Abelian Surfaces with Complex
Multiplication Admitting

Nonprincipal Polarizations

A Dissertation
Presented in Partial Fulfillment of the Requirements for the
Degree of Doctor of Philosophy
with a
Major in Mathematics
in the
College of Graduate Studies
University of Idaho
by
Jordan Hardy

Approved by:

Major Professor: Jennifer Johnson-Leung, Ph.D.
Committee Members: Brooks Roberts, Ph.D.; Hirotachi Abo, Ph.D.;
Dilshani Sarathchandra, Ph.D
Department Chair: Hirotachi Abo, Ph.D.

August 2023



Abstract

The theory of complex multiplication of abelian varieties is a useful field of study
with applications ranging from the explicit construction of abelian extensions CM-fields
to the explicit description of L-functions of abelian varieties in ways which are much
easier to carry out than the more general case. In the literature the most commonly
studied abelian surfaces are those with a principal polarization. In the present thesis we
extend this analysis to describe abelian surfaces with complex multiplication which carry
a nonprincipal polarization. We provide a complete characterization of which types of
polarizations are possible on abelian surfaces which have complex multiplication by a
given quartic CM-field K as well as how to construct them when they do exist. We also
derive several necessary conditions for such abelian surfaces to exist as well as provide

an existence theorem in limited circumstances.
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Chapter 1: Introduction

The study of complex multiplication has a rich history, but the idea begins in a
relatively familiar place. Consider the study of abelian extensions of the field of rational
numbers Q. There is a classical theorem known as the Kronecker-Weber Theorem which
states that for every abelian extension K of QQ there exists a natural number n such
that K C Q((,), where (, is a primitive n-th root of unity. There is a fruitful way to
reframe this. Consider the transcendental function e : R/Z — C defined by x — €*™*.
Interpreting R/Z as the circle group, we note that the n-th roots of unity are the images
of n-torsion points under this function. This led Kronecker to ponder the question of
whether there were other transcendental functions defined on geometric groups such that
the images of torsion points generated abelian extensions of other number fields. To put
this in other words, can we generate the class fields of a given number field using special
values of such functions?

In at least one special case the answer to this question turns out to be yes, but it takes
a little more work to explain the geometric objects which assist us in this setting. Consider
an elliptic curve E. Elliptic curves are genus one projective curves with a marked point.
Such curves carry a natural group law. Assume that F is defined over a number field, that
is, a finite extension of Q. A homomorphism of elliptic curves is a group homomorphism
which is a morphism of varieties. The set End(E) of endomorphisms of E, that is, of
homomorphisms from FE to itself, forms a ring. For most curves this ring is isomorphic
to the integers. In rare circumstances when it is bigger, it is isomorphic to an order O
contained in a quadratic imaginary field K. E' is then said to have complex multiplication
by K or by . We will also abbreviate “complex multiplication” by CM often. Further,
in this case, F tells us about the class field theory of K. The j-invariant is a modular
function which parameterizes elliptic curves. Two elliptic curves are isomorphic if and
only if their j-invariants are the same, and an elliptic curve is defined over a number field
Fif and only if its j-invariant is contained in F. The j-invariant serves the same role in
generating abelian extensions of quadratic imaginary fields K as the exponential played
in the generation of abelian extensions of Q. Let K = Q(v/—m) be a quadratic imaginary
field where m is a squarefree positive integer. The theory of complex multiplication of
elliptic curves has as a major result that if H is the Hilbert class field of a quadratic

imaginary field K then H is generated over K = Q by j(w) where

%ﬁ ifm=1 (mod 4),
w =
vm otherwise.



From a geometric point of view this is because there is an elliptic curve isomorphic to
Eo,, =C/(Z+wZ) =C/Ok

which admits complex multiplication by Ok. If h(K) is the class number of K then there
are h(K) distinct isomorphism classes of elliptic curve with complex multiplication by
O and each of them are the Galois conjugates of Eg, . Further, their j-invariants are
the Galois conjugates of j(w).

One can even go beyond this. By replacing w with a generator of various nonmaximal
orders of K, or by replacing j with modular functions for various other congruence sub-
groups of SL(2,7Z) we find generators of abelian extensions of K with nontrivial conduc-
tor. In fact, one gets explicit descriptions of every class field over a quadratic imaginary
field K using such methods so that the theory of complex multiplication of elliptic curves
provides a complete description of the class field theory of quadratic imaginary fields.

The natural next question to consider is whether we get a similar theory when we
replace elliptic curves with abelian varieties of higher dimension, while also replacing
quadratic imaginary fields with the appropriate number fields which contain rings iso-
morphic to endomorphism rings of abelian varieties of higher dimension. (These fields
are called CM-fields). The answer is, at least in part, no. We do not achieve nearly as
complete an explicit description of the class field theory of a higher degree CM-field by
means of abelian varieties with complex multiplication. However, in [13], Shimura and
Taniyama were able to establish partial results to these ends, and while not all class fields
of a CM-field K are constructable by means of values of modular functions at CM-points
of the Siegel modular variety, they were able to generate some class fields over K using
such methods. In particular they proved that if w is the value of a Siegel modular func-
tion whose Fourier coefficients lie in a cyclotomic field on a CM-point corresponding to a
CM-field K then w generates an abelian extension over K. However, there is also a new
complication which is introduced when we increase the dimension of the abelian varieties
considered.

An abelian variety A is a group variety which admits an embedding into projective
space. If such a variety is defined over the complex numbers, its complex points are
always isomorphic CY9/L where ¢ is the dimension of A and L is a lattice in C9. The
existence of such an embedding is equivalent to the existence of a very ample divisor on
A, which is in turn equivalent to the existence of a certain Z-bilinear form on L which is
called a Riemann form. To each Riemann form E we can associate a tuple (myq, ..., my)
where g is the dimension of A. We will describe the construction of this tuple later in this
thesis. The tuple (my,...,my) is called the type of the polarization. On the other hand,

every lattice L in CY is such that C9/L is isomorphic to some abelian variety A if and
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only if it admits a Riemann form. This detail is not considered for elliptic curves because
every lattice L in C admits a canonical Riemann form. In the higher dimensional case we
are free to consider questions of which abelian varieties with complex multiplication by
a given order in a CM-field K admit a polarization of a given type. The most commonly
considered case is when m; = --- = m, = 1, in which case the polarization is called a
principal polarization. See for instance [13] and [17].

There has been much less work on nonprincipal polarizations, and the purpose of this
thesis is to consider the conditions under which an abelian surface admits a polarization
of type (mq, msy) for my > 1 or my > 1. We were able to establish exact conditions under
which such an abelian surface exists. Such conditions are very detailed and difficult to
check by hand so we have also written an algorithm and implemented it in the PARI
programming language in order to quickly ascertain whether for a given CM-field K
there exists an abelian surface A with a polarization of type (1, m) whose endomorphism
ring is isomorphic to the ring of integers D g. We also proved several simpler necessary
conditions for such an abelian surface with complex multiplication to exist and proved
a sufficient condition for there to exist some abelian surface with a polarization of type
(1, m) and with complex multiplication by Ok under certain conditions. This makes the
theory of these fields more concrete, and we are hopeful that this will open up further
avenues to use these surfaces to study the explicit class field theory of quartic CM-fields.

We have access to a good deal of data concerning these results, of which we have only
included a small portion in this thesis for illustrative purposes. In addition to illustrating
necessary conditions for the existence of certain CM abelian surfaces, this also provides
evidence for some observations and conjectures. For instance, for each prime p, there
turns out to be empirical evidence that there is a constant a,, between 0 and 1 for which,
given a whole number d, the amount of quartic CM-fields of discriminant less than d
which admits a polarization of type (1,p) is approximately a,d. This basic pattern has
held for every prime we have considered, though we do not have a proof that this always
holds yet.

Another pattern which has emerged is that although the theory describes many dif-
ferent sorts of primes p for which there could in principal exist an abelian surface with
complex multiplication by a given CM-field K and a polarization of type (1, p), there are
certain primes which are not ruled out by our main theorem but for which, nonetheless,

we have failed to find examples of such a polarization.



Chapter 2: Some Theory

We begin with some algebraic number theory which will be necessary for proving our
main results. Section 2.1 discusses results which apply to a more general setting and the
reader may not find them important until they are required for a proof in Chapter 3.
Section 2.2 is about the general theory of CM-fields. In Section 2.3 we discuss the basic
theory of abelian varieties. In Section 2.4 we discuss a certain class of bilinear forms
defined on a CM-field K which will be important in our main theorem. In Section 2.5

we discuss polarizations on abelian varieties.

2.1. Algebraic Prerequisites

Before we do anything else, we will list some algebraic facts relating to field theory
which will be useful later. These are lemmas which are used in the proofs of some more
technical facts and will seem unmotivated at this time. The reader is advised to move

on to the next section and return when the results are needed.

LEMMA 2.1.1. Let © be a Dedekind domain. Let a, b, ¢ be integral ideals of . Then
we have

a b e~at/be

where the isomorphism is an isomorphism of O-modules.

PRroOOF. First we show that it suffices to prove the claim in the case when b is a power

of a prime ideal. To show this, let the prime decomposition of b be
b=pi"...p5".
Suppose the claim is true for prime powers. Then we have
—1—€1 —et
a e
a b /e = Py P:
o
€t—1

—l,y—¢€1
a p P
pe

a—l

el et
Pl pdic
a*l
be

So, suppose b = p¢ for p a prime of O and e a positive integer. Let m be an element of

whose valuation at p is v,(7) = 1 and such that if q is any prime of O dividing a other

than p then v (7) = 0. Such an element is guaranteed to exist by the approximation



)
theorem ( See [10] Theorem 3.4). We define a map ) : a='b~! — a=!/bc in the following

way.
Let the prime factorization of a be

alt e,

Here fo;1 = 0if pta. Then z € a='b~! if and only if vy(2) > —fo1 — e and vy, () > f;
for each j € {1,...,s}. Let z € a~'b~'. We claim that 7%z € a~!. Indeed, as vy(z) >
—for1 — €, vp(7°x) = — foqq and vy, (7°x) = vy, (z) for each j € {1,...,s}. Som°z € a™'.
We define ¢(x) = 7 + be. We claim kerty = ¢. To see this, first suppose = € ker .
So ¢(x) = be or equivalently m¢x € be. Then be|xp® = xb, which implies ¢|(z), which is
equivalent to x € ¢. Conversely, if z € ¢ then ¢(x)+bc = be, so that x € ker . Therefore
by the first isomorphism theorem we have

a b e ~at/be
as required. O

PROPOSITION 2.1.2. Let Ok be the ring of integers of a number field K and p a prime
ideal of O . Let p be the rational prime lying under p and let e = e(p|p) and f = f(p|p).
Let k be a positive integer and let k denote the least residue of k mod e. Then, as abelian

groups,

k—k > f(e—%)

(2.1.1) O /ph ~ (Z/p =7 x (Z/pke%“Z)fE.

In particular, if elk, we have

(2.1.2) Oufpt ~ (z/p'z)".

