or sometimes just the metric entropy of A. More precisely, we have the following

definition:

Definition 2. Let A be a precompact subset of a metric space (X, T). For € > 0, we define the
e-metric entropy of A under T as the quantity log N (e, A, T). When there is no confusion, we

refer to log N (e, A, T) simply as the metric entropy of A.

In statistical applications, extra requirements may be placed on metric entropy. For
example, instead of closed balls of of radius ¢, brackets may be used. In a normed

space of a real-valued functions, brackets are defined as follows:
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Definition 3. Let D be a set, F a linear space of functions D — R equipped with norm ||-||.
Let f,h € F with f(x) < h(x) for all x € X. We define the bracket [f,h] by

[ h]:={g € F | f(x) <g(x) <h(x) Vx € X}. (22)

If||f — h|| <eforall x € X, we say that [f,h] is an e-bracket.

Using the notion of a bracket, we can now define the e-bracketing covering number

of a precompact subset A of a normed space (X, ||-]).

Definition 4. Let F be a linear space of functions from a set D to R, equipped with norm
||-||. Let A be a subset of F which is precompact under the topology induced by ||-||. We define
the bracketing covering number of A as the minimum number of e-brackets needed to cover A,

that is,

Ny (e A, H-H)::min{n eNN

Elfl,hl,' .- ;fn/hn € X, AC U [fk/hk]}/ (23)

k=1
where, for any i, [f;, h;] is an e-bracket.
Now, we can define bracketing entropy as follows:

Definition 5. We define the bracketing entropy of A C F to be simply

log Nj)(&, A, [|[])- (2.4)

To distinguish it from bracketing entropy, definition 2 is also sometimes referred
to as entropy without bracketing. The relation between metric entropy and bracketing
entropy will be discussed in proposition 7.

It will be convenient to define metric entropy using the concept of an e-net.

Definition 6. Given a set A in a metric space (X, T), a finite set N is said to be an e-net of

A if, for any a € A, there exists b € N, such that t(a,b) < .

Using the notion of an e-net, we now give an alternate definition of covering

number mathematically equivalent to definition (2.1) as:
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Definition 7. The e-covering number of A under T is defined as the least cardinality of any
e-net of A.

Closely related with metric entropy are the so-called entropy numbers, which are

defined as follows:

Definition 8. For a fixed precompact set K in a space equipped with a norm || - ||, the entropy

numbers €;(K) are defined by
&/(K):=inf {e > 0 | N(e,K,||-[)) <1}, (25)
and the dyadic entropy numbers e; by

el(K) ‘=&51-1 (K) (26)

If the metric entropy is thought of as a function of ¢, then the entropy numbers
may be roughly thought of as the corresponding inverse function.

Metric entropy is also fundamentally related to a number of other quantities,
among which we mention Kolomogorov width ([21]) and Gelfand width (see [27]),

defined as follows:

Definition 9. Let A be a subset of a normed space (X, ||-||). We define the Kolmogorov width
of Ain X by

dn(A, X):=infsupinf||a — ||, (2.7)
L acA leL

where L runs over all n dimensional subspaces of X. Where there is no chance of ambiguity,

we will omit mention of the normed space X and simply write d,,(A) instead of d, (A, X).

The other notion of width which is important for metric entropy is the Gelfand

width of a subset of a normed vector space.
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Definition 10. Let A be a subset of a normed space (X, ||-||). We define the Gelfand width of
A by

d"(A,X):=inf{ sup |af ¢, (2.8)
acLN A

where the infimum ranges over all n-codimensional subspaces L of X. Where there is no
ambiguity, we will omit mention of the normed space X and simply write d"(A) instead of

d"(A, X).

2.2 SOME IMPORTANT CONNECTIONS

The following well-known proposition summarizes the connection between metric

entropy and bracketing entropy:

Proposition 7. Let A be a precompact subset of some real-valued function space F equipped

with norm || - ||. For any € > 0,

N(e, A [l - 1) < Njj(2e, A, [| - 1) (2.9)
If || - || is the supremum norm, then

N(e, A, [ le) = Ny (28, A, |- co)- (2.10)
Proof. Let

N:=Npj (25, A, || - ).

Assume without loss of generality that N < oo, for otherwise relation (2.9) is trivial.

Then, there exist 2e-brackets [f1, h1],-- -, [fn, hn] such that

C=z

AC U [fn/hn]-

k

1

Each bracket [f;, h;] is a closed ball of radius ¢ with center at (f; + ;) /2 under the
norm | - ||. Thus, the set {(f; + h;)/2} , is an e-net of A. This proves inequality (2.9).
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To prove equation (2.10), we notice that if m:=N(¢, A, || - ||o). Then A can be

covered by m closed balls of radius ¢, say By, By,...,B;;. Foreachi =1,...,m, we

define functions f; and h; by

filx) = inf{f(x) : f € Bi},

and

hi(x) = sup{f(x): f € B;}.

Then the bracket [f;, h;| is a 2e-bracket that contains B;. Thus, U, [f;, h;] D A. Hence

Njj(2¢, A, || - [|) < m. Together with (2.9), we obtain equation (2.10).

]

The connection between Kolmogorov width and metric entropy is less trivial. Here

we list two noteworthy relations:

Proposition 8. ([10], the appendix by Levin and Tikhomirov) If
dn(K) < Ce ™, Vn € N,
then
1 2
log N(g, K, ||-||) < C'r <10g E) , Ve € (0,1],

where C' is a constant which does not depend on r or n.

Proposition 9. (Carl [4]) If for all n € IN
dﬂ*l(K) S na/

then for all 0 < e < 1,

log N(g, K, ||-]|) < C'e1/®,

(2.11)

(2.12)

(2.13)

(2.14)

In addition to relations between widths and metric entropy, there are also some

nice duality relations between Kolmogorov widths and Gelfand widths. In particular
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Proposition 10. (Pinkus [27]) Let 1 < p1,q1, p2,q2 < o0 satisfy

1 1

— + — =1, and 2.1
o T (2.15)
1 + e =1. (2.16)
p2 g2

ie., (p1,q1) and (p2, q2) are pairs of Holder conjugates to each other. Then

d"(BL, %) = dy(BL, £1). (2.17)

In the more general case, one also has the following:

Proposition 11. (Pinkus [27]) Let (X, ||-||) and (Y, |-|) be normed spaces, and let K(X,Y)
be the collection of compact linear operators between X and Y. For T € K(X,Y), T’ denotes
the adjoint of T. Then,

dy(T) =d"(T'), (2.18)

where d,(T) means d,,(T(X),Y) and likewise for d"(T).

2.3 CONVEX HULLS

There are some important results about the metric entropy of a set and the metric
entropy of its convex hull. Because the research in this thesis is partly motivated by
these results, we devote special attention to them.

Let K be a precompact subset of a Banach space (X, || - ||x), and let conv(K) be the
closed convex hull of K. Suppose we already know the rate of log N(¢, K, || - ||x) for
all 0 < ¢ < 1. Then, some upper bound for the rate of log N (¢, conv(K), || - || x) can be
obtained for 0 < ¢ < 1. Among the known results, we list the following two results

for precompact sets in a Hilbert space:
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Proposition 12. (Carl, Kyrezi and Pajor [6]) Let K be a precompact subset of a Hilbert space
H. Forall0 <e <1,

diam(K)
\/log N(2e, conv(K), || - |) = O (%/ VIogN(r, K, | - ||)dr> . (2.19)

e/2

Proposition 13. (Gao [12]) Forall 0 < e <1,

log N(2¢,conv(K), || - ||) = O (iI’}f {Z—zz + 11(17)}) , (2.20)

where I~V is the inverse function of

I(x) = /O JIog N(r, K, || - [ dr.

Note that, inequality (2.19) is optimal when fodiam(K) V1og N(r,K, || - ||)dr diverges;

diam

while inequality (2.20) is optimal when [ &) V1og N(r,K, || - ||)dr converges; see
e.g. [14].
The relation between the Gelfand width of a precompact set and that of its absolute

convex hull has also been studied. For example, it is shown in [5] that:

Proposition 14. (Carl, Hinrichs and Pajor [5]) Let K be a precompact in a Hilbert space.
Then,

Vvnd"(aco(K)) < C (1 + i \/%ek(K)> ,  neN, (2.21)
k=1

where aco(K) is the absolute convex hull of K, defined by

n

aco(K) = { Z Ciki

n €N, |cl|—i—-~—|—|cn|§1,Viki€K} (2.22)
k=1

and C is an absolute constant.

An inequality bounding ey in terms of d* is also contained in [5]:
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Proposition 15. (Carl, Hinrichs and Pajor [5]) Let K be a precompact in a Hilbert space.
Then,

i k¥/"1(ex(conv(K)))* < C(r,s) i k71 (d*(conv(K)))?, (2.23)
k=1 k=1

where 0 < s, < oo and C(r,s) is a constant depending only on r and s.

These propositions are especially useful in function spaces. For example, if K is
the set of indicator functions of the intervals [0,a], 0 < a < 1. Then conv(K) is the set
of all non-negative monotonic functions on [0, 1] that is bounded by 1. This greatly
simplifies the problem. These two propositions also motivated us to study so-called

l;-hulls for 0 < g <1 in the next chapter.

2.4 SOME METRIC ENTROPY ESTIMATES

In this section we collect some well-known metric entropy estimates. Some of which
will serve as basic facts and will be used in what follows; others are included here to
give readers an impression about the typical growth rate of metric entropy estimates
and how the growth rate captures the information about the “size" of the set (or

function class).

2.4.1 Ellipsoidal Classes

The following known result is a basic fact, and will be used later.

Proposition 16. ([9], page 98) Let Byy be the unit ball of £, 0 < p < q < co. Then the

e-metric entropy of Bey, under the £; norm is given by

Llog(2ne®), net > 1
log N (e, Bgz,gg) = , (2.24)
nlog(-%), net<1

nes

where we set s ::%.
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To illustrate the usefulness of this result, we introduce two estimates which appear
in applications.

Corollary 17. (Kolmogorov and Tikhomirov [24]) Let ¢1,- - -, ¢y, - - - be an orthonormal basis
for L2([0,1]), and let {by} be a sequence of constants where by < k*, and a > 0, s0 by — co.
We define the ellipsoidal class £ ({by},C) by

E({bx}, C):= {g = :_ilék%

Y @t < c} : (2.25)
k=1
Then, the class £ ({by}, C) has metric entropy under the L> norm of

log N(g, E({bi}, C), |||l 2) < e~ 1/%. (2.26)

With the assumption that by < k* removed, much is still known about these classes.
For example, Mitjagin [26] studied cross-sections of £({l;},C), i.e., functions of the

form
Z Ck(i)k/ (2'27)
k=1

and applying results similar to that from equation (4.2) showed that, in general, these

ellipsoidal classes have entropy satisfying

() 102 = log NGe C({bi}, €0 1) = m 5, ) (228)

2¢ee

where e ~ 2.71828 denotes the base of the natural logarithm.

Similarly, the following estimate can be obtained:

Corollary 18. (Smoljak [28]) Let C be a constant, k > 0 and a > % Define EZ’“(C) as the

set of all functions

0o d d
g(x1, -, xg) = Y (”ml,---,amd oS (2 27tmix,'> + byry, ., SIN (Z anixi>)
i=1 j

My, - Myg=—00 i=1

(2.29)
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over [0,1]% subject to the conditions

\/a%“,...,md + b%nl,...,md < C(Wl .. -Wd)_"‘(logk(ml .. -md) + 1) (2.30)

forallmy, - - ,myg € R, with m = max{m,1}. Then, under the ||-||; A norm,

1\ 1/ (2=1/2)
) . (2.31)

k’ ~—
log N(e, By 111,) =

In analogy with the definition of ES’”‘(C), one may define a class of functions,

GZ""(C ), of the form given in equation (2.29), but satisfying the constraint

Yo ) (g ey ) < C (2.32)

my, - ,Mg=—00

instead of the constraint given in (2.30). Then, GZ’“ (C) has metric entropy (see [28]):

k N (1
logN<s,Gd'“<c>,||-||L2>x(—) log?™ (—) 233)

s s

2.4.2 Finite Differences

We will use results from this section as a starting point for the research in this
dissertation, especially chapter 5.

For a function g: R — R, define the finite difference operator A,g by Apg(x) =
g(x+h) — g(x). It follows from direct computation that the k-th such difference,
denoted A’fl is given by

Bis):= % (5) (0 gt o), (2.3

j=0

Let C be a constant. Let g > 1 and a > (% — 1)*, where at = max{a,0}. Define

the class of Lipschitz functions by

Lipaq(C):={g: [0,1] = [=C,C] | [[Ang(x)[|1s < Ch"}. (2.35)



21

Then, the metric entropy of Lip, 4(C) is:

Proposition 19. (Birman and Solomjak[1]) The metric entropy of Lip,q(C) is given by
log N(e, Lipag(C), |-l 12) = e /*. (236)
Define the class of functions of bounded variation by
BV(C):={g: [0,1] = [=C,C] | V(g) < C} (237)

where V(g) is the variation of g, defined by:

m

V(g):=sup ; g(xir1) — g(x)]| (2.38)

where the supremeum is taken over all partitions {x1,---,x;} of [0,1]. Since (see e.g.
[8])

LiPl,oo(C) C BV(C) C Lipl,l(c)/ (239)

we immediately obtain, via Proposition 19, the following estimate of metric entropy

for the class of bounded variation functions:

Corollary 20. For any e > 0,
1
log N(e, BV(C), |||l 2) < = (2.40)

Because a bounded monotonic function on R is automatically of bounded varia-

tion, we have:

Corollary 21. Let F denote the set of all monotone increasing functions f: I — [0, 1], where

I C R is an arbitrary bounded interval in R. The entropy of F is given by:

1
log N(e, 7, | 11r) = (241)
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Remark 22. It can be proved directly that
1
log Njj (e, F, [[llr) =

(See e.g. [32] or [2] for a simple proof.) Because any function of bounded variation can
be written as a difference of two monotone functions (Mcdonald and Weiss [25]), we have
BV(C) ¢ F — F. Thus, the following estimate, which is stronger than that contained in

equation (2.40), also holds:

1
log Ny (&, BV(C), | 2) =

For a function g: R" — R, denote the k;-th difference operator with respect to the

variable x; by AI;;, that is,

k i .
Big):= X () (1) gt + e, (2.42)
where e; is the vector whose i-th coordinate is 1 and other coordinates are o.

The metric entropy of the class of functions with the properties mentioned above

is given as follows:

Proposition 23. (Timan [31], page 279) Let A consist of all the functions f : [0,1]" — [0, 1]
such that for each 1 < i < n, there exists a constant M; such that for all 0 < t < 1,
SUP <t HA’;lsz < M;tPi, where 0 < Bi < ki. Then,

—_yn gl
log N(g, A, || - [l2) =< e~ Tz Fi, (2.43)

2.4.3 Differentiable Functions

Although the results from this subsection and the next section will not be be used in
the dissertation, we include them in order to illustrate the rates of some typical metric
entropy estimates and how the rates of these estimates are affected by the presence of

a particularly strong hypothesis such as analyticity for instance.
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To introduce these results, we let I = [a,b], and let W;(I ) denote the collection of
all functions f: I — R such that f("~?) is absolutely continuous and f(") € LP(A). We

further define

Hf(f)

By, :{fewg

1} . (2.44)

For 0 < h < b — a, we define the modulus of continuity w(-,-), by

1/p
w(g, h)p:= max (/ g(x+1) —g(x)[? dx) : (2.45)

0<t<h

For o« =r 4 B with 0 < 8 <1, we define

Lipy:= {f €Wy (f(r),t)p < tﬁ}. (2.46)
If p = oo, we further define Lip% as follows:
{fetips|||f0]| <1} if =0,
Lipg,:= (2.47)
{fetipy | [fO0) - fOw)| < x—ylP} ifp#o.

With the notations defined above, we have:

Proposition 24. (Temljakov [29]) There exists a constant C such that for all 0 < e < 1,

log N(g, Lipg, ||-|l,) = Ce /%, (2.48)
If a« > % - %, then the reverse to inequality (2.48) has been shown via Taylor
expansions:
Proposition 25. (Birman and Solomyak [1]) If & > % — %, then

log N(e, Lip§, ||-||,) = € /% (2.49)
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When p = g = oo, the estimate (2.49) has been extended to higher dimensional

cases:

Proposition 26. (Kolmogorov [23]) Under the notations defined in the previous proposition,
log N(e, B ([0,1]), ||-[loc) = =/ (2:50)

2.4.4 Analytic Functions

When the functions are analytic, the metric entropy rate is small, which reflects the
intuition that the class of analytic functions must be “small” since analyticity is such

a strong condition. Here we list a few typical results:

Proposition 27. (Vitushkin [33]) We denote the closed, O centered ball of radius r by D(r).
Let A(D(r)) denote all the analytic functions on an open connected set G which are uniformly
bounded by 1.

1

1 1 1
log N(e, A(D(r)), [IlL=(p(r))) = {555 loglog - + O(log ~loglog ). (2.51)

ogr

It is noteworthy that equation (2.51) is exact and gives the non-asymptotic term
precisely. For general connected open sets, similar but less precise results can be

obtained:

Proposition 28. (Widom [34]) Let G C C be a connected open set, K C G be a compact set,
and we let A(G) denote all the analytic functions on G which are uniformly bounded by 1.

1
log N(e, A(G), ||| =(x)) = C(K, G) loglog -, (2.52)

where C(K, G) is a constant depending only on K and G.