PrROOF. First, note that we can prove this proposition by proving the analogous
proposition where we replace Ok by its completion O, with respect to the nonar-
chimedean absolute value corresponding to p. Let © = O,. We will also refer to the
unique maximal ideal of O by p. It is well-known that O /p* is isomorphic as a ring
to O/p*, so in particular they are also isomorphic as groups. So it suffices to show that
O /p* has the required form.

Let P be a finite abelian p-group. The fundamental theorem of finite abelian groups
tells us that P can be written as a product of cyclic p-groups. In other words, there exist

positive integers nq,...,n;,r1,...,r; such that
P~ (Z/pmZ)™" x - x (Z/p™"Z)" .
Further, if we define for n > 0

U(n, P) = the number of components of order p™**



then
pnP g pn—HP
prrip - MoniEp

where dim denotes dimension as a Z/pZ vector space (see [11]). Let G = O/p*. Then

U(n, P) = dim

G is a finite abelian p-group.
First, assume that n < ke™! — 1, or equivalently (n + 1)e < k. Then

pnG B pne/pk pne

pn+1G o p(n+1)e/pk = p(n—i—l)e = E‘
This has order p®/. So dim % =ef.
Next, assume that n > ke™! (so that ne > k). In this case, p"O = p" C p*, so

dim p{:TlG =0.

Finally, assume that ke™' —1 < n < ke™! so that ne < k < (n+ 1)e. In this case,
PO C pF CptO. So
yG _ popt oyt 0
pn-l-lG pn+1(£)/pk) pk - pk—ne'

(e

So dim p£+1GG = dim ﬁ = f(k — ne).
Putting all this together, we calculate U(n, G) for n > 0:

U(n,G) = dim ppilG —di Z:—;g
(0 ifn < ke ! —2,
fle—k+n+1e) ifke? —2<n<ke!—1,
=4 fe if n=ke ! —1,
f(k —ne) if ke7! —1<n<ke
if ke™! < n.

Assume e divides k. In this case, we have that
Ulke™ —1,G) = fe

and U(n,G) = 0 otherwise. This implies (2.1.2).

Assume e may not divide k. In this case, we have that
U(lke™ —1].,G) = fle—k+ ke '] e),
U(lke™],G) = f(k— |ke™]e)
and U(n, G) = 0 otherwise. A calculation now gives us (2.1.1). O

This gives us the tool to compute what quotients of rings of integers by ideals look
like in various fields. Most important in this document will be the case of quartic fields.
We have the following lemma.
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LEMMA 2.1.3. Let K be a quartic field. Let O be the ring of integers of K. Let k be

a positive integer. Let p be a prime in Ok lying over a rational prime p. Let e = e(p|p) be
the ramification degree of p and f = f(p|p) the inertia degree of p. Because [K : Q] = 4
we have the following possibilities for e, f which result in the following isomorphisms of

abelian groups.

(1) Assume e =4, f =1. Then:
(a) If k=0 (mod 4)

Ou/pt =~ (2/p'z)
(b) If k=1 (mod 4)
Oxft = (2/p'7'2) X Z/p'T 12
(¢) If k=2 (mod 4)
et = (2/p'F'2) x (27 2)
(d) If k=3 (mod 4)
Ox/pk ~ 7/p" T 7 x (Z/p’“f“Z)g.

(2) Assume e =3, f =1. Then:
(a) If k=0 (mod 3)

Ou/pt =~ (2/p'z)
(b) If k=1 (mod 3)
Oxft = (2/p'7'2) x Z/p'T 12
() If k=2 (mod 3)
Ox/pt =~ Z/p' T L x <Z/pk32HZ>2.

(3) Assume e =2, f =2. Then:
(a) If k=0 (mod 2)

h 4
O/t = (Z/piz)
(b) If k=1 (mod 2)
E—1 2 E—1 2
O /pk = <Z/pTZ> X (Z/pT“Z) .
(4) Assume e =2, f =1. Then:



(a) If k=0 (mod 2)
Ox/pt~ (2/p'2)
(b) If k=1 (mod 2)
Ox/ph ~Z/p T L xZL/pT L.
(5) Assume e =1,f =4. Then
Ok /p* =~ (2/p'2)".
(6) Assume e =1, f =3. Then
Ox/p" =~ (2/p"2)".
(7) Assume e =1, f =2. Then
Ox/p" =~ (2/p"2)".
(8) Assume e =1,f =1. Then
Ok /p* ~Z/p"Z.
PRrOOF. This is a direct application of the Proposition 2.1.2. 0
We also carry out the same calculations for sextic and octic fields.

THEOREM 2.1.4. Let K be a sextic field. Let Ok be the ring of integers of K and p a
prime of Ok . Let p be the rational prime lying below p. Let k be a positive integer. Let
e = e(p|p) be the ramification degree of p and f = f(p|p) the inertia degree of p. We have
the following possibilities for e and f and the corresponding group structures for Oy /p*.

(1) Assume e =6, f = 1. Then:
(a) If k=0 (mod 6)

SIS (A
(b) If k=1 (mod 6)
Oxfyt = (2/p'7'2) X Z/p'T 'z
(¢) If k=2 (mod 6)
et = (2/p'7'2) < (27 2)
(d) If k=3 (mod 6)

Ox/pt = (Z/p'F'L) x (/")



(e) If k=4 (mod 6)
Oxfrt = (Z/p'F'Z) x (z/p'F ')
(f) If k=5 (mod 6)
O /p* =~ 7/p" 7 x (Z/p’“z"+1z>5.

(2) Assume e =5, f =1. Then:
(a) If k=0 (mod 5)

ox /' = (2/p'2)
(b) Ifk=1 (mod 5)
Oxft = (2/p'7'7) X Z/p'T 'z
(¢) If k=2 (mod 5)
Ox/pt~ (2/p'TL) x (z/p'70'2)
(d) If k=3 (mod 5)
O/ph = (2/p'2) x (2/p'+7'2)
() If k=4 (mod 5)
Ox/pt =~ Z/p" 57 x (Z/pk54+1Z>4.

(3) Assume e =4, f = 1. Then:
(a) If k=0 (mod 4)

Ou/pt =~ (z/p'z)
(b) If k=1 (mod 4)
Oxft = (2/p'7'B) X Z/p'T 2
(¢) If k=2 (mod 4)
Oufpt = (2 7)< (27 2)
(d) If k=3 (mod 4)
Ox/pt = 2T x (/')

(4) Assume e =3, f =2. Then:



(a) Ifk=0 (mod 3)
O /p" = <Z/p'§z>6;
(b) If k=1 (mod 3)
O/t = (2/'72) = (2’7 12)'
(¢) If k =2 (mod 3)
O /pt = (Z/pk?’QZ>2 X (Z/pkf+1Z)4.

(5) Assume e =3, f =1. Then:
(a) If k=0 (mod 3)

O /vt = (2/pi2)
() Ifk=1 (mod 3)
Oxfrt = (Z/p'T'T) < 2/p'T VL
(¢) If k =2 (mod 3)
Ox/pb =~ Z/p"F 7 x (Z/pk32+1Z>2.

(6) Assume e =2, f =3, Then:
(a) If k=0 (mod 2)

Ou/pt = (2/p'2)
(b) If k=1 (mod 2)
O /pk <Z/pk21Z>3 x (Z/p’“zl“Z)?’.

(7) Assume e =2, f =2. Then:
(a) If k=0 (mod 2)

O /vt = (2/'2)
(b) If k=1 (mod 2)
O /pk =~ (Z/p’“QIZ)Z X (Z/p’?+1z)2.

(8) Assume e =2, f = 1. Then:
(a) If k=0 (mod 2)

o /vt = (2/piz)
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(b) If k=1 (mod 2)
Ox/ph ~Z/p T ZxZ/pT L.
(9) Assume e =1, f = 6. Then
Ox/p* ~ (2/p"2)".
(10) Assume e =1, f = 5. Then
Ox/p" ~ (/7).
(11) Assume e = 1, f = 4. Then
Ok /vt = (z/p'z)".
(12) Assume e = 1, f = 3. Then
O/pt ~ (2/p'2)".
(13) Assume e = 1, f = 2. Then
Ox/p" =~ (2/p"2)".
(14) Assume e =1, f = 1. Then
O /p* ~Z/p"L.

THEOREM 2.1.5. Let K be an octic field. Let Ok be the ring of integers of K and p
a prime of Ok . Let p be the rational prime lying below p. Let k be a positive integer. Let
e = e(p|p) be the ramification degree of p and f = f(p|p) the inertia degree of p. We have

the following possibilities for e and f and the corresponding group structures for Oy /p*.

(1) Assume e =8, f =1. Then:
(a) If k=0 (mod 8)

Oxfyt = (2/p'2)
(b) If k=1 (mod 8)
Oxft = (2/p''2) X Z/p's 'z
(¢) k=2 (mod 8)
Oxft ~ (2/'52) x (2/p'+*1'2)
(d) k=3 (mod 8)

Oxfpt~ (2/p'S'z) x (/"5 +'2)
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(e) k=4 (mod 8)

o/t = (2/5'2) x (z/p's'2)
(f) k=5 (mod 8)

o/t = (2/p'5'2) x (25 H'2)
(g) k=6 (mod 8)

Oufrt = (2/p'S'2) x (25 2)
(h) k=7 (mod 8)

Ox/p* =~ 7/p" 5 7 x (Z/p’“s7+1z>7.

(2) Assume e =7, f =1. Then:
(a) k=0 (mod 7)

/vt = (2/p'2)
(b) k=1 (mod 7)
Oxfpt = (2/p'7'B) x Z/p'T 12
(¢) k=2 (mod 7)
Oxft = (2/'72) x (2/p'71'2)
(d) k=3 (mod 7)
O /vt (2/p'7') % (27 2)
(e) k=4 (mod 7)
oxft = (2/p'7'2) x (27 H'2)
(f) k=5 (mod 7)
O /pk ~ (Z/pk752>2 X (Z/p’“75+1z)5;
(g) k=6 (mod 7)
Ox/p* =~ 7/p" 77 x (Z/p’“?6+1z>6.

(3) Assume e =6, f = 1. Then:
(a) k=0 (mod 6)

/vt = (2/piz)



(b) k=1 (mod 6)
O /p* ~ (Z/pkglzf xZ/p's YL

(¢) k=2 (mod 6)
O /pF ~ (Z/pkg22>4 X (Z/pkg?*lZ)2 ;
(d) k=3 (mod 6)
Oy /pk (Z/pkfiBZ>3 x (Z/p’“e?’ﬂz)g ;
(e) k=4 (mod 6)
Oxfrt = (2/p'F'2) x (z/p'F ')

(f) k=5 (mod 6)
O /p* = 7/p" 7 x <Z/pk€5+1Z>5.

(4) Assume e =5, f = 1. Then:
(a) k=0 (mod 5)

/vt = (2/piz)
(b) k=1 (mod 5)
Oxft = (2/p'7'2) x Z/p'T 'z
(¢) k=2 (mod 5)
Ox/pt = (Z/p'FL) x (/')
(d) k=3 (mod 5)
oxft = (2/''2) x (2T H'T)
(e) k=4 (mod 5)
Ox/pt =~ Z/p" 5" 7 x (Z/pkf>4+1Z>4.