It is shown in ([34]) that this constant is in fact % where V(K, G) is defined by

the equation

1/n
e VKO — Jim [da(AG)), Il oiry] - (253)

n—o00
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In higher dimensions, if G C C?is a bounded, open and connected set, K C G
denoting a compact set with non-empty interior, then it is shown in Kolmogorov [23]

that

1
log N(g, A(G), [|*[| = (k)) = (log g)dﬂ- (2.54)
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CHAPTER 3

MEeTRIC ENTROPY OF SETS WITH POSITIVE REACH

3.1 SETS OF POSITIVE REACH

Convexity is a fundamental part of analysis. Unfortunately, convexity may not hold
in practice. To meet the needs of practitioners from diverse areas of mathematics and
the sciences, several generalizations have been proposed and studied. Among the
most popular is the notion of positive reach. In Federer’s seminal paper [11] of 1959,

the following definition of the reach of a set is introduced:

Definition 11. For a set K C R, the reach of K is defined as
reach(K):=sup {r > 0 | Yy with dist(y,K) < r,3!x € K nearest toy} .

Definition 12. A set K C R? is said to have positive reach if reach(K) > 0.

It is easy to check that if reach(K) > 0, then K is necessarily a closed set. Further-
more, K is closed and convex if and only if reach(K) = co. Thus, positive reach is a
generalization of convexity.

Let us remark that a set of positive reach can have a very difference appearance
from that of a convex set. For example, a set of positive reach could have a cavity. It
is easy to check that the complement of any open ball of radius R is a set of positive
reach with reach(K) = R. Furthermore, a set of positive reach does not need to be

connected. Indeed, any finite set is of positive reach: If K is a finite set, then

1
reach(K) = min {EHx -yl

x,yEK,x#y}.

For convex sets, it is clear that the intersection of two convex sets is still convex. In

terms of reach, we have the following:

reach(K) = reach(L) = +0c0 = reach(KNL) = +oo.
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It is important to remark that the intersection of two sets with positive reach may no

longer of positive reach. In fact, we have the following:

Proposition 29. For any r > 0, there exists set K with reach(K) = r, and a closed convex

set L, i.e., reach(L) = oo, such that reach(KNL) = 0.

Proof. Let
K={xeR’ \ el > v}

We prove that reach(K) = r. For any x € R?, if dist(x,K) = 0, then x € K. So, there
exists a unique point in K that is closest to x. If 0 < dist(x,K) < r, then x # 0 and
dist(x,K) = r — ||x||. In this case, the closed ball B(x,r — ||x||) intersects K at the
unique point HTer' Therefore, reach(K) > r.

On the other hand, because dist(0,K) = r, and the closed ball B(0,r) intersects
K at infinitely many points (indeed, at every point on {x € R? | ||x|| = r}). Hence
reach(K) < r. Therefore reach(K) = r.

To construct the convex set L we choose a strictly decreasing sequence of real

numbers {6,}°° ; in (0, 7r) that converges to 0, and define
x, = (rcos(8y),rsin(6,)) € R

Thus, the points x,, n > 1, are on the upper half of the circle {x € R? | ||x|| =r}.

For n > 1, let L, be the line containing x,,_1 and x,, and let H, be the region
below the line L, including the points on the line L,. Furthermore, we let Ly be the
line containing x; and the point (r,0) € R?, and let Hy be the region above the line
Lo, including the points on the line Ly. Thus, H; is a closed half space for each n > 0.
Consequently, the set

L:= () Hyx
n=0

is a closed convex set in IR2. Now, let us look at the intersection K N L. It is not difficult
to see that

KNL= ] A,

n=1
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where A, is the closed region bounded by the line L, the line L, 1, and the short arc

XopXont1. If welet &, = %(xZn + x9,41) for n > 2. Then it is easy to check that
. 1
dist(¢,, KNL) = §|\x2n+1 — Xop||-

Because there are two points on KN L, namely, x, and x,,,4+1, which are closest to ¢,
we have

1
reach(KNL) < §”x2n—|—1 — X2nl|,

for all n > 1. However,

lim | x2 41 — %24 = 0.
Therefore, reach(KN L) = 0. O

While Proposition 29 says that in general, the intersection of two sets with positive
reach may not have positive reach, the following proposition says that under a certain

condition, the intersection can still have positive reach.

Proposition 30. (Colesanti and Manselli [7], Theorem 3.10) If reach(K) > R > 0, and L is
a closed set with the property that whenever a,b € L, the set I(a,b,R) C L, where I(a,b,R)
is the intersection of all closed balls of radius R containing a and b, then reach(KNL) > R.
In particular, if L is a closed ball of radius no larger than R, then reach(KN'L) > R.

On the other hand, sets with positive reach have many nice properties. In particu-
lar, Federer [11] extended both the classical Steiner’s formula for convex sets, and the
fundamental Weyl’s Tube Formula for differential manifolds to sets of positive reach.
We refer the readers to a nice survey paper [30] for the research on positive reach up
to 2009.

Among the many nice properties of sets with positive reach, we recall the following

property that was discovered by Federer:

Proposition 31. ((6) of Theorem 4.8 in Federer [11]) For any a € 0K, and any v € R?, if
0 < T =sup{t|dist(a+tv,K) = ||tv]} < oo,

then ||tv|| > reach(K).
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We use Proposition 31 to prove the following important property of sets with

positive reach, which will be used in an essential way in the later proof.
Lemma 32. If K is a set in R? with positive reach, then the following are true:

i) For every 0 < r < reach(K), and every y € R* with dist(y, K) < reach(K), if x is the
unique point on K that is closest to y, then, the closed ball B(z,r) intersects K precisely

at x, where

r
z=x+ ——(y—x).
==

ii) For every 0 < r < reach(K), every point on the boundary of K is touchable by a closed
ball of radius r from outside, that is, for every 0 < r < reach(K) and every xog € 9JK,

there exists a w € R?, such that the closed ball B(w,r) intersects K precisely at xg.

Proof. We prove i) by contradiction. Suppose i) is false, then there exist a y € RY with
0 < dist(y,K) < reach(K), and an x € K with ||y — x|| = dist(y,K), and 0 < r <
reach(K) such that

|z — x|| > dist(z, K),

where

r
z2=X+ /W —x).
=¥ )
Then,
0<1<t=sup{t|dist(x+ty—x),K)=|tly—x)|} < _H]/ix_H < oo,

By applying Proposition 31, we have

> 1||ly — x|| > reach(K),

r
r=|{——m (y—x
Huy—xn ==

which is a contradiction. This proves i).
Now, we use i) to prove ii). Because xp is on the boundary of K, there exists

Np > 0 such that for every integer n > Ny, we can choose a point y, outside K so that
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|lyn — x0|| < r/n. Let x,, be the unique point in K that is closest to y,. Let

Wy = X —|—;( — Xp)
mE Ty, — x| T

By i), the closed ball B(wy, r) intersects K precisely at x,, and y, lies between x, and
wy. Since

lwn = xol| < [[wn — x|l + [[xn — x0l| < (1+1/m)r

for all n > Nj, the sequence {w,} is bounded in R?. Hence it contains a subsequence

that converges to some wy € R¥. Clearly, we have
|wog — xg|| = r = dist(wy, K).

Since r < reach(K), the set closed ball B(wy,r) intersects K precisely at xg. This
tinishes the proof of ii). O

3.2 HAUSDORFF DISTANCE

A key concept in measuring the distance between two bounded sets is the so-called
Hausdorff distance. Let B(r) be the closed ball in RY with center at o and radius 7,
and let K; and K, be two bounded closed sets in R?. The Hausdorff distance between

K7 and Kj is defined to be the minimum value of r so that

Ky C Kz + B(r), (3.1)
and

K; C Ky + B(r). (3.2)

Hausdorff distance is commonly used in shape approximation, for instance in
computer graphics the Hausdorff distance is used to measure the difference between
two different representations of the same 3D object [19], particularly when generating

level of detail for efficient display of complex 3D models. A celebrated result of
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Bronshtein states that if C; is the collection of closed convex subsets of B(1), then
there exists a constant A(d) depending only on d such that for all ¢ > 0, C; has an

e-net in Hausdorff distance of cardinality
N(e, Cyq,h) < exp (A(d)sf(dfl)m) :

This result provides a theoretic base of approximation algorithms of convex bodies.
It also plays a key role in the study of metric entropy of convex functions, see, for
instance, [18] and [15]. In applications, one often wants an extension of Bronshtein’s
result to non-convex bodies. For example, in image reconstruction of brain activities,
it is not realistic to assume that the active regions are convex. Rather, an active region
typically consists of several subregions, each of which are approximately convex, such
a kidney-shaped region. Motivated by these applications, in this chapter, we extend
Bronshtein’s theorem to sets with positive reach. We believe that this result, and more
broadly, the notion of reach itself, will useful to workers in applied fields where certain
regularity conditions may not hold in practice.

Having defined reach and Hausdorff distance, we can now state the main result of

this chapter:

Theorem 33. Let K be the collection of all sets K contained in B(1), with reach(K) > c. For
any & > 0,
log N(g, IC, h) < A(c,d)sf(dfl)/z,

where A(c,d) is a constant depending only on ¢ and d.

3.3 COATING A SET OF POSITIVE REACH

The key idea of our approach to study the metric entropy of K is to smooth the
boundary of each set K € K by means of “coating” it with a closed ball of radius

5 > 0. To be precise, let K be a bounded closed set in R?. We define

K":= K+ B(r).



32

We call K’ the r-coating of K. We also define

K'={K| K€K},

The following lemma establishes the equivalence between the metric entropies of K
and K.

Lemma 34. Forall 0 < 4,r <,

N(6,K", 1) < N(8,KC,h) < N(6/2,K",h).

Proof. Let C,D € K, and let h(C, D) = 6. We first show that

h(C+ B(r),D+ B(r)) = h(C,D). (3-3)

We begin by establishing that

h(C+ B(r),D + B(r)) < h(C,D).

By definition of Hausdorff distance,

C C D+ B(9),
and
D c C+ B(9).
Consequently,
C+ B(r) C D+ B(r)+ B(9)
and

D + B(r) C C+ B(r) + B(5),

which implies that
h(C+ B(r),D+ B(r)) <é.

This is one direction of (3.3).
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On the other hand, by the definition of Hatiisdorff distance, together with the
compactness of C and D, either there exists x € C such that dist(x,D) = ¢, or
there exists y € D such that dist(y,C) = 6. Without loss of generality, we assume
dist(x, D) = 4.

Since D is closed, there exists y € D such that ||x —y|| = 4. That is, y is the point
in D that is closest to x.

Since reach(D) > max{r,d} := r*, by Lemma 32, there exists a closed ball B(w, r*)
with center at w and radius r* such that B(w, r*) intersects D only at y, and x lies on

r

the line segment from y to w. Let v = x + W(w —x). Clearly, v € C+ B(r), and
dist(v, D + B(r)) = 4. Thus,

h(C + B(r),D + B(r)) > & = h(C, D).

This finishes the proof of equation (3.3).

We proceed to finish the lemma. We claim first that, if {B;} is an J-net for K,
{B; + B(r)} is an é-net for K". Let E € K'. Then, for some E; € K, we have that
E = E; + B(r). Let B; be an element of the d-net with h(Eq, B;) < é. Then,

h(E,B; + B(r)) =h(E1 + B(r), B; + B(r)) (3.4)
=h(Ey, B)). (3.5)
) (3.6)

Thus, {B; + B(r)} is a d-net for K" as claimed. If, in particular, {B;} is a -net for K

with minimum cardinality, this implies that
N(o,K",h) < N(6,K, h).

Now we show that

N(6/2,K, 1) < N(g,ICr,h).
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Let {C;} be a d-net of K" of minimum cardinality. For each 7, choose K; in K such that

0
h(Ci, Ki + B(r)) < 5. (37)
Then, for any A € K we have for appropriate i:
h(A,Ki) = h(A + B(r), K; + B(r)) (38)
<h(A+B(r),C;+B(r)) + h(Ci+ B(r),K; + B(r)) (3.9)
o 6
<<+ .
<35 + 5 (3.10)
= 0. (3.11)
Thus,
N(6,K,h) < N(6/2,K", h).
This completes the proof. O

3.4 SOME PROPERTIES OF COATED SETS

We now prove some key properties of the coated sets of sets with positive reach. We
will use these properties in the later proofs.

The first property is that a certain kind of coated sets are star-convex.

Lemma 35. Suppose K C B(xo,r/2) with reach(K) > r. Then, every ray emanating from
xo intersects the boundary of K" at exactly one point. That is, K" is star-convex with vantage

point xy.

Proof. Suppose a ray emanating from xy intersects the boundary K" at two distinct
points y and z, with ||y — xo|| < ||z — x¢]|. Since reach(K) > r, there exists a unique
w € K such that ||z — w|| = r. Let m be the middle point of y and z, and let H be the
hyperplane that passes through m and is perpendicular to the line segment from y to

z. Because ||y — w|| > r = ||z — w||, the hyperplane H separates w and y, with y on
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the side containing xp and w on the other side. Since w, xy € B(0, 411")/ we have
1
— < Zr.
e = xol| < 57
On the other hand, because ||y — w|| > 7, we have
Iy — %ol = lly = wll — llxo — wl| > 7 — 7 = r
y oll = Iy 0 = S =50
which implies that
1
[ = xol[ = [[m — xol| > [y — xoll = 57

This is a contradiction. Hence any ray emanating from xy intersects the boundary of
K" only at one point. Consequently, K" is star-convex. O
The next lemma describes an important property coated sets.
Lemma 36. Suppose K C B(xg,r/4) and reach(K) > 3r. For any two points p and q on
d(K"), if Lpxoq < 7t/10, then
lp —qll < 7rsin Zpxoq.

Proof. Without loss of generality, we assume

lp = xoll = [lg — xoll

Because g € 9(K"), there exists a point g € K such that ||g — qo|| = r. Since reach(K) >
3r, by Lemma 32, the closed ball B(w, 3r) centered at w = g + 3(q — go) with radius
3r intersects K only at gqo. Consequently, the closed ball B(w,2r) intersects K" only at
g. In particular, this means that p is outside the closed ball B(w, 2r).

Since for any u € B(xg, 757), we have

7 1
[l = qoll < [lu = xoll +[lxo — goll < 757+ 77 <7,
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which implies that
lw —ull = [lw = goll —llu = goll > 3r —r=2r.

Thus, the ball B(xo, Z;7) does not intersect the ball B(w, 2r). Also, because p is on the
boundary of K’, there exists py € K such that ||p — po|| = r. Consequently,

7

1 3
_ > — — — >r——1r= - —7. .
Ip = xoll = llp = poll = llpo = xoll = r = 3r = 5r > or (3-12)

This means that p is outside the ball B(xo, %r). Therefore, we have two disjoint balls
B(x0, Z5r) and B(w, 2r), with the point g on the boundary of B(w, 2r), and the point p
lying outside both balls.

Let H be the two-dimensional plane containing xp, p and 4. Let I be the intersec-
tion of H with the boundaries of the balls B(w,2r), and -y be the intersection of H
with the boundary of B(xo, %r). Clearly, v is a circle centered at xy with radius %r.
Since I' contains ¢, I' is not empty. Thus, I' must be a circle (or the single point 4 in
the extreme case, which can be viewed as a circle of radius o). Let w’ be the center of
I.

Because g9 € K C B(x, 4117)' the distance between go and xq is at most }Lr. Thus,
the distance between o and the plane H is at most 17.

We claim that the distance from w to H is at most 5. Note that w,qo and g are

collinear with
|lw —qll = 2lg — q0ll -

Let g(, denote the closet point on H to ¢o, and let w’ denote the closest point on H to
w. Thus, w' is the center of the circle I'. (See figure 3.1.) Then, the triangle Agoqqq is

similar to the triangle Aww'q. In particular, this implies that

g0 —all _ llw—q|
|90 = aoll  lw =]

(3.13)
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qo0
< w'
]
C
q, i r \H
0 0S5
w

FIGURE 3.1: Lemma 36: Distance to H
Since, |w — q|| = 2||9 — qol|, and ||q0 — gq|| < %, we obtain

lw —w'l| = 2[lq0 — gl <

N =

We thus conclude that the distance between w and H is at most 37, i.e. |[w —w'[| < ir.

Next, we show that the radius of I' is at least @r. By considering the right triangle

Aww'q we see that

radius ofI":\/Hw—quz— lw —w'|| (3.14)

>4/ (2r)2 - <£>2 (3.15)
V15
2

r. (3.16)

Recall that p lies outside the ball B(x, 757) and the ball B(w, 2r), implying that p is
outside the circles v and I'. Thus, there are two tangent lines from p to the circle v

and hence two tangent points, which we call ¢ and s.
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Consider the right triangle Axgtp. By equation (3.12) and the fact that||t — x¢|| =

%r, we have then have

It—xol _ for _ 14
= 10 = ,
cos ZLtxgp 7 =] % =15 (3.17)
implying that 14
Ltxgp > cos™ E > %

On the other hand, since

1 5
Ip—xoll < llp = poll + lIpo — xoll <7+ 57 =127,

we have

7
10 14 1
>L = >, 18

[t — xol|

cos Ztxgp = sin Ltpxg = T
— A0

which implies that Ztxgp < % In conclusion, we have

7T
10 < Ztxop <

w|

Of course, we also have
T

< Lsxop <
10 = <P =

W[

Now, we estimate the angle Zgpxg. There are two cases. Case one: q and x lies
on different sides of one of the tangent lines, say line pt. Case two, q is between the
rays pt and ps emanating from p.

In the first case, we have

Ltpxg < Zgpxo.

Since we have assumed that

lp = xo0ll > llg = xoll,
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X0

FIGURE 3.2: Lemma 36: Case 1

we also have Zgpxg < 7t/2. Hence,

s s
— < < —. .