(5) Assume e =4, f =2. Then:
(a) k=0 (mod 4)
Ok /p* ~ (Z/pEZ) ;
(b) k=1 (mod 4)

Ox/pt = (2/p'T'L) x (/"7 ')



(¢) k=2 (mod 4)

O/t = (2/'2)" x (2/pH'2)
(d) k=3 (mod 4)

O /pk =~ <Z/p’“4‘3z>2 X (Z/pkfﬂz)‘s.

(6) Assume e =4, f =1. Then:
(a) k=0 (mod 4)

e\ 4
O /ot = (2/piZ) :
(b) k=1 (mod 4)
k=1, \3 k-1
O/t = (2/p'TZ) < Zfp' T
(¢) k=2 (mod 4)
k=2 _\2 k=2 2
O /pt = (2/p'T2) x (2/p'F7'2)
(d) k=3 (mod 4)
k=3 k=3 3
O /p* ~7/p" T 7 x (Z/pT+1Z> .

(7) Assume e =3, f =2. Then:
(a) k=0 (mod 3)

oxft = (2/p'z)'
(b) k=1 (mod 3)
Oxft = (2/52)" x (2/p'F'2)
(¢) k=2 (mod 3)
O /pk =~ (Z/p’“?z>2 X (Z/pk52+12>4.
(8) Assume e =3, f =1. Then:
(a) k=0 (mod 3)

oot~ (2/p'z)
(b) k=1 (mod 3)
Oxft = (2/p'7'D) x Z/p'T 'z
(¢) k=2 (mod 3)

—2 —2 2
Ox/pb =~ 7/p" 57 x <Z/ka+1Z> .

14



(9) Assume e =2, f =4. Then:
(a) k=0 (mod 2)
Ok /p* ~ (Z/p§Z) ;
(b) k=1 (mod 2)

O /pk =~ (Z/p’“?z>4 X (Z/p’“?+1z)4.

(10) Assume e =2, f =3. Then:
(a) k=0 (mod 2)
L A\ 6
O/t = (2/pi2)
(b) k=1 (mod 2)

O /pk ~ (Z/p’“fzf’ x (Z/p’“zlﬂz)s.

(11) Assume e =2, f = 2. Then:
(a) k=0 (mod 2) \
Ou /vt = (2/piZ)
(b) k=1 (mod 2)

O /pk =~ (Z/pk;lZ>2 X (Z/p’“?“Z)Q.

(12) Assume e =2, f =1. Then:
(a) k=0 (mod 2)

oot~ (2/pi2)
(b) k=1 (mod 2)
Ow/pb ~Z/p T ZxZ/p'T P'Z.
(13) Assume e =1, f = 8. Then:
Ox/p" = (2/p"2)".
(14) Assume e =1, f = 17. Then:
O/pt = (2/p'2)".
(15) Assume e =1, f = 6. Then:
Ox/p* ~ (2/p"2)°.
(16) Assume e =1, f = 5. Then:

Ox/p* ~ (/7).

15



(17) Assume e = 1, f = 4. Then:

Ox/p* ~ (2/p*7)".
(18) Assume e =1, f = 3. Then:

Ox/p* ~ (/7).
(19) Assume e =1, f = 2. Then:

Ox/p" ~ (2/p*2)".
(20) Assume e =1, f = 1. Then:

Ok /p* ~ 7Z/p" 7.

16

Having given the abelian group structure of quotients of rings of integers, we now lay

out the circumstances under which they take on a certain form which will be important

in the proof of the main theorem of this thesis. Specifically we want to find ideals g such

that Ok /g is isomorphic to a product of n copies of Z/mZ.

LEMMA 2.1.6. Let K be a number field, let O be the ring of integers of K, let g be

an ideal of O, and let m and n be positive integers. Assume that

(2.1.3) O/ =2 L/mZ X - X L/mZ.

N~
n

(1) Ifp is a prime ideal of Ok that divides g, and p lies over the prime p of Z, then

p|m.

(2) For each prime p of Z such that p | m, define

(2.1.4) gy = M e

p is a prime of Ok,

plg,
p lies over p

Then
(2.1.5) g= ng
plm
and
(216) DK/gp & Z/pvp(m)Z X oo X Z/p”p(m)%.

n

PROOF. Let m = pJ' - - - p/ be the prime factorization of m, and let g = p**

plgé be

the prime factorization of g. For i € {1,...,s}, let p; lie over the prime ¢; of Z. By the
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Chinese remainder theorem we have
(2.1.7) Ok /g = O /P x - x Ope/phe.

For this, note that pfi and pfj are comaximal for 4,5 € {1,...,s} with ¢ # j. It follows
that

(2.1.8) 1Ok /g| = g ®/m) L gksfs/as),
Since (2.1.3) holds we also have

From (2.1.8) and (2.1.9) we conclude that {pi,...,p.} = {q1,...,¢s}. The assertion (1)
follows, and (2.1.5) is also clear. To prove (2.1.6) we will use the following notation: if
G is a finite abelian group, and p is a prime of Z, then we let G, be the subgroup of
G of elements that have order that is a non-negative power of p. Now by the Chinese

remainder theorem from (2.1.5) we have

(2.1.10) Ok/8=Ok/gp, X - X Ok /0p,.

Let i € {1,...,r}. Considering the definition of g,,, and applying the Chinese remainder
theorem to O /g,,, we see that every element of O /g,, has order that is a non-negative

power of p;. It follows that
(2.1.11) (Ox/9),, = Ok /8.

It is also evident that

(2.1.12) Z/mex XZ/me gZ/p?pi(m)ZX XZ/pfpi(m)Z.
" ke
We now see that (2.1.6) follows from (2.1.3), (2.1.11), and (2.1.12). 0

We now further specialize Lemma 2.1.6 to apply in the specific case K is quartic,
when n = 2 and m = p? for a prime p and a positive integer g. This is the specific case

which will be useful to us.

LEMMA 2.1.7. Let K be quartic extension of Q, let Oy be the ring of integers of K,
let p be a prime of Z, let g be an ideal of Ok, and let g be a positive integer. Assume
that

(2.1.13) O /9 2 Z/pZ x Z/p L.
Let

(2.1.14) g = p’fl . .pft’ ky <o < Ky
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be the prime factorization of g (note that g is a proper ideal of O ). Fori € {1,... t}
let p; lie over the prime p; of Z. Then py = ---=p; = p and g and g satisfy exactly one

of the following conditions:

t g ku..o ke (elpo/p), f(pi/)), -, (e(pe/), f(pe/P))

11 2 (4,1)
11 2 (3,1)
11 1 (2,2)
(2.1.15) Lo % 21)
1 g g (1,2)
2 1 1,1 (3,1),(1,1)
2 1 1,1 (2,1),(2,1)
2 1 1,1 (2,1),(1,1)
2.9 g9 (1,1),(1,1)

If K/Q is Galois, then g and g satisfy exactly one of the following conditions:

t g Ky ke (elpr/p), f(p1/p),- -, (e(pe/), f(pe/p))

11 2 (4,1)
11 1 (2,2)
(2.1.16) 1 g 2¢ (2,1)
1 g g (1,2)

[\
—_
—_
—_
—~
[\
—_
~—
—~
DO
—_
~—

2.9 g9y (1,1),(1,1)

ProoOF. By the Chinese remainder theorem we have
(2.1.17) Ok/9= O /P x - x Op/pht.
For this, note that p% and p?j are comaximal for i, € {1,...,t} with ¢ # j. For
ie{l,...,t} we have

fpi/pi)ki

(2.1.18) Ox/pi| =i ,

so that by (2.1.13),
(2119) p29 — p{(pl/pl)kl . 'p{(pt/pt)kt‘
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It follows that p; = --- = p; and

(2.1.20) 29 = f(p1/p1)k1 + - [(pe/De) ke

Also, since the factorization of a finite abelian group as a direct product of cyclic groups
of prime power order is unique (this is the fundamental theorem of abelian groups), we
see that t =1 or t = 2.

Assume first that ¢ = 1. Then exactly one of first five entries of (2.1.15) holds by the
following table (which follows from 3.1.2).

case e(p1/p) f(p1/p) ky exact conditions
from such that
3.1.2 Ok /ot =2 L/pI7 x L)pIZ
(1) (a) 4 1 k1 =0 (mod 4) impossible
(1) (b) 4 1 ki =1 (mod 4) impossible
(1) (c) 4 1 ki =2 (mod 4) ki =2and g=1
(1) (d) 4 1 k1 =3 (mod 4) impossible
(2) (a) 3 1 k1 =0 (mod 3) impossible
(2) (b) 3 1 k1 =1 (mod 3) impossible
(2) (c) 3 1 k1 =2 (mod 3) ki =2and g=1
(3) (a) 2 2 k1 =0 (mod 2) impossible
(3) (b) 2 2 k1 =1 (mod 2) kiy=1land g=1
(4) (a) 2 1 k1 =0 (mod 2) 29 =k
(4) (b) 2 1 k1 =1 (mod 2) impossible

(5) 1 4 impossible

(6) 1 3 impossible

(7) 1 2 ki=yg

(8) 1 1 impossible

Now assume that ¢ = 2. Then exactly one of the last four entries of (2.1.15) holds
by the following table (which follows from 3.1.2). In the following table i € {1,2}. Note
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that since t = 2 we must have Oy /p* = Z/p9Z. Note also that we use that

(2.1.21) 4= e(py/p)f(p1/p) + e(p2/p) [ (P2/P)-

case e(pi/p) f(pi/p) k; exact conditions

from such that
Theorem 3.1.2 Ok /vl =2 7/p97Z

(1) (a) 4 1 k; =0 (mod 4) impossible

(1) (b) 4 1 k; =1 (mod 4) ki=g=1

(1) (c) 4 1 k; =2 (mod 4) impossible

(1) (d) 4 1 k; = 3 (mod 4) impossible

(2) (a) 3 1 k; =0 (mod 3) impossible

(2) (b) 3 1 k; =1 (mod 3) ki=g=1

(2) (c) 3 1 k; =2 (mod 3) impossible

(3) (a) 2 2 k; =0 (mod 2) impossible

(3) (b) 2 2 k; =1 (mod 2) impossible

(4) (a) 2 1 k; =0 (mod 2) impossible

(4) (b) 2 1 k; =1 (mod 2) ki=g=1

(5) 1 4 impossible

(6) 1 3 impossible

(7) 1 2 impossible

(8) 1 1 ki=g=1

Finally, assume that K/Q is Galois. Then g and ¢ cannot satisfy the second, sixth,
and eigth entries of (2.1.15) because e(p;/p) divides 4 for i € {1,...,t} and e(p1/p) =

o= e(pe/p). O
2.2. CM-Fields

In this section we study a certain generalization of a quadratic imaginary field called
a CM-field. These fields arise as the field of fractions of endomorphism rings of some
abelian varieties so they will form a central object of study in this thesis. We will need

a couple preliminary concepts in order to define a CM-field.
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We call a number field K totally imaginary if no embedding of K into the complex

numbers takes K into the real numbers. We call K totally real if every embedding of K
into the complex numbers takes K into the real numbers. We call an element x of K

totally positive or totally negative if every embedding of K into the complex numbers

takes x into the positive or negative real numbers respectively.