Now, we consider the second case, that is, g lies in the cone between the rays pt

and ps. Because by our initial hypothesis
Zaxop < /10 < Ltxgp,

g must lie in the region bounded by the line segment pt, line segment ps and the short
arc st. This region has diameter less than %r, which is too small to contain the entire
circle I'. Together with the fact that p lies outside I', we conclude that I' must intersect
with one of the tangent lines twice. We assume that I' intersects with pt at u and v,
with v next to p. Let m be the midpoint of the line segment from u to v. Note that
Ztpg < Zuvq. Since Zuvq equals half of the radian measure of the short arc ug on the
circle I', which is less that half of the radian measure of the arc ugv on the circle, and

the latter equals half of the angle Zuw'v, or equals the angle Zmw'v, we thus have

Ltpg < Zmw'v. (3.20)



Note that

1

o~ o] =5 llu o]
<=yl
=5 p
<o —pl
=5 0o—p
5
<—7.
_87’

Also, recall from equation (3.16) that ||w — v| > @r. Thus, we have

5
. o lm =1 g _ 1
— < —.
sin Zmw'v [ —of = ‘/ﬁr <3
2
Hence, we have
. 1
sin Ztpg < 3

Consequently,

sin Zgqpxp = sin(ZLtpxy — Ztpq)
= sin Ztpxg cos Ltpg — cos Ltpxg sin Ltpg

() - ()

Therefore, in either case, we have

2v/2—/3

sin Zgpxg > G

By the law of sines applied to triangle Apxog, together with the fact that

lxo—qll < >r

40

(3.21)
(3-22)
(3-23)

(3-24)

(3-25)

(3-26)

(3-27)
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FIGURE 3.3: Lemma 36: Case 2

and the numerical calculation that

6 5

— = <7,
2v2- /3 4

we have

= Alxo—all
1P =4l =gin Zap S 4P¥0d
5

—rsin Zpxoq

6
<
T2v2- 34
<7rsin Zpxoq. (3.28)

3.5 SIMPLICIAL APPROXIMATION

Given a bounded closed star-shaped set L in R? with vantage point x, we say a set
S is a é-simplicial approximation of L, if S is a star-shaped set with vantage point xo,

such that the boundary of S is a union of (d — 1)-simplices with non-overlapping
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interiors. Furthermore, the vertices of each simplex are on dL, and the edge-length of
each simplex is at most J.

Lemma 37. Suppose K C R? with reach(K) > c. Forany 0 < r < &, if diam(K) <
1r, then for every 0 < & < r, and every \V/ré-simplicial approximation S of K', we have
h(K",S) <.

Proof. By definition of Hausdorff distance, in order to establish the conclusion, we

must show that J satisfies
K" CS + B(9), (3-29)
and
S CK" + B(9). (3-30)

We begin by establishing equation (3.29). For any y € K"\ S, there exists xg € K, so
that ||xo — y|| < r. Because

diam(K) < =7,

N —

we have that

K C B(xq,1/2).

The ray emanating from xy and passing through y intersects a facet of S at some point
x. Let x1,x2,...,x; be the vertices on that facet. Then x can be expressed as convex
combination of x;, 1 < i < d. There are two cases: y lies between xy and x, or x lies
between xp and y.

We first consider the former. Suppose y lies between xp and x. Since S is star-
shaped with vantage point x(, the entire line segment xpx is contained in S. Hence,
y € S, and we immediately have y € S+ B(J). On the other hand, suppose x lies

between xg and y. Since the x; are on the boundary of K’, we must have

|x; — xo|| > 7.
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EY

F1GURE 3.4: Spherical Cap Argument

Since

KC B(xo,g)

by hypothesis, Lemma 35 then implies that the entire line segment xpx; lies in K’.
Therefore, there exist points £; on the line segment xox; so that ||£; — xo|| = r. For any

1 <i<j<d, the triangle Ax;xox; contains the isosceles triangle A%;xo%;, so we have

< [l < V7o

% — %

Let A be the convex hull of £;, 1 <i < d. The line segment xpy cuts A at some point,
say at £. Since xg is a vantage point of K", Lemma 35 implies that £ € K. We claim
that

1% — xo|| >r—29.

Indeed, suppose

|2 — xol| <7 —0.
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Let L be the hyperplane passing through £ and perpendicular to the line segment
xoy. Consider the spherical cap cut off by L from the ball centered at xy with radius r.

Because the base radius of the spherical cap is at least

2= (r—6)2 =V2r—6vs (3.31)
>V

Vs, (3.32)

while

H@—fHﬁﬁgHﬁ—%H (3-33)
<V'rs, (3-34)

we see that the £; all lie on the spherical cap but not on the base of the spherical cap.
Consequently, as a convex combination of %;, 1 < i < d, the point £ does not lie on

the base of the spherical cap. This is a contradiction. Hence
| & —xo|| > 71—,

and consequently,

ly = 2l = lly = xoll = [|£ = x0ll < 4.

This implies that y € S + B(9).
Therefore, in either case, we have y € S + B(d), which implies that K" C S + B(9).

Next, we prove S C K"+ B(4). For any x on the boundary of S, x belongs to a

facet of S. Thus, there exist vertices x;, 1 < i < d with
i = x| < Vo
for 1 <i < j <d, such that x is a convex combination of x;, 1 <i < d. Thus

dist(x, K) < ||x — xy || + dist(x1,K) < Vré +r < c. (3-35)
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Since reach(K) > c, there exists a unique point xy € K that is closest to x, and the

closed ball B(w, c) with center at w intersects K only at xo, where we define

c

w:=xg+ (x — xp).

[l = xol]

Consequently, the closed ball B(w, c — r) with center at w and radius ¢ — r intersects

K" only one point. Denote this point by y. We have
dist(x,K") = ||x —y||.

Clearly, y lies on the line segment from xg to w.

If x is between y and xy, then, because K is star-shaped with respect to xy, we have
that the entire line segment from x¢ to y must lie in K", implying that x € K". This
immediately implies that x € K" + B(9).

Suppose y is between x and xo. We show that ||x —y|| < J. Assume ||x —y| > J.
Consider the hyperplane H that passes through x and is perpendicular to the line
segment xy. Since H contains x which is a linear combination of x;, 1 < i < d, there
exists at least one x; such that either x; € H or x; and y lie on different sides of H.

Since
B(w,c—r) ﬂKr = {y},

this x; lies outside the ball B(w, ¢ — r). Thus,

i — 2l 2/ (e =12 = (¢ — 7 — [lx — yl)? (3.36)
>\/2c — 2r — 26/ (3:37)
>\/70. (3:38)

However, since

Il = xill < max [ x| < Vs,
] 1

we get a contradiction. Therefore, we must have ||x —y|| < 6, which implies that
x € K"+ B(6). Hence, in either case, we have x € K" 4 B(J). Because x is an arbitrary

point on dS, we have dS C K" + B(¢). Note that S and K" + B(9) are star-shaped with
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F1GURE 3.5: Equations (3.36) Through (3.38)
common vantage point xo. We conclude that

S C K"+ B(9).

36 LOCAL APPROXIMATION

In this section, we approximate sets that are already close to a fixed set.
Lemma 38. Let K be the collection of all sets contained in B(1) with reach(K) > c. For each
fixed D € KC,and 0 < 5 < %sin(%)r, where r = 5, denote
D, ={CeK|h(C,D)<n}.
Then,
log N <E,IC,h> < /\(c,al)iyf(dfl)/2
2
where A(c,d) is a constant depending only on ¢ and d.

Proof. Let M be the maximum number of points that can be choosen from B(1) with
mutual distance at least v /4. Then, the balls centered at these points with radius r/4
cover B(1), while the balls centered at these points with radius r/8 are disjoint and

contained in B(1 + r/8). The total volume of the M small balls is

M- (r/8)%-vol(B(1)),
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while the volume of B(1+ r/8) is
(1+7/8)%-vol(B(1).

By comparing the volumes, we obtain

d
we(149)'

This means that B(1) can be covered by no more than (1 + 24/c)? closed balls of
radius r/4. Denote these balls by B(c;,r/4), 1 < i < M. By Proposition 30, for each
K € K, reach(K N B(c;,/4)) > c. Consider the collection

Ki(n) := {KNB(c;,r/4) | K€ Dy} .
If we denote D; = D N B(c;, r/4), then

Ki(n) C{K C B(c;, r/4) | reach(K) > ¢,h(K,D;) <1}
={c¢;+K| K C B(0,r/4),reach(K) > ¢,h(K,D;) < n},

where D! = (D; — ¢;) N B(r/4). We denote
8,; = {K C B(x;,r/4) | reach(K) > ¢, h(K,D;) < n}.

Now, for each K € 5,1%, we approximate K" with a simplicial sphere. Note that

. 5 514
K" C B(r/4) + B(r) C {—Zr,zr} :

The 24 facets of [—%r, %r]d can be triangulated into 1~ (4~1)/2 simplices of dimension
(d — 1) and edge length at most i 77, where y is a constant depending only on d

and c. Let v;, 1 <i < d be the vertices of these simplices. Thus,

5
|[o; = 0[| > i
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forall 1 < i < d. Since we have proved that K" must be star-convex with vantage
point 0 in Lemma 35, the line segment connecting each v; and the origin intersects the
boundary of K" at a unique point, say s;. Let Sk be the simplicial sphere with vertices
si; 1 <i < m. We show that S is a ,/77j-simplicial approximation of K". Indeed, for

any two adjacent vertices v; and v;, because

and |[v;|| > 37, ||oj]| > 3, we have

sin(6/2) < %\/r_,

where 0 is the angle between the vector v; and v;. This implies that

1
o < -
sinf < 15w/r17

By Lemma 36, we have
1
Jsi -5l < 57

Applying Lemma 37, we obtain
1

The simplicial sphere Sx we obtained above cannot be directly used to construct
1/2-net for 8,; because the choices of the vertices depends on K too specifically. In
what follows, we will reduce its dependence on K.

Let t; be the intersection of the line segment 0v; with the boundary of D;. Then s;,
t;, v; and the origin are on the same line. We claim that [|t; — s;|| < 11#.

Without loss of generality, we assume s; lies between t; and 0. Because

h(K', D}) = h(K,D;) <1,



there exists x; € K" such that
[t — x| < 7.

Now, let us look at the At;0x;. We have

1 3
lt; — 0| > dist(t;, D;) — dist(0, D;) > r — =
. . 1 3
|x; — 0] > dist(x;, K) — dist(0,K) > r — =
and
3 .7
[t —xil| <y < Zsm(ﬁ)r.
Therefore, a simple computation gives
. 4 ., T
sin Zt;0x; < 3—7 < sm(m).
Hence,
s
4ti0xi < E
Now, we consider the triangle As;0x;. Because
. : 1 3
|ls; — 0]] > dist(s;, K) — dist(0,K) > r — ="

|x; — 0| > %r, and

7T
/si0x; = Zt;0x; < 10

we can apply Lemma 36, and use (3.39) to obtain
llsi — xi|| < 7rsin Zs;0x; < 107.

Therefore,

[t —sil| < [[t; — x| + [|x; — ;]| < 117,

This finishes the proof of the claim.

49

(3-39)
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Now, for an integer k < 44, we choose $; to be the point on the line segment 0v;
that is closest to s; and with distance k# /4 way from t; Then it is clear, there are less
than 100 choices for each §;. Let Sk be the simplicial sphere with vertices ;. Clearly,

we have

h(sil Sl)

IN
TNES

which implies that

—_

Since there are less than 100 choices for each §;, the total number of choices of S, K is

no more than

100”’7_(‘1_1)/2 < exp (Cn_(d_l)/2> ,

where C is a constant depending only on d and c. This means that
N(n/2, S,é,h) <exp <C17_(d_1)/2> )
In particular, this implies that for each 1 <i < M,
N(/2,Ki(),h) < exp (Cy~@=1/72).

Now we turn to estimate N(7/2, Dn,h). For each 1 < i < M, there exists an
1/2-net of IC;(n) of cardinality exp (Cn’(d’l)/ 2). Denote these nets by N;.
For each K € D, we have KN B(c;, r/4) € Ki(n). Thus, there exists S; € N; such
that
h(KNB(c;,r/4),S;) <

N3

Now we define

s=uMgs,.

1

This S may not have positive reach. So, we define S to be intersection of all sets P O S

with reach(P) > 2r. Since reach(K) > 3r, and 1 < r, we have

reach(K"/?) > reach(K) — g > 2r,
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and K72 5 S; for all 1 < i < M, we have
P C K"? =K+ B(5/2).
On the other hand, we clearly have
K CU¥,Si+B(y/2) C P+ B(n/2).

Thus,
h(K,P) < 5/2.

Now the total number of choices of P is no more than
—(d-1),2\M —(d-1)/2
exp (Ciy ) < exp </\(c,d)17 > ,

where A(c,d) is a constant depending only on ¢ and d.

This proves Lemma 38. O

3.7 PROOF OF THEOREM 33

Proof. Let P(n) denote the statement:
log N(e, IC, h) < Alc, d)e_d%l, (3.40)

for all e > 27", with n € N J{0}. By choosing a sufficiently large constant, we only
need to prove for the case when ¢ < % sin(7r/10)r so we can directly use the previous
lemma. We prove Theorem 33 by induction on n > ng := [—log, (3 sin(7t/10)r)].
Again, we may choose a sufficiently large constant, say A(d,c) > 2A(d,c), to
ensure that the statement P(n) is true. Now assume that the statement P(n) is true
for all ¢ > 27", for some fixed n € IN. We will show that P(n + 1) also holds.
By the induction hypothesis, P(n), there exists an e-net of K, say, D, ..., Dy, with
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N:=N(g, K, h). We approximate each of these D; under the Hatisdorff norm. Let
}CiZ:{C ek | ]’l(C,D,‘) < S}.

N
Clearly £ C U K;. By Lemma 38,
n=1

N(e/2,Ki,h) < exp (A(c,d)e—(d—D/Z) _

Then,
NS, K1) SN, Ky ) - N (3.41)
(d-1)/
= NG -exp (ued) (5) ) (.42
_ —(d-1)/2 g\ ~d-1)/2
= exp (A(c,d)s ) exp (V(C/d) (5) ) (3-43)
—(d-1)/2

= exp (A(C,d) (%) ) , (3-44)

where p(c,d) is the constant guranteed by the induction hypothesis P(n) and
A(c,d):=A(c,d) 4+ u(c,d).

Thus the statement holds for all ¢ > 0. O]

3.8 EXTENSION

The following theorem is readily obtained from the proof of Theorem 33.

Theorem 39. Let Py, be the collection of d-dimensional sets contained in B(R) that can be
expressed as the union of at most m sets of reach greater than c. The there exists a constant

A(c,d) depending only on ¢ and d, such that for every 0 < ¢ < 1,

log N (e, P, h) < A(c, d)des_(d_l)/z.
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CHAPTER 4

METRIC ENTROPY OF Q-HULLS IN HILBERT SPACES

In this chapter, we consider the following problem: Given a pre-compact subset T of
a Hilbert space H, suppose we have known the metric entropy of the set T. What can

we say about the metric entropy of its g-hull, 0 < g <1, defined by

i=1

n
t,-ET,1§i§n,n21,2|zxi|q§1}? (4.1)
i=1 ]

Hq(T) = {i ot

4.1 A PRELIMINARY RESULT

We first quote a result in special case of Proposition 13 of Chapter 2 that will be used

in the later proof:

Proposition g4o. ([9], p. 98) Fix n € N and let £j and (] denote R" under the Ly and {4
metrics respectively. Let id: {fj — (] be the identity map, we abbreviate ey = ey (id). Then,
for0<g <1,

1, q <k <log(2n),
1
e <c-q [k llog (1+22)] i log (2n) <k < 2n, -
2% (2n)1 ", k> 2n,

Proposition 40 implies the following proposition stated in terms of metric entropy.

Proposition 41. Let ng be the unit ball of 0!, 0 < q < 1. Then the e-metric entropy of ng,

under the {1 norm, is given by

Cg_q/(l_q) log(anq/(l_q))’ ngq/(l_‘ﬂ >1
log N (g, Ben, I ||€’11) < . (4.2)

Cnlog(2ne~1/(1-9), net/(1-9) <1
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Proof. If ¢ > 1, then the left-hand side of inequality (4.2) is 0, so inequality (4.2) is
clearly true. We thus consider the case ¢ < 1. If ne?’ (179 > 1, we choose k to be the

smallest integer such that

19
e<c {k‘l log (1 + 2%)} o (4-3)

where c is the constant in Proposition 40. Then, we choose k to be the smallest integer

such that

chlk log (1 + 621—7;) , (4-4)
for some integer c;. Since we can choose c; so that
log(2n) < 1k < 2n,
by Proposition 40, we have
N(e, Bey, || - [len) < 2%, (4-5)
Because inequality (4.3) implies that
eTT = %log (1 + 2%) = %log (Z?n) . (4-6)
Thus,
log(Zneﬁ) = log (%) + log log (%) = log (27”) . (4.7)
Plugging into (4.6), we have

9

k= e 1070 log(2neiT). (4-8)
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Plugging into (4.16), we have
—q/(1=q) i
log N (e, B, [+ ller) < Ce log(2nes-T).

Now we look at the the case ne?/(1-4) < 1. We can choose k, k > 2n, to be the

smallest integer such that

e>c2 b (271)%7l , (4-9)

where ¢ is the constant in Proposition 40. We can choose a positive integer c; such

that
_k 14 _ &k 14
272 (2n)4 " > 27 (2n)0 .
Since
2n) " a

k <2nlog %, (4.10)

we have
log N (s, Bg;,&,) <k <Cn log(Zne_q/(l_Q)).