DEerFINITION 2.2.1. A CM-field K is a finite algebraic extension of the field of rational
numbers Q that is totally imaginary and such that K has an index two subextension K
which is totally real.

The simplest example of a CM-field is a quadratic imaginary field K = Q(v/—d) with
d a positive integer. In this case, the totally real subfield is Q. In general, every CM-field
is of the form K = Ky(v/—A) where A is some totally positive element of K. We begin
by proving some basic facts about CM-fields.

LEMMA 2.2.2. Let K be a CM-field. There exists a unique automorphism [ : K — K
such that

(2.2.1) o(f(x)) = o(x) forz e K

for any embedding o : K — C. In fact, if Ky is a totally real subfield of K such that
K = Ko(vV/—A) where A € Ky is totally positive, then

(2.2.2) Bla+bvV—A)=a—b/—A fora,b e K.

PrOOF. Let K, be a totally real subfield of K such that K = Ky(v/—A) where
A € Ky is totally positive. Let o : K — C be an embedding. We first prove that

(2.2.3) o(a+b/=A) = o(a—bVA) for a,b € K.
Let a,b € Ky. Then

o(a+bvV—=A) =o(a) + o(b)o(vV—-A)

(2.2.4) = o(a) + o(b)o(vV=A).
Now

(c(V=2))* = o(V=A")

(—4)

= —0o(A).

o
o

Since A is totally positive we have o(A) > 0. It follows that

o(V=A) = e;\/o(A)i
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for some €, € {£1}. Therefore

o(V=A) = e,\/o(A)i
= —EUMi
(2.2.5) = —o(V-A).

From (2.2.4) and (2.2.5) we now have

o(a+bv/=A) = o(a) — o(b)o(v/=A)
=o(a—bv/-A).

This proves (2.2.3).

Now define f : K — K by (2.2.2). Then it is clear that § is in Gal(K/K,) and
in particular 8 is an automorphism of K. That ( satisfies (2.2.1) for any embedding
o : K — C follows from (2.2.4). Assume ' : K — K is another automorphism that
satisfies (2.2.1) with " in place of /5 for all embeddings ¢ : K — C. To complete the
proof we need to prove that ' = 5. Let © € K. Let 0 : K — C be any embedding.
Then 3'(z) = o (o(a(z)) = B(z). O

This gives us a new characterization of CM-fields

LEMMA 2.2.3. Let K be a number field. The following are equivalent.
(1) The field K is totally real or a CM-field

(2) Let p: C — C be complex conjugation. There exists an automorphism T from

K to K such that for every embedding o : K — C, poo =0coT.

ProOF. We first prove the forward implication. If K is totally real, the result is
trivial. If K is a CM-field, We let 7 = 3 be the automorphism of K from Lemma 2.2.2.
Then Lemma 2.2.2 implies (2).

We now prove the converse. Suppose that there exists an automorphism 7: K — K
such that po o = o o7 for every embedding o : K — C. Let Ky be the fixed field of 7.
If K = Ky then K is totally real. Suppose K # K. Then 7 is not the identity. I claim
the order of 7 is 2. Indeed, if x € K and ¢ : K — C is any embedding of K into C, let

Tk and ok be extensions of 7 and ¢ respectively to automorphisms of C. Then we have
T (z) =0l opoogogopoog
—1_ 2
=0y, Op ook
= Idc.

Because an extension of 7 has order 2, so does 7. K must be a degree two extension of
Ky which is not embedded into the real numbers, thus K is a CM-field. 0



23
We also have the following.

LEMMA 2.2.4. The following hold.

(1) Any composite of finitely many CM-fields and totally real fields is a CM-field or
totally real.

(2) The Galois closure of a CM-field is a CM-field.

(3) If ¢ is an embedding of CM-fields K1 — Ka, then we have plk, o ¢ = ¢ o pl|k, .

PROOF. We start by proving (1). If we can prove the result for two fields K, L then
the result will follow in general by induction. Let o be an embedding of LM into C and
let p be complex conjugation. We know that for any z € L or x € M,

Now let y € LM. Since y can be written as a rational expression of elements of M with
coefficients in L, o(p(y) = p(o(y)). (2) is true because the Galois closure of a number
field is the composite of the finitely many Galois conjugates of the number field. We
prove (3). Note that as Ky C C, we can regard the embedding of K; into K, as an

embedding into C, so this result is immediate. 0

CM-types. Let K be a CM-field of degree 2¢g over Q.
DEFINITION 2.2.5. A CM-type of K is a collection

(I):{¢17¢27'-'7¢9}

of embeddings of K into C such that {¢1, ¢2, ..., ¢4, 01 0p,P20p,...,¢40 p} is the full
set of embeddings of K into C.
Let M(g,C) denote the ring of g X g matrices with complex entries. Let D(g,C)

denote the subring of diagonal matrices. We will abuse notation and also write C¢ for

D(g,C).
By abuse of notation, we also use ® to denote the map K — D(g, C) defined by
1 ()
(2.2.6) O(x) =
Pq()
Note that as we are associating D(g, C) with CY we might also write this as a row vector:
®(z) = (¢1(2),. .., dg(x)).

However, because ®(x) for each z € K is a matrix it makes sense to multiply ®(z) by a

g X g matrix.
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Evidently, ®(K) is a subring of CY isomorphic to K with addition and multiplication
coming from matrix addition and matrix multiplication. Furthermore, by Lemma 2.2.3
we have for each © € K

O(z) = (7).
We define an action of K on M(g,C) by letting o € K act on X € M(g,C) by
(2.2.7) a- X =0(a)X.

There are 29 CM-types of K. Let K3/K; be an extension of CM-fields. Then we can
extend any CM-type ® of K; into a CM-type of K, by the following process. If & =
{¢1,...,¢,}, we define the CM-type of K5 induced by ® to be the collection

Oy, = {¢p € Hom(K,C) | ¢|k, € P}.

This is a CM-type by Lemma 2.2.4. We say that a CM-type is primitive if it is not
induced from a CM-type on a strictly smaller CM-field. We will also refer to a CM-field
K as primitive if every CM type defined on K is primitive. We say that two CM-types
® and ® are equivalent if there is an automorphism o of K such that & = Do

We will in particular focus on the example of a quartic CM-field, so we list the possible
CM-types on a quartic CM-field.

EXAMPLE 2.2.6. Let K be a quartic CM-field. Let p : K — K denote complex
conjugation. Then there exist four distinct embeddings of K into C. Let these be

¢1, P, p O P1,p 0 Po. Let & = {1, 2} and d = {¢1,p o ¢2}. Then exactly one of the
following holds.

(1) K contains a quadratic imaginary subfield. Then K is a Galois extension of Q,
and its Galois group is isomorphic to the Klein four-group. In this case, each
CM-type is induced from a CM-type on a quadratic imaginary field. The two
equivalence classes are {®, ®p} and {ED, 5,0}

(2) K is a cyclic Galois extension. Each CM-type is primitive and they are all
equivalent.

(3) K is non-Galois and its Galois closure has Galois group D,. Each CM-type is
primitive. The equivalence classes of CM-types are {®, ®p} and {&), E)p}

For a proof of this, see [13], section 8.4, example 2.

Let L be the Galois closure of K and G = Gal(L/Q). Note that G acts on the CM-
types of K in the following way. An automorphism o € G acts on ® = {¢1,...,¢,} by
g-®={oo¢y,...,00¢,}. Define the half norm Ng : K — L and half trace T : K — L
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of an element x € K associated to the CM-type ® by the following formulas:

LEMMA 2.2.7. Let K be a CM-field. Let ® be a CM-type on K. Let K; be the field
generated by elements Ty (x) for x € K. Let H be the subgroup of G which fixes ®, and
let Ky = L be the fized field corresponding to this subgroup. Then K, = K.

ProoF. To prove that K; C K, it suffices to show that the generators of K; are in
K,. Let Tp(x) be a generator of K. Let o0 € H be an automorphism of L which fixes
®. Thus the map ¢ — o o ¢ on P is a bijection. So we have

We now prove that Ky C K;. Note that the half trace is a sum of g embeddings of K
into L. The linear independence of characters (see [1], Chapter 14, Theorem 7) implies

that its image generates a Q-vector space of dimension g, so we must have K7 = K,. [

The field which satisfies one of the two equivalent definitions in the above lemma is
called the reflex field of K, denoted K". If K is itself Galois, clearly the reflex field is a
subfield of K, but if K is non-Galois this need not be true.

We will repeatedly have use of elements § € K which have the property that § = —§
and Re®(0) € RZ,. We define some notation to describe these elements. Let T be
any subset of the complex numbers and S any set of embeddings of K into the complex

numbers. Define:

(2.2.8) Ks(T)={rze K|oxeTforaloeS}.

Of particular interest will be the case when S = ® is a CM-type and T' = iR-:
(2.2.9) Kg(iRsg) = {zx € K| ox € iR for all 0 € $}

We also have that the above set is never empty. We care in particular about the case

when K is a quartic CM-field so we only prove the lemma in this case here.

LEMMA 2.2.8. Let K be a quartic CM-field. Let ® = {¢1,p2} be a CM-type on K.
Then Kg(iR<g) is nonempty.
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PRrROOF. First we show that a nonzero purely imaginary element of K exists. That
is, there exists a € K such that @ = —a. Indeed, if § is any element of K ~ K{ then
a = — [ is purely imaginary.

As a is purely imaginary for each j = 1,2 we have ¢;(a) = a;i for some ao; € R~ {0}.

Thus we have the following four possibilities.

(2.2.10) a; >0 and ay > 0,
(2.2.11) a; <0 and ay <0,
(2.2.12) a; >0 and ap <0,
(2.2.13) a; <0 and as > 0.

If (2.2.10) holds then o € K¢(iR<p). If (2.2.11) holds then —a € Kg(iRsg). If (2.2.13)
holds then (2.2.12) holds for —«. It thus suffices to show that K¢(iRsg) is nonempty if
(2.2.12) holds.

Suppose there exists v € Ky with ¢1(y) > 0 and ¢o(y) < 0. Then ya € Kg(iRsy).
Thus it suffices to show that there exists v € Ky with ¢1(v) > 0 and ¢a(v) < 0.

Let n be a squarefree integer such that Ky = Q(y/n). Let € = a + by/n € K, with
a,b € Q. Note that as ® is a CM-type ¢y # ¢, and thus if o = ¢1|x, and oy = ¢, We
have o1 # 09 so that, after perhaps exchanging o, with o, we have that o1 = 1, and o,
is the automorphism of Ky which maps /m to —y/m. We have

¢1(€) = a + by/nand
P2(€) = a — by/n.
Thus if we let v = y/n, then ¢1(7) > 0 and ¢(y) < 0 as required. O

The following Lemma will be useful in our eventual work. If K is a number field let
U(K) denote the group of units of Og.

LEMMA 2.2.9. Let K be a quartic CM-field with no roots of unity other than £1. Let
Ky be its mazimal totally real subfield. Then U(K) = U(Kj).