This finishes the proof of the proposition. O

4.2 METRIC ENTROPY OF -HULLS OF A FINITE SET

We first consider the case when T = {t1,tp,...,t,} with ||f;|| < 1forall 1 <i <n. We
estimate N(e, Hy(T), || - [|2), where

i=1 i=1

Hy(T) = {i‘, cit;

ih\q < 1}- (4.11)

Let
No:=N (6B}, (T), [Ill;)
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So, there is a set of points {y;} C R" such that,

No
By € | Beg (v:,9)
i=1
where
Bey(y,0) = {x R | lx —ylley < 5} .
Thus, we have
n
Hy(T) = {Zciti (c1,...,¢cn) € ng} (4.12)
i=1
. N
C {Zciti (c1,...,¢cn) € szolng(yj,é)} (4.13)
i=1
NO n n n
= (Z]/j(i)ti + {Zciti Y el < (5}) (4.14)
j=1 \i=1 i=1 i=1
No [/ n n n
= Yyt +30) citi |ci| < 1}) : (4.15)
j=1 \i=1 i=1 i=1

Note that

n

Y el < 1} =0 - Hy(T).

i=1

n
{5 Z cit;
i=1

If My ={x1,...xp} is an y-net of H1(T). Then for each j = 1,..., Ny, the set

j:1,...,m}

n
Z |C,‘| S 1;.
i=1

n

;y]‘(i)ti +6 -No = {Zyj(i)ti +(5x]'

i=1

is an dy-net of
n n

Y yi(iti+<8) city

i=1 =

i=1

Consequently, the set

N = ]N:()l (Ziyj(i)ti-|—5-./\/’o)



is a oy-net of H,(T) with cardinality Nom. This implies that

N(éﬂ, Hq(T>/ || ) ||2) < Nom.
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(4.16)

Now, we turn to estimate m. We use a well-known probabilistic method due to

Maurey. Define a random vector X by

1) P (X = sign(c;) - t;) :=|ci|

2) ]P(XzO)::l—iNcﬂ

Let v = Y ¢;X;. Note that E (X) = v, which is in H;(T). Let Xj,..

ii.d. copies of X. Define random vector Y by

Note that

Consider the following computations:

1 k
IEwHY_vHZ =Euo |Y — Eg (%ZX]>
j=1 2
15~ 1&
=Eo |[Eg (2 X - 1%
j=1 j=1
15~ 1&
<EEg EZX]_EZX]
j=1 =1y
18 -
=EEg || (X = X))
j=1 2

.,Xk;}?l,...,f(k be

(4.17)

Because )?j — X is symmetric in the product space Q x Q), if we let €4, ..., ¢, be i.i.d.

Bernoulli random variables, independent of X; and )AZ]-, 1<j<k withp(e; =1) =
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P(g; = —1) = 1, then we have

1 &, -
E.Egs %Z(X]-—X]-)

JRELI

2
1& 1&
j=1 2 =1 2
1 k
=2E. (|2 2 &%)
j=1 2

Plugging into (4.17), and taking expectation over the space of ¢;, we obtain

k
EollY — olls <2EE, || )6/, (4.18)
j=1 2
1 k
=2E,Ee || ) & (4.19)
j=1 2
. o\ 1/2
<2E, | E; %Zs]-X]' (4.20)
j=1 2
Because
1k 2k
Es |7 &% = L IXl7
j=1 ) j=1

and X; € {£ty,..., £t} with ||#;]| <1 forall 1 <i < n, we have

2

Eg <k
2

1 k
5%
]:

This implies that
2
EulY — 0] < —.

vk

Thus, for any v € Hj(T), we have shown that u lies within a distance of \/%; of a

realization of Y. Note that there are (2n + 1)k possible realizations of the Y. If we let
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2 ] L’. _ 4 a]’]d we ha‘7e
] \/I;’ t 772’

N (7, Hy(T), |[|,) < (2n+1)f = @n+ 1),

Therefore, we can choose m as small as (2n + 1)4’772. Plugging this into (4.16) we

obtain
Ny, Hy(T), || l2) < No- (21 +1)*""
On the other hand, by Proposition 41, we can choose Ny as small as
No < (2n+1)@ "7

for some constant C > 0. Thus,

N6, Hy(T), || - [l2) < (2n+ 1) 70,
In particular, if we choose & = 5#2(179)/4, Then we obtain

N ®0/1, Hy(T), |- l2) < (2n+ 1)1,
which implies that

2
log N(e, Hy(T), || - 2) < Ce™ %75, (4.21)

4.3 METRIC ENTROPY OF H,(T) WHEN T IS INFINITE

Now we consider the case when T is a infinite set. We consider the case when
logN(e, T, - ||2) < Ce™* (4.22)

forall 0 < e < 1, where a > zzqu is some constant.
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For any 0 < € < 1, and any integer 0 < k < m, where m is the smallest integer
such that 2"~ 1e > 1. Let N} be the 25~le-net of T with minimum cardinality. Denote

the cardinality of Ny by Ni. Thus, by our hypothesis (4.22)

Nk S eC(Zk_l€) -4

7

for all 0 < k < m. Furthermore N, is only a singleton, say {t;,}. Note that H,(\Np)
is an e/2-net of Hy(T). If we can find &/2-net of H,(Np) with cardinality N, then this
e/2-net of Hy(Np) is an e-net of H,(T). Therefore, it suffices to study

N(e/2, Hg(No), || - [|2)-

Because for each ty € INy, we can write
to = tm + Z -1 t

where for all 1 <i < m t; € N; is a point satisfying ||t; — t;_1]| < 2"~ le, and t,, = t, is
independent of t.
If we let
K; = {t s ] te NyseNiy,|t—s| < 21'—28}.

2C(2172¢) ="

Then each K; has no more than e elements, and the norm of each elements is

bounded by 2'~'e. By what we have proved in the finite case, we have

.2C(212¢) 77, (4.23)

) —2q/(2—9)

log N (1, Hy (K, | - |l2) < € (5

Because,

Hy(No) € £+ Y Hy(K;)

i=1

if we choose #; so that }/" ; 17; = €/2, then we have

N(e/2,Hg(No), || - I) < [ log N(1i, Hy(K;), || - ||2)-
i=1
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This implies that

log N (g, Hy(T), || - [l2) <log N(e/2, Hy(No), |l - [|2)

el )

where 7; are any positive numbers satisfying ) " ; 17; = ¢/2. In particular, if we choose

i—2¢ 3e

. > ,
= oym i =

then we have

m 3 —2q/(2—9) o
i=1

7‘7 4q
<2ﬂc22 21 1 2-4{2q .8—11
i=1

<C'e™",

where C is a constant depending on a — 22qq

In conclusion, we have proven the main result of this chapter:

Theorem 42. If K is a precompact set in a Hilbert space satisfying
logN(6, K, || - [[) = O(6™),
where for o > ZZqu, and 0 < g <1, then

log N(e, Hy(K), || - [I) = O (™) .
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CHAPTER 5

SEPARATELY CoN FuNcCTIONS

5.1 BACKGROUND

Shape-constrained functions are very important in applications, such as in nonpara-
metric estimation of densities in statistics where many interesting classes of densities
are shape-constrained. For a single variable function, monotonicity and convexity
are the two most commonly used ones in practice. In general, one can study the so-
called k-monotonic functions. Recall that a function on an interval I C R is called
a k-monotonic function, if (—1)/f()(x) > 0 forall x € I, and 0 < i < k—2, and
furthermore, (—1)*2f*=2) is convex and (—1)k~1f*-1) is decreasing on I.

It is known (c.f. [32]) that if M is the class of monotonic functions on [0, 1] that are

bounded by 1, then for any 1 < p < oo,
log Njj(e, M, || - [},) = log N(e, M, | - [|) = e,

It is also proved (c.f. [13] and [17]) that if MK denotes the class of k-monotonic on

[0,1] that are bounded by 1, than for any 1 < p < oo,
log Nij (&, M, [ - ) = log N(e, ME, | - ) < /%

As a special case, it was proved in [13] and [17] that, if C([0,1]) is the collection of
convex functions on [0, 1] that are bounded by 1, then for all 1 < p < oo, there exist

constants ¢(p) and C(p) depending only on p, such that forall 0 < e < 1,
c(p)e /2 <log N(&,C([0,1]), || - [l2) < C(p)e /2. (5.1)

We will use this result in the later proof.
A multivariate function f: RY — R is called separately monotone or block monotone

if it is monotone in each variable while holding the other variables fixed. The metric
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entropy of bounded separately monotone functions on [0,1]? was studied in [16]. If

we denote by My the class of separately monotonic functions on [0,1]% which are

bounded by 1, then roughly speaking it is proved in [16] that forall 1 < p < oo
log Njj (&, Ma, | - II) = log N(e, My, | - [|) = e~ ™00} (5.5)

On the other hand, if we let C;(Q)) be the class of convex functions on Q) C R that
are bounded by 1, then it was proved by Guntuboyina and Sen [18] for Q = [0, 1]¢,
and by Gao and Wellner [15] for all convex polytopes that forall 1 < p < oo

log Nij(e, Ca(€), [| - llp) = log N(e, Ca(€2), || - [[p) =< e=*/2.
Furthermore, it was proved by Gao and Wellner [15] that forall 1 < p < o
log N(e,Ca(D), || - [lp) > Ce™F,

where g = max{(d —1)p/2,d/2}.

5.2 STATEMENTS OF THE MAIN RESULTS

Unlike separately monotonicity which is an easy condition to check, convexity of a
function is typically difficult to check. It is natural to consider functions which are
convex or concave in each variable while holding the other variables fixed. We call

such functions separately con functions. In this chapter, I will prove that

Theorem 43. Let F([0,1]9) denote the collection of separately con functions on [0,1]¢ that
are bounded by 1. Then, for any 1 < p < oo, there exists a constant C(d, p) depending only
on d and p, such that forall 0 < e < 1,

log N(e, F([0,1]%), || - ||,) < C(d, p)e*2. (5-3)
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In light of the attention being paid to classes whose functions are defined by
generalized shape constraints, separate con is a natural consideration. In this sense,

Theorem 43 complements those of [16], [18] and [15] mentioned above.