ProoOF. The field K is totally imaginary and K is totally real, so K, has 2 real
embeddings into the complex numbers and K has 2 pairs of complex embeddings into the
complex numbers. As neither field contains roots of unity other than +1, by Dirichlet’s
Unit Theorem (see [10], Theorem 7.4), we can write U(K) = {+1} x M and U(K,) =
{£1} x N where M and N are free abelian groups of rank 1. Let x be a fundamental
unit of A and y a fundamental unit of Ky. As N C M and both are of rank 1, there

exists some number k such that ¥ = y. As y is real, we have 7% = z*. Thus (%)k =1,
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so £ is a root of unity. Since by assumption the only roots of unity in K are &1, we

must have g = &1, or equivalently, T = +x. We also know the sign is not —1, as the

only purely imaginary units are 44 which are not in K, so we must have ¥ = z, so that

x 1s real. O

2.3. Riemann Forms

Let V' be a vector space over a field F' of characteristic 0. Let B = {by,...,b,} be an
F-basis of V. The Z-span of B is called a lattice in V. Note that some sources refer to

the Z-span of any linearly independent set as a lattice, but we only use the word lattice to
refer to the span of full bases. Such lattices are in some other sources called full lattices
or complete lattices.

Of particular interest is the case when F' = R. If L is a lattice in a real vector space

V' We will also call L a complex lattice if the vector space V also carries the structure of

a complex vector space. Note that in this case necessarily the rank of L is even. If L is
a complex lattice in a complex vector space V', we call V/L a complex torus.

Let L be a complex lattice in C9. Let E : L x L — Z be a Z-bilinear form. Denote
by Egr the R-bilinear form C9 x CY — R obtained by linearly extending the form on L.

More precisely, as L is a lattice in CY9, it contains an R-basis of CY so there is a unique
R-bilinear function Eg such that Eg(x,y) = E(x,y) for all x,y € L. Assume that F is
alternating, that is, that

E(z,z) =0 for all z € L.

Because C has characteristic 0, this is equivalent to E being skew-symmetric, that is
E(y,z) = —E(z,y) for all x,y € L.

Note that this implies the same properties are true of Eg. Let H denote the function
H : C9 x C9 — C defined by

H(z,y) = Er(iz,y) + iEr(z,y)
for all z,y € C9.

DEFINITION 2.3.1. Let £ : Lx L — Z, Eg : C9 x C9 - Rand H : CI x C9 — ¢

be the functions defined above. We call F a Riemann form if they have the following

properties:
(1) Eg(iz,iy) = Eg(x,y) for all (v,w) € C9 x C.
(2) The function H : CY x C¢ — C is a positive definite Hermitian form.
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REMARK 2.3.2. The fact that H is a Hermitian form is equivalent to the first condi-
tion. Indeed, if Fg(iz,iy) = Eg(x,y) for all x,y € CI, we have
H(y,x) = Er(iy,z) + i Er(y, x)
= —Egr(z,1y) — iBr(z,y)
= Eg(iz,y) — iEr(z,y)
= H(z,y)

for all z,y € C9. Conversely, if H is Hermitian so that H(y,z) = H(z,y) for all z,y € C9,

then in particular we have

=
=
=
o~
s
I

Eg(iz, iy) + iEg(z, iy),

so that, by equating real parts,

Egr(iz,1y) = Er(—y,x) = —Er(y,x) = Er(x,y).

We have used the fact that Eg is an alternating bilinear form.
Also note that the second condition is equivalent to the map CY9 x C? — R given for

x,y € C9 by Eg(iz,y) being positive definite. Indeed, as Fg is alternating, if z € C9,
H(z,z) = Eg(iz,z) + iEg(z, x) = Eg(ix, )
so that H(x,z) = 0 if and only if Eg(x,z) = 0.
ExaMPLE 2.3.3. Consider the lattice L = Z +iZ in C. We can define a Z-bilinear

form F on L by
E(a+ bi,c+ di) = bc — ad.

Then E is an alternating form, and if z = a + bi,w = ¢+ di € C,
H(z,w) = Eg(iz,w) + iEg(z,w)
= Er(—b+ ai,c+ di) + iEg(a + bi, c + di)
= ac+ bd + (bc — ad)i
= ZW.

In particular, H(z,z) = |z|* so that H is a positive definite Hermitian form and F is a

Riemann form.
To characterize polarizations we need a basis which is described below.

THEOREM 2.3.4. Let K be a CM-field with a CM-type ®. Let ¢ be a fractional ideal
of K and L be the lattice ®(¢) C CI. Let E be a Riemann form on L. Then there exists
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elements y1, Y2, ..., Yg, 21, 22, - - -, 2 in ©(K) and unique positive integers my, . .., m, such

that mq|ms, ma|ms, ... my_1|my,
L =7+ yli+ -+ yoe + myz L+ maozoli + - - - + my242,
and such that for each pair of indices j, k, E(y;,yx) = E(2;, 2z1) = 0 and E(y;, zx) = 0.

PROOF. This is a specialization of Proposition 1.3 of [14]. Shimura proves a more
general result for alternating forms on arbitrary Dedekind domains, but this theorem is

a special case which is all that is necessary for our purposes. U

DEFINITION 2.3.5. Let E be a Riemann form defined on a lattice L. The basis given in

Theorem 2.3.4 is called a canonical basis for L relative to . When you have a canonical

basis for L relative to Eyou also have the associated tuple (m; ..., my). This is called
the type of E.

Let V' be a finite-dimensional complex vector space of dimension g and let L be a
lattice in V. Let GG be the set of all Riemann forms L x L — Z. Assume that G is non-
empty. The set G is a semi-group under addition. Two elements F, and FE, of GG are said
to be commensurable if there exist positive integers n; and ns such that niFy = nyFs.
Commensurability is an equivalence relation on GG. Any equivalence class of G with
respect to commensurability is called a polarization of L. Let P be a polarization of L,
let £ € P and let (my,...,m,) be the type of E as in Theorem 2.3.4. Then m;'FE is
mg

293: we thus may assume that m; = 1. It

7m1

also contained in P and has type (1, 2
is straightforward to verify that every element of P is a positive integer multiple of F
and in fact that E is the unique element of P with this property. We refer to this unique

element E of P as the minimal element of P. If F is the minimal element of P, then we

refer to the type of E as the type of the polarization P. If the type of P is (1,...,1),

then we say that P is a principal polarization.

2.4. Bilinear Forms on CM-Fields

The purpose of this section is to establish the properties of certain lattices contained
in CM-fields. Our first proposition introduces these lattices and proves that they are in

fact lattices.

PRrROPOSITION 2.4.1. Let K be a CM-field, ® a CM-type on K and ¢ a fractional ideal
of K. Let L = ®(c). Then L is a lattice in C9.
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PROOF. Let ay,...,ay, be a basis of ¢ over Z. Then because this is a basis, the

discriminant of this basis is nonzero. The discriminant is the determinant of the matrix

Pr(ar)  @alar) ... ylar) (@) ... ¢y(a@)
P1(az)  @alaz) ... @ylas) (@) ... ¢4(a)

Pr(azg) daazg) .. @glazy) 1(azg) ... ¢g(arg)

Because ®|; : ¢ — ®(c) defines a bijective Z-linear map, ®(a1),..., P(az,) defines a Z-

basis of L. Note that, if we denote the elements of this basis by vy, ..., vs, respectively,
the matrix above has the form

vy U1

Vo @2

Vg Vzg

Thus, this Z-basis is linearly independent over R if and only if the above matrix has

nonzero determinant, which was already noted to be true. Therefore L is a lattice in

Cs. U

The reason we care about these lattices in particular is they admit an action of Og.
This property will eventually supply important connections to algebraic geometry. We
will discuss this later, however.

Our eventual goal is to discuss the necessary and sufficient conditions for these lattices
to admit Riemann forms. To this end we will need a a few results on a certain class of

bilinear forms described as follows:

DEFINITION 2.4.2. Let K be a CM-field of degree 2¢ and ¢ a fractional ideal of K.
Let ® be a CM-type on K. Let L = ®(¢) C CY. Let B : L x L — Z be a Z-bilinear form

on L. We say that B is compatible with complex multiplication if for every a € 9D g and

u,v € ®(c), we have
B(au,v) = B(u,av).

Note that in the case that E : L x L is compatible with complex multiplication, then
the R-linear extension g : CY x CY satisfies the same identity when a € C and u,v € CY.
In addition, the form Fx : K x K — Q defined by pulling back E to ¢ x ¢ and extending
Q-linearly to K x K satisfies the same equality when a,u,v € K. Because of this we will
also refer also to Q-bilinear forms on K and CY satisfying these equalities as compatible

with complex multiplication.
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LEMMA 2.4.3. Let K be a CM-field, ® a primitive CM-type on K and ¢ a fractional
ideal of K. Let L = ®(c). If E: L x L — Z is any Riemann form, then E is compatible

with complex multiplication.

PrOOF. This is proven in [13], though not in exactly this form. This is a result of
equation (3) in Theorem 4 of Section 6.2. O

LEMMA 2.4.4. Let K be a CM-field. Let ¢ be a fractional ideal of K, ® a primitive
CM-type on K. Let L = ®(c). Let B : L x L — 7Z be a nondegenerate Z-bilinear form
which is compatible with complex multiplication. Let B, : ¢ X ¢ — Z be the Z-bilinear
form on ¢ defined so that B.(x,y) is equal to B(®(x), ®(y)) for all x,y € ¢, and let
By : K x K — Q be the unique Q-bilinear form which extends B, to K x K. Then there
exists an element & € K such that for all z,y € K we have

B (z,y) = Tr{ (§Ty).

PRrooOF. For each £ € K define a function T¢ : K — Q which for x € K is defined by
Te(x) = Trg (x). Note that the trace form which maps (z,y) € K x K to Tr{ (zy) is a
nondegenerate bilinear form. Therefore every Q-linear functional K — Q is of the form
T¢ for some € € K.

Returning to our setting, we use our bilinear form By to produce a Q-linear functional
K — Q. For each x € K let fg(z) : K — Q denote the linear functional defined for
all y € K byfg(z)(y) = Bg(x,y). The compatibility of B, with complex multiplication
gives the following equality for every a,x,y € K:

felaz)(y) = fa(z)(ay).

Note that in particular we have fg(z)(y) = fg(1)(Ty). As fp(1l) is a bilinear form
K x K — Q by our earlier discussion there exists £ € K such that for all x € K we have
fB(1) = Tr§ (€x). So if 2,y € K we have that

f5(1)(zTy) = Trg (ETy).
By the rule coming from complex multiplication, this means that
fe(2)(y) = Trg (§Ty)
for x,y € K. This by definition means that
B (x,y) = Trgy (§Ty)
for z,y € K. O

We are now prepared to prove the following result.
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PROPOSITION 2.4.5. Let K be a CM-field. Let ¢ be a fractional ideal of K, ® a
primitive CM-type on K. Let L = ®(¢). Let E : L X L — Z be a Riemann form on L.
Then there exists a 6 € K with the property that 6 is in Ke(i1Rso) and for all x,y € ¢

we have

E(®(x), ®(y)) = Trg (0~ 'Ty).

Proor. Note that by Lemma 2.4.3 the Riemann form F is compatible with complex
multiplication. So Lemma 2.4.4 implies that there exists £ € K such that for z,y € K,
Ex(z,y) = Tr(g(gfy). Let § = &1, It only remains to prove that ¢ has the desired
characteristics. Let E, denote the restriction of Ex to Ky. First we show that Ek, is
a symmetric form. Note that O, contains a basis of Ky, so it suffices to show this for
x,y € Og,. As Ky is totally real, for z,y € Ok,, T = x and § = y. We have that for all
T,y € O,

Thus Ek, is a symmetric form. But we also have that E, is alternating, so for z,y € Kj,

0= EKO(x—I—y,x—i—y)
= EKO(’Ia :L‘) + EKO(yay) + QEKO(x7y)
= 2EKo(x7y)'

Therefore, Fx restricts to the zero form on K,. More explicitly, this means that for all

x,y € Ky, we have

Tig (Exy) =0
K

TH (T () = 0

TrEo (¢ + E)ay) = 0.
This is in particular true when = = 1 which implies, because the trace form is nondegen-
erate, that £ + & = 0. So € is imaginary and therefore ¢ is also imaginary. Now, because
J is imaginary, we can write, for each j, ¢,;(d) = id; for a real number ¢;. We must prove
that the d; are positive. For this purpose we write a formula for Eg. Let a4, ..., ay, be

a Z-basis of ¢ so that ®(aq), ..., P(ay,) is a Z-basis of ®(¢). For any r,s € {1,...,2¢g}

we have

E(®(a,), ®(ay)) = Trg (§a)
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= Z ¢t<€ara8) + ¢t(€ara8)
t=1

g
(2.4.1) = Z 0y on(as)pu(on)i — 6, Py (v ) iy )i
t=1
Now, for z = (21,..., 24), w = (w1, ...,w,) € C the following define R-blinear forms on
C9:

g

Egr(z,w), Z —6; H(Zrwyi — Wizd).

t=1
Since by (2.4.1) these two R-bilinear forms agree on a basis of CY as a real vector space

we conclude that they are equal. That is, for z,w € C9 we have
g
(2.4.2) Er(z,w) =Y —6; ' (Fwii — Wyzi).
t=1

Because F is a Riemann form, Ey is the imaginary part of a positive definite Hermitian

form H and we have for x,y € C9,

Consider the values of H at vectors e; which are 1 in the jth position but 0 elsewhere.
We have that

H(ej,e;) = Er((0,...,7,...,0),(0,...,1,...,0))
-1 .o ..
=—0; (—i-i—i-1)
= —26;"
which implies that the ¢; are all negative. 0

We now prove that every element § such that 6! is in Kg(iRsg) defines a Riemann

form in this way.

PROPOSITION 2.4.6. Let K be a C'M-field with a primitive CM-type ®. Let ¢ be a
fractional ideal of K and let L = ®(c). Let D be the different of K. Assume that there

exists an element 0 in ¢€D which is such that 5~ is in Kg(iR<o). Then the bilinear form
B: L x L — 7Z defined for all x,y € ¢ by

B(®(x), d(y)) = Trg (0~'7y)
1s a Riemann form.

PRrOOF. First, note that the form described takes values in the integers. Indeed, as
¢ e ' D! is the trace dual of ¢t and 6 € ¢7 ¢ ' DL, if 2,y € ¢, then Trg(é_lfy) is in
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Z. We prove that B is an alternating form. Let x € ¢. Then
B(®(x), ®(z)) = Tr(g(cs_le)
= Tr(gO (Tri, (67 '27T))
= Trgo(d_le + 6~ 127T)
=0.
The last line is justified by the fact that 6 '2Z € Kg(iR). To complete the proof we

prove that B is a Riemann form. Let Bg : C? x C9 — R be the real-linear extension of
B from L to C9. Let H : C9 x C9 — C be the bilinear form given for z,w € C9 by

H(z,w) = Bgr(iz,w) + iBgr(z,w).

We first prove (1) of 2.3.1. For this, we calculate a formula for Bg. Let ay,...,as, be a
Z-basis of ¢ so that ®(ay),...P(ay,) is a basis of L. Because L spans C? as an R-vector
space, this is also an R-basis of C9. Let ® = {¢y,...,¢,}. For each j, let 6; = Im(¢;(9)).
Then for k,l € {1,...,¢},

Bg(®(ax), ®(a;)) = B(®(ax), ®(a))

= Tr(g(é_lakal)

g _
=3 6 (6 @) + 6,00 arar)

g
= =6, b (an)pr(ar) + 0, by (ar) dr ().

Because this formula holds on a basis of C9 we conclude that the form Bg is given for
z=(z1,...,24) and w = (wy, ..., wy) by the formula

g
Bgr(z,w) = Z —i0 L (Zow, — 2,70,).

r=1

This is by the same reasoning as the derivation done in Proposition 2.4.5. We now

calculate for z = (21,...,2,) and w = (wy,...w,) € C
g —
Be(iz,iw) =Y | —id, ' (izpiw, — iziw,)
r=1

g
= —i5 (Zw, — 20,)
r=1

= Bg(z,w).
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We now show (2) of Definition 2.3.1. Because B is alternating, it suffices to show that
Re(H) is positive definite. We have

g
Br(iz, z) = Z —i6 iz 2y — 12,Z,)

r=1

g

—1_ =

= E —20, 2%,
r=1

which is positive because ¢, is negative for each r. This completes the proof. O

We have now proven that Riemann forms E on L are fully characterized by a choice
of element § such that 5! isin ¢ 'D7!, and 67! is in Kg(iRso). We can actually say

more about ¢ depending on what the type of FE is.

DEFINITION 2.4.7. Let A be a lattice in a vector space V over a field F' and B :
V x V — F be a nondegenerate F-bilinear form on V which restricts to a Z-bilinear
form on A. The dual of A with respect to B, denoted Af, is

(2.4.3) N ={zeV|B(z,\) CZ}.
We say that A is self-dual with respect to B if A = A%
We have the following result.

LEMMA 2.4.8. Let K be a CM-field and ® a CM-type on K. Let ¢ be a fractional
ideal of K and L = ®(c¢). Let E be a Riemann form on L inducing a polarization of
type (Ma,...,my) and Yy, ... Yy, M121,..., Mgz, a canonical basis of L with respect to

this Riemann form. Regard L as a lattice inside the Q-vector space ®(K). Then we have

Lﬂ:£Z+£Z+“'+£Z+21Z+Z2Z+"'+ZQZ.
mq mo my

ProoF. This is a routine calculation. U
LEMMA 2.4.9. Let K be a CM-field and ® a CM-type on K. Let ¢ be a fractional

ideal of K and L = ®(¢). Let E be a Riemann form on L. Then E defines a principal
polarization if and only iof L is self-dual with respect to E.

PROOF. Based on the characterization of L* from Lemma 2.4.8, L* = L if and only

ifm =mg=---=my =1 OJ

LEMMA 2.4.10. Let K be a CM-field and ® a CM-type on K. Let ¢ be a fractional
ideal of K and L = ®(c). Let E be a Riemann form on L of type (my,...,m,) and
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Yty -y Yg, MIZL, - - ., MgZg @ canonical basis of L with respect to this Riemann form. Re-
gard L as a lattice inside the Q-vector space ®(K). Then we have the following isomor-

phism of abelian groups.
L)L =~ (Z)miZ)* x (Z)msZ)* x - x (Z)myZ)*.

Proor. We have
DL+ BLA -+ Lt 0Lt Lt 2L

L’/L =™
/ NL A Yollo 4 - - - + Yoo + My 20 LA+ M2l + - - -+ Mg2g
Z
R/ RRRTY/ Y maz L mozol Myzy L

~ (Z/mZ)* x (Z)maZ)? x --- x (Z)m,Z)* .
This proves the result. O

We need another lemma to build toward our main result.

LEMMA 2.4.11. Let K be a CM-field with primitive CM-type ® and different D.
Let ¢ be a fractional ideal of K and L = ®(¢). Let E be a Riemann form on L. By
Proposition 2.4.5 there exists 6 € K which is such that 6~ is in Kg(iRsg) such that E
1s given by the formula

E(®(x), (y)) = Trg (0~'7y)
for all ®(z),®(y) € L. We then have
L =& 'D™).

PRrROOF. For a lattice A C K, let AV denote the trace dual of A in K. Note that for

fractional ideals v we have t¥ = t='D~!. In particular, D~! = O},. We have
L= () = {w e O(K)| Ex(w,®(c)) CZ}
= {we oK) T (6~ e (w)e) C 2}
= ({ze K| Tef (6 'zc) CZ})
= ({ze K| Tef (6 'at) CZ})
2((571%)")
o (5 D).

This completes the proof. O
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2.5. Abelian Varieties

An abelian variety over a field K is a group variety over K that is, as a variety,

connected and complete. In particular, an abelian variety has a group structure which is
abelian. For example, an elliptic curve is an abelian variety of dimension one. Abelian

varieties over the complex numbers have a very rigid structure.

THEOREM 2.5.1. If A is an abelian variety of dimension g defined over the complex
numbers then there ezists a lattice L in C9 such that A(C) ~ C9/L and there exists a
Riemann form L x L — 7Z. Conversely, if L is a lattice in C9 for some positive integer

g and there exists a Riemann form L x L — Z then CI9/L is an abelian variety.

PROOF. The proof is long. An outline is given in Chapter 3 of [13], although he
neglects to prove some details. In particular, Shimura neglects to prove that his con-

struction of a Riemann form from a holomorphic theta function works. To see details on
these, see [3], Chapter 4 or [5], Chapter 5. O

Let A be an abelian variety of dimension ¢ and let L be a lattice in CY such that
A ~ C9/L. We define a polarization of A to be a polarization P of L, and we refer to
the pair (A, P) as a polarized abelian variety.

We list some properties of transformations of abelian varieties which will motivate
the primary objects of study for this thesis. We make many claims without proof but
proofs can be found in the early chapters of [13] or [6].

Let A and B be abelian varieties. A homomorphism of abelian varieties from A to B

is a map A — B which is a homomorphism of group varieties. We denote the set of all
homomorphisms of abelian varieties from A to B by Hom(A, B). This is an abelian group

under addition. A homomorphism from an abelian variety A to itself is called an endo-

morphism. We write End(A) = Hom(A, A). This is a ring with addition and composition
of functions as its operations. An isogeny from A to B is a surjective homomorphism
of abelian varieties with a finite kernel. An abelian variety is called simple if it is not
isogenous to a product of lower-dimensional abelian varieties.

Assume that A is an abelian variety over C of dimension g. Then A is isomorphic
to C9/L for an appropriate lattice L. In this case, because a homomorphism of group
varieties is in particular a homomorphism of complex manifolds. Such a homomorphism
lifts from C9/L to a linear map C9 — C9. It follows that there is an isomorphism between
the ring of endomorphisms A — A and the ring of linear endomorphisms C? — C9 which

leave L invariant. That is,

End(A) ~ {a e My(C)| oL C L}.
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Then End(A) is a finite rank Z-module in M, (C) of rank no greater than 2g. Most abelian

varieties will have endomorphism rings of rank less than 2g. Assume that A is simple
and has endomorphism ring of rank 2g. Then it can be shown that K = End(A) ®z Q
is a CM-field. Then End(A) is isomorphic to an order O contained in O . In this case,
we say that A has complex multiplication by O.