Remark 44. I conjecture that in the case d = 2, the rate =3/ is optimal.

5.3 PROOF OF THE MAIN RESULT

We prove the theorem by induction on the dimension d. When d = 1, the theorem
reduces to equation (5.1). So, the theorem is true for d = 1, with C(1,p) = C(p),
where C(p) is the constant appear in equation (5.1).
Now, assume that Theorem 43 holds for d € IN. We show that it holds for d + 1
with constant
_ 41871C(d, p)

Cd+1,p) = :

We first note that since for any f € F([0,1]%*1), we have ||f — 0|, < 1, we have
N(e, F([0,1]*1), | - llp) = 1.

for all € > 1. Thus, the theorem is clearly true if € > 1. Now, we assume the induction
hypothesis holds for some n € IN, that is, that the theorem is true for all e > 27", that

is,
log N(e, F([0,1)71), || - ) < C(d +1, p)e” @D+, (5-4)

for all ¢ > 2. We show that it is also true for e > 27""1,

We first choose 6 = 877, and define
Dg:=(6,1—6) x [0,1]¢,

By:=[0,6] x [0,1]%,

and

By:=[0,1—6] x [0,1]%.
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Then, for each f € F([0,1]9*!), we can write

f=1p,f +1p,f +1,f. (5-5)

If we define

G = {18 f | f € F0, 0],
G2 = {1nf | f € F(0, 14N},

and
Fo={1o,f | f € F(0,11" )},

then, we have

F([0,1)4Y) € G1 + G + Fo.

If V7, and N, are ¢/4-nets of G; and G, with minimum cardinality, and if N is an
e/2-net of Fy with minimum cardinality, then, N; + N> + N is an e-net of F([0,1]9F1.
Indeed, for any f € F([0,1]%*1), 1, f € G, so there exists g1 € N; such that

Mg, f —&illp < €/4.
Similarly, there exist g» € N> and gg € Ny such that
|1p,f — g2llp < €/4;

Mo, f — golly < e/2.

Consequently,

If = (g1+ & +80)llp < s, f — g1llp + 1B,f — &2llp + D, f — gelly < &
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Therefore,

N(e, F([0, 117, | - ;) < N(e/4,Ga, || - lp) - N(e/4,Go, || - 1p) - N(e/2, Fo, || - I p)-
(5.6)

The following lemma enables us to estimate the covering number for G; and G,.

Lemma 45. For any n > 0,

N, G [l - [lp) = N(8y, F([0, 110, |- [l,); (57)
N(7, G2, ll) = N8, F([0, 1), || - 1), (58)

Proof. Let fi,..., fx be a 87-net of F([0,1]9F1). We define

gi(t,XQ,. . .,xd+1) = fi(g_lt,XQ,. . .,de)

on [0,6] x [0, 1]d, 1 <i < N. We claim that gj,...,¢n is an 7-net of G;. Indeed, for
any ¢ € G, the function

fxy,x0,...,%341) = g(0x1,x2,...,X341)

belongs to F([0,1]%*1). Thus, there exists some f; such that || f — f;[|, < 257. That is

(8n)F > /[0,1]d /01 |f(x1, %0, ..., xq41) — filx1, %2, ., xg41)|Pdxydxy - - - dxgyq
:/[0,1]'7’ /01 18(0x1,x2, ..., x441) — 8i(Ox1, X2, ..., x411) |Pdxydxy - - - dxg i
=6 /[o,1]d /09 1g(t x2, o, xaq1) — it X, -+, Xaqr) [Pt dxy - - - dxg g
=8"lg — &ill}

which implies that ||g — gil|, < #. Thus,

N, G |- llp) < N7, F((0, 107, |- p)-
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To prove the other direction, we let g1,...,gm be an y-net of G; with minimum

cardinality. We define

filx1,x2, - xa1) = 807 X1, X2, Xap1)-

We claim that fy,..., fy is a 27-net of F([0,1]4*1). Indeed, for any f € F([0,1]%+1),

since the function

Q(t,xp, .., xq41) = f(Ot, x2,...,X441)

belongs to Gy, there exists g;, such that ||g — g;||, < 7. That is,
0
n” Z/[o,ud/o 8t x2, ..., xq41) — &i(t, X2, .., xay1)|[Pdtdxy - - - dxyiq
= /[0,1}01 /09 |f(9*1t, X2, e, Xdi1) —ﬁ-(@flt, X2, .o, Xgn)|Pdtdxy - - - dxgiq
=0 /[0,1}“’ /01 |f(x1, %2, xg11) — fi(xn, x2, .o, Xgq) [Pdxy dxg - - - dxg g
=871l f — fillp,
which implies that || f — fi[|, < 8#. Thus,

NG, G- llp) = N7, F(0, 1), [ - [lp)-

This proves (5.7). The proof of (5.8) is similar, and we thus omit it. O
Now, applying Lemma 45 and the induction assumption (5.4), we obtain that for
alle >2 "1
€ . d+1 —(d+1)-3.
log N(7, 91| - llp) = log N(2¢, F([0,1]77), [| - Ip) = C(d +1, p)(2e) 2 (59)

S
log N(7, 91,1~ llp) = log N(2¢, F(0,1]**1), | - ) < C(d +1,p)(2¢) D72 (5.10)
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Now, we turn to estimating the covering number of Fy. To this end, we first prove
that for any f € Fy,
2

< 7 =2-8F. (5.11)

of

8x1

Indeed, for each (xp,...,x;5.1) € [0,1]d, the function f(t xp,...,x4,1) is convex or

concave on f € [0,1], and bounded by 1. Thus, setting

@ xi) — FO, x|
- : ,

and
B:= |f(1/x2/'-'/xd+1) _f(l_g,xz,...,Xd+1)|

we have for any t,s € (6,1 —6),

|f(t/x2/---/xd+1) _f(SIXZI---de+1)|
|t —s|

<max {A, B}

which implies (5.11).
Now, we let

O =0+k-8F L

fork =1,...,m, where m is the largest integer such that 8,, <1 — 6. Clearly, we have
m < 8P*le=1 For any t € (6,1 —6), we can find some 6y such that |t — 6| < 8 P~ le.
By (5.11), for any (xp,...,x441) € [0, 1]d, we have

oy 3
|f(t,x2,...,xd+1)—f(@k,xz,...,xd+1)| §28p8 P 1821.



69
For each k = 1,...,m, consider the function

fk(xz,. . .,de) = f(9k1x2/- . .,de).

As a function on [0,1]%, fi € F([0,1]4). By the induction hypothesis, there exists an

e/4-net S of minimum cardinality
—ar}
N(e/4, F([0,1)%), || - [[) < eCOPEH™2,

such that for some g € Sy, || f — gkl < €/4, that is,

1/p
(/[Ol}d |f(9k/x2/-.-,Xd+1) _g(x2/---,xd+1)|de2- . .dxd+1) <

= m

Now, we define

m—1

gt xa, .., Xap1) =N,y (D81 (%2, -, ¥a1) + Y Ljgp.0) (D8k(x2, -+, Xa11)
i

+ Lig,,1-0) () gm(x2, - .., X411),

and
_ m—1
fltxo, o xa41) =g () (01, %2, Xa1) + ) L g (D f (O, X2, -, Xa11)
=2

+ ﬂ[gmllfe) (t)f(GMI X2yeuey derl).

Then, we have

|f(t/x2/"'1xd+1) _f(t/xZI"'de+1)’ <

=] m

Thus,

If =gl < 5+ —glp- (5.12)



Since

~ )
IF =gl = [ [ 1 50 = 1 o) Pt gt

70

m—1 011
+ Y / / |f (O, x2, ..., xq21) — Qk(x2, .., Xg4q)|Pdxg - - - dxgyqdt
= 70k [0,1)4

1-6
—I—/9 | f(Om, X2, Xg41) — Qm(X2, ..., Xg41)|Pdxo - - - dx g qdt
1-0 ,enp
< e
<) @)
ENP
< (Z
<(a)"
plugging into (5.12), we obtain
€
— < Z

Since there are no more than

m g4l 1
[N(e/4,f([o,1]d),|| : ||p)] < Clp) e/ 2 plyicpe

realizations of g, we obtain
log N(e/2, Fo, || - ||p) < 498P+1C(d, p)e 2.
Plugging this and (5.9) and (5.10) into (5.6), we obtain that for all ¢ > 27",

log N(g, ([0, 141, || - ||,,) <2C(d + Lp)(ze)—(cﬂ—l)—% +4d8p+lc(d’p)€_d_%
<C(d+1,p)e @D+,
where in the last inequality we used the relation that

498r+1C(d, p)
1-2742

Cd+1,p) =

Hence, by mathematical induction, (5.3) is true for dimension d + 1 and all € > 0. This

tinishes the proof of Theorem 43.
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