PROPOSITION 2.5.2. Let K be a CM-field, ¢ a fractional ideal of O and L = P(c).
Suppose that L admits a Riemann form so that C9/L is a polarized abelian variety. Then
CY9/L has complex multiplication by Ok .

PRrOOF. We define an action of O on C9 by letting o € O act on z € C9 by
a-z=%o(a)z

as in Definition 2.2.5. Now, note that as ¢ is a fractional ideal of K it has the property
that ac C ¢, which implies that a - L C L. Therefore the action of O on CY descends

to an action of Dk on L. So L has complex multiplication by Ok 0

It is also true that any abelian variety A with complex multiplication by O is

isomorphic to C?/®(c¢) for some fractional ideal ¢ of K.
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Chapter 3: Main Results

In this chapter we state and prove the main results of this thesis. The first main
result is Theorem 3.1.2 which characterizes exactly when there exists an abelian surface
with complex multiplication by the maximal order O in a given CM-field K admitting
a polarization of type (1,m). Such a surface is isomorphic to C?/®(c) where ® is a
primitive CM-type of K and ¢ is a fractional ideal of K, such that ¢t Diff g = da™" for
61 € Kg(iRsp) and a a fractional ideal of certain specified forms. This expands upon
work by Shimura and Taniyama when m = 1.

The remainder of the section deals with corollaries of this result. We derive many
necessary conditions for there to be polarized abelian surfaces with complex multiplica-
tion by a given CM-field K. Many of these necessary conditions are specific to the case
when K is a cyclic Galois extension or to the case when K is a non-Galois extension.
These necessary conditions are not sufficient conditions, but if m is a positive integer,

whenever there exists a fractional ideal a = [[ | a, as given in Theorem 3.1.2 and a is

plm
an extension of an ideal of K, we prove in Theorem 3.2.1 that there exists some abelian

surface with complex multiplication by K which admits a polarization of type (1,m).

3.1. The Main Theorem

This section is devoted to the proof of the most important theorem in this thesis. We
wish to generalize classical results producing elliptic curves with complex multiplication.
These classical results are, for instance, the key to many theorems on the generation of
class fields of quadratic imaginary fields by values of modular functions at CM-points.
Recall that when F is an elliptic curve defined over C the ring End(F) is either isomorphic
to the integers or to an order O in a quadratic imaginary number field K. The theory has
been extended by Shimura and Taniyama [13] to abelian varieties of higher dimension.

The elliptic curves which have complex multiplication by $© are those which are
isomorphic to C/c¢ where ¢ is a fractional ideal of Og. Because homothetic lattices
produce isomorphic elliptic curves, the isomorphism classes of elliptic curves with complex
multiplication correspond to the ideal classes of Ox. When generalizing this to a field
of higher degree, things are more complicated. It is still true that an abelian variety of
dimension g is isomorphic as a complex Lie group to a dimension g complex torus, which
is a quotient of CY by a full rank lattice, but we now have to establish when it is possible
to define a polarization on the lattices involved. The aim of this section is to explain how
to produce abelian surfaces which have complex multiplication by a specified order O in

a quartic CM-field K and which have a polarization of a specified type (mq,ms).
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Notation and conventions. In the remainder of this section unless it is specified
otherwise, K will refer to a CM-field with [K : Q] = 2¢. Its maximal totally real subfield
will be denoted by Ky. We regard K as embedded into the complex numbers so that
the map p : C — C mapping an element = to its complex conjugate T restricts to an
embedding of K into C. Let O = O be the ring of integers of K.

Characterization of polarizations. We begin by stating a result already known
in the literature (for example in [13]) classifying abelian surfaces with complex multipli-
cation which have a principal polarization.

THEOREM 3.1.1. Let K be a quartic CM-field. Let ® be a primitive CM-type on K.
Let Oy be the ring of integers of K and ¢ be a fractional ideal of Of. Let L = ®(c¢).
There exists a Riemann form E on L which induces a principal polarization on C*/L
if and only if there exists a number § € K such that =1 € Kg(iRsq) and such that
(0) = ccD. When this is the case, a Riemann form E is defined for all ®(z), ®(y) € L
by

E(@(x), ®(y)) = Trk (5~7).

The main result of this section is to generalize Theorem 3.1.1 to the case of any

polarization. Our theorem can be stated as follows:

THEOREM 3.1.2. Let K be a quartic CM-field with primitive CM-type ®, ¢ a fractional
ideal of K, and L = ®(c). Let m be a positive integer. Let S, be the set of all ideals b

which have a factorization of the form
b=ccD H a,

where for each prime p|m, a, and v,(m) satisfy one of the following:

(1) a, = p~"™) where p is a prime lying over p with e(p|p) = 1, f(plp) = 2;

(2) a, = p~2(™) where p is a prime lying over p with e(p|p) = 2, f(plp) = 1;

(3) a, = pl_vp(m)pz_v”(m) where p1 and po are distinct primes lying over p with
e(p1lp) = e(p2lp) = 1, f(p1lp) = f(p2lp) = 1;

(4) a, = p~? where v,(m) =1, and p is a prime lying over p where e(p|p) = 4 and
f(plp) =1 ore(plp) = 3 and f(p|p) = 1;

(5) a, = p~' where v,(m) =1, and p is a prime lying over p where e(p|p) = 2 and
fplp) = 2;

(6) a, = pyps ' where v,(m) = 1, and p; and py are distinct primes lying over p
where p1 and po satisfy one of the following.
(a) e(pilp) =3, e(p2lp) = 1 and f(p1lp) = f(p2lp) = 1;
(b) e(p1lp) = e(p2lp) = 2 and f(pilp) = f(p2lp) = 1;
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(¢) e(prlp) = 2, e(pa2lp) = 1 and f(p1lp) = f(p2lp) = 1.

Then there exists a Riemann form on L which defines a polarization of type (1,m) if and
only if there exists an ideal b € S,, which is principal and of the form b = (8) where

60t € Kg(iRsg). In this case, the Riemann form is given by the formula
E(®(x), (y)) = Trg (0~'7y)
forx,y € c.

PROOF. Assume there exists a Riemann form F : L x L — Z of type (1,m). By
Proposition 2.4.5 there exists § € K such that 67! € Kg(iRsg) and E(®(z),®(y)) =
Trg(é_lxy) for all ,y € ¢. By Lemma 2.4.10 we have that if L is the dual of L with

respect to E then, since the type of E is (1,m), we have, as abelian groups,
(3.1.1) L}/L ~ (Z)mZ)*.

On the other hand, we also have by Lemma 2.4.11 that L* ~ §¢ *D~'. Using Lemma 2.1.1

we have that

(3.1.2) L}/L ~ &6 D™ e~ Ok /67 ceD.

Thus, by (3.1.1) and (3.1.2) we have

(3.1.3) O /67 D ~ (Z/mZ)* .

Let the prime decomposition of §~tccD be

(3.1.4) §tceD =q ... g

Let the prime decomposition of m be

(3.1.5) m=pit...pe.

The Chinese remainder theorem gives us the following equalities:

O /0 D ~ O /q) x -+ x O /q%,

(Z/mZ)? = (Z/p{"L)* x ... (LD L)" .

These equalities, together with (3.1.3) now give us

(3.1.6) Dse/all -+ X DueJait = (B L) x ... (Zfp T,

Note that for each j = 1,...,t there is a unique rational prime ¢; lying under g; and
O/ q?j is g;-primary. Also note that (Z/ij)2 is p;-primary. This implies each prime
¢; is contained in the set {pi,...ps}. That is, for each j € {1,... ¢} there exists an
le€{1,...,s} such that q;|p;. Thus, because of the isomorphism (3.1.3), after a possible
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reordering of the primes dividing m, we have for each j, if we define (6~'ceD),, as in
Lemma 2.1.6, then

Ok /(67 D), =~ (Z/pV'7)*.
To complete the proof of this direction it will suffice to prove that d~'ccD has form
as in (1), (2), (3), (4), (5) or (6) in the statement of the theorem. This follows from
Lemma 2.1.6 and 2.1.7.

To prove the other direction suppose that S, contains a fractional ideal b which is
principal and of the form b = (§) where 6! € Kg(iRs(). By the definition of S,, we
may write b in the form

b=(6)=ccD]]a
plm
where for each p|m, a, satisfies one of (1), (2), (3), (4), (5) or (6) as in the statement
of the theorem. Note that 6 € c¢cD. By Proposition 2.4.6 we have that if we define
E : L x L — 7Z by the formula

E(®(z), ®(y)) = Trg (6" Ty)

for z,y € ¢ then E defines a Riemann form on L. We must show that it defines a
Riemann form of type (1, m). Let (my, m2) be the type of the polarization defined by E.
If L* denotes the dual of L with respect to E then by Lemma 2.4.11 and Lemma 2.4.10

respectively, we have

(3.1.7) L/L~9Dy/67'D = O/ ][ a," and
plm
(3.1.8) L}/L ~ (Z)mZ)* x (Z)msZ)* .

Using that the a, satisfy one of (1), (2), (3), (4), (5), or (6) and Proposition 2.1.2 one
may verify that O /][, a," =~ (Z/mZ)*. This implies that m; = 1 and my = m by the
uniqueness of the canonical decomposition of finite abelian groups. (See [11] Corollary
6.11.) 0

The following easy result from Theorem 3.1.2 will be necessary in later deriving

necessary conditions for the existence of polarizations.

LEMMA 3.1.3. Let the assumptions and notations be as in Theorem 3.1.2. Assume
that there exists a Riemann form on L which defines a polarization of type (1,m). Then

for each prime p dividing m the norm of a, is of the form
N(a,) = p?

for a positive integer [.
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PROOF. Let p be a prime dividing m. Because a € R,,(K)we must have that a,
satisfies one of (1), (2), (3), (4), (5) or (6) of Theorem 3.1.2. We consider each of these
in turn.

If a, satisfies (1) then there exists a prime p of K over p such that a, = p~»(™) and
f(plp) = 2. Thus N (a,) = p~2»("™). If a, satisfies (2) then there exists a prime p of K
over p such that a, = p~»"™ and f(plp) = 1. Thus N§(a,) = p~2»("). If a,, satisfies
(3) then there exist primes p; and py of K over p such that a, = p; *™p; "™ and
f(p1lp) = f(palp) = 1. Thus N§ (a,) = p~2»™. If a, satisfies (4) then there exists a
prime p of K over p such that a, = p~2 and f(p|p) = 1. Thus N(g(ap) =p 2 Ifa,
satisfies (5) then there exists a prime p of K over p such that a, = p~* and f(p|p) = 2.
Thus N (a,) = p~2. If a, satisfies (6) then then there exist primes p; and p; of K over

p such that a, = p;'p;" and f(pi1|p) = f(p2|p) = 1. Thus Néf(ap) =p 2. O

3.2. Corollaries of the Characterization of Polarizations

There are some relatively simple corollaries of Theorem 3.1.2 which we establish in
this section. The following new notation will often be useful in the sequel. Let K be
a primitive quartic CM-field with CM-type @, ¢ a fractional ideal of K and L = ®(c).
Let m be a positive integer. We let R,, = R,,(K) be the set of all fractional ideals
a = [[,,, @ where for each p|m we have that a, satisfies one of (1), (2), (3), (4), (5) or

(6) in Theorem 3.1.2. We first prove an existence result.

THEOREM 3.2.1. Let K be a primitive quartic CM-field. Let m be a positive integer.
Assume that a =[], a, 15 a fractional ideal in Ry (K) such that there exists a fractional
ideal b of Ko such that a = Q. Then there exists a fractional ideal ¢ and a CM-type
® such that ®(c) admits a polarization of type (1,m).

PRrROOF. This proof uses ideas from Proposition 5.3 in [17] and page 41 in [16].

Let z be any nonzero element of K such that Z = —z. By [18] Theorem 10.1 and the
fact that the infinite place of K ramifies in /', we have that the map N{((0 : CI(K) —
Cl(Ky) on class groups induced by the norm map of ideals is surjective. We claim that
2 Diff g /g a is an extension of an ideal b in Ky. Indeed, if Diff i/, is the relative different
of K over Ky, by Theorem 2.5 in chapter III of [10], Diff x/x, is generated by elements
of the form f’(e) where € € O is such that K = Ky(¢) and f is the minimal polynomial

of € over Ky. As K/Kj is a quadratic imaginary extension,
f(z) = 2* — (e +&)x + €€,

so that
fl(e)=2¢—e—e=¢€c—F¢
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Thus Diff g, is generated by elements of the form e — € with € € Og. For each € € K,
€ — € is purely imaginary in K. So if b; is the ideal in K generated by elements of the
form z71(e —€), then 27! Diff /i, = 01O k. And by definition Diff ¢ /g is an ideal of Kj.
Finally, recall that a = hO ¢ with b a fractional ideal of K. Thus

2 ' Diff /g a = 27 Diff g/, Diff g0 0O ¢ (See page 443 in [4])
- bl Diff}(o/@ hDK
=bOx

where b = b;h Diff i, o. Thus by the surjectivity of the norm map on class groups, there
exists y € K and a fractional ideal ¢ of O such that

yNig, () =1
yN[Ig()(C_l)DK = bDK

ye 't =27 Diffg g a (see ex. 14, ch. 3 of [7])

yz = ccDiff g /g a.

Note that as y € Ky and z is purely imaginary, yz is purely imaginary. Thus, by
Theorem 3.1.2 there exists a CM type ® such that ®(¢) admits a polarization of type
(1,m). O

Using Theorem 3.2.1 we can give a simple sufficient condition for the existence of a

(1,m) polarization when m and the discriminant of K are relatively prime.

COROLLARY 3.2.2. Let K be a primitive quartic CM-field of degree 4 with mazximal
totally real subfield Ky. Let m be a positive integer. Assume for each prime p dividing

m, p is unramified in K and we have

(DiSCKO/Q> —1
—p .

Then there exists a fractional ideal ¢ of K and a CM-type ® of K such that ®(c) admits
a polarization of type (1, m).

PROOF. By Theorem 3.2.1 it suffices to show that we can find a € R,,(K) such that
there exists a fractional ideal b of Ky such that a = hO . To show this it suffices to
show that for each p|m we can find a, such that a =[], a, and there exists a fractional
ideal b, of Ky such that a, = h,O.

Disero/@) — 1 we have that p splits in K, i.e., there exists a prime p of

Because (
Ky such that pOg, = po(p) where o is the nontrivial automorphism of K. If p remains
inert in K then let b, = p~ (™ and a, = h,Ok. Then we have that a, satisfies (1) of

Theorem 3.1.2. If p splits in K so that pOy = PP for a prime P of K, let b, = p~»(™
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and a, = h,0x = ‘B_”P(m)‘fw”(m). Then we have that a, satisfies (3). In either case
there exists a fractional ideal b, of K{ such that a, = h,Ok so that there exists some
fractional ideal ¢ of K and some CM-type ® such that ®(c¢) admits a polarization of type
(1,m). O

COROLLARY 3.2.3. Let K be a primitive quartic CM-field with CM-type ®, ¢ a frac-
tional ideal of K and L = ®(c). Let p be a rational prime and let m be a positive integer
such that plm. Assume that C?/®(c) admits a polarization of type (1,m). Then p is not
wmert in K.

Proor. This follows immediately from Theorem 3.1.2. U

LEMMA 3.2.4. Let K be a primitive quartic CM-field with CM-type ®, ¢ a fractional
ideal of K and L = ®(c). Let m be a positive integer. Then each element ¢ of R,, which

satisfies cc Diff g/g v = () for some § € Ko (iR) is invariant under complex conjugation.

ProoF. This follows from the fact that (§) and Diff /g are invariant under complex

conjugation. 0

Corollary 3.2.2 described what happened when a prime was split in the totally real
subfield. The following corollary tells us what happens when it is inert in the totally real
subfield.

COROLLARY 3.2.5. Let K be a primitive quartic CM-field with CM-type @, ¢ a frac-
tional ideal of K and L = ®(c). Let p be a rational prime and let m be a positive integer
such that plm. Suppose that p is inert in O, and that C*/L admits a polarization of
type (1,m). Then p ramifies in O and v,(m) = 1.

PROOF. Suppose that p is inert in O, and that C?/L admits a polarization of type
(1,m). We have that f(x|p) > 2 for any prime v of O dividing p. Because C?/L admits
a polarization of type (1,m) by Theorem 3.1.2 there exists 6 € K¢(Rso) and v € R,
with (§) = ceDvand v =[], a, and for all g[m a, satisfying one of (1), (2), (3), (4), (5),
or (6) of Theorem 3.1.2. This implies that p is not totally inert in O. Let q = pOg,;
by assumption q is prime. Either q = pipo for distinct primes py, po in O or p ramifies
in Og. Suppose the first case is true. Because K is a quadratic imaginary extension
of Ky, we must have that p; = p,. Because a, satisfies (1), (2), (3), (4), (5) or (6) of
Theorem 3.1.2, it follows that that a,, satisfies (1) of Theorem 3.1.2. But this is impossible
because in case (1), a, = p~*(™ where either p = p; or p = ps, neither of which make
a, invariant under complex conjugation. This contradicts Lemma 3.2.4. It follows that p
is ramified in O k. Because a, satisfies (1), (2), (3), (4), (5) or (6) of Theorem 3.1.2 and
p ramifies in Ok and p is inert in Ok, we now see that a, must satisfy (5) of Theorem
3.1.2. This implies v,(m) = 1. O
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3.3. Necessary Conditions for Nonprincipal Polarizations in Galois

Extensions

Let K be a Galois CM-field of degree 4 with maximal totally real subfield K, and
primitive CM-type ®. Let m be a positive integer. Let ¢ be a fractional ideal of K. We
want to prove some necessary conditions for ®(¢) to admit a polarization of type (1,m).
In this section we will make repeated use of the Kronecker symbol () We note that
since K is Galois and has a primitive CM-type ® by 2.2.6 it is a cyclic extension of Q.
Let Gal(K/Q) = (s) be the Galois group of K over Q. We then have that there are four
CM-types on K:

b = {1k, s},
by = {1K,s3},
Py = {32,53},
P,y = {52,5} :

Note that s? is complex conjugation and ®; = &5 and ®, = P, so that there are two

equivalence classes of CM-type represented by ®; and ®,.

THEOREM 3.3.1. Let K be a quartic cyclic number field. Let Ky be its unique quadratic
subfield. Then Ko = Q(y/Disck,q) and there exists some t € Z such that Disck g =
t2 DiSCKO/Q.

PROOF. The proof relies on a result which comes from a paper by Edgar and Peterson
([2]). It follows from their calculations in proving Proposition 2 that Disck,g = w?f?
for some integers w and f with f squarefree and Ky = Q(v/f). The fact that Ky =
Q(4/Disck/q) follows immediately from that. From this it follows that

v/ Disci/g = a + by/Discg, /g

for some rational numbers a and b. Then

Discg /g = a? 4+ b Discg, g +2ab/Discg, /q.

This implies that 2ab = 0 as Discg/q is rational. Now, b cannot be 0 so a = 0. Thus
Disc /g = b® Disck, /. By [4] page 443 we know Discy, s divides Discg/q which implies
that b is an integer. O

THEOREM 3.3.2. Let K be a number field and Discg/q the discriminant of K. The

rational primes p which ramify in K are precisely those which divide Discg q.

PROOF. A proof can be found in any introduction to algebraic number theory, for

instance in [10] chapter 3, section 2. O



A7

THEOREM 3.3.3. Let K be a number field of degree n. Let p be a rational prime which
does not divide Discg,q. Let v be the number of distinct primes of Ok lying over p. We

(M) _ (—1)

p

have the following equality:

PRrOOF. This is a famous result of Stickelberger and a proof can be found in [4] on

page 502, in section 4 of chapter 26. 0

PROPOSITION 3.3.4. Let K be a Galois CM-field of degree 4 with mazximal totally real
subfield Ko and primitive CM-type ®. Let m be a positive integer. Let ¢ be a fractional
ideal of K and L = ®(c). Assume that L admits a Riemann form inducing a polarization

of type (1,m). Then for every prime p dividing m which is unramified in K,

<DiSCK/Q> _ (DiSCKO/Q) —1
p p '

PROOF. Since L admits a Riemann form inducing a polarization of type (1,m) by
glm ¢ 11 L2y (K) such that ccDa = (§) where
6! € Kp(iRsp). Then since p is unramified in K, a, satisfies either (1) or (3) of
Theorem 3.1.2. So f =ef < 2 where e = e(p|p) and f = f(p|p) where p is any prime of

Theorem 3.1.2 there is an element a = []

K lying over p. Let r be the number of primes lying over p. As K is Galois, erf = 4. It
follows that » = 2 or 4. Thus by Theorem 3.3.3,

(DiscK/Q> _
5 .

That <DiS;K/Q) = (DiSC:O/ Q) follows from Theorem 3.3.1. This completes the proof. O

PROPOSITION 3.3.5. Let K be a primitive quartic Galois CM-field with cyclic Galois
group Gal(K/Q) = (s). Let Ko = Q(y/n), n € Q be the real quadratic subfield of K. Let
O = {¢1, 02} be a CM-type on K. Let 6 € K*. Then the following are equivalent:

(1) 6 € Ko(iR), i.e. ¢1(6) = —¢1(0) and $2(d) = —¢2(9).

(2) s*(0) = —9.

(3) Tk, (8) = 0.

(4) Trfy (6) = Try ((1 + y/n)d) = 0.

(5) Trfy (6) = TrE (ad) = 0 where a € Ko is any element such that Ko = Q(a).

PRrROOF. We prove that (1) implies (2). Assume (1) holds. Then considering all CM-
types on K we can assume that one of ¢; and ¢, are s or s3. Assume that ¢; = s. Then

by assumption = —s(d). We also have that s? is complex conjugation. Thus

s*(s(d)) = —s(9)
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5%(6) = —s(9)
s*(6) = —6
Now assume that ¢; = s3. So
s3(0) = —s°(9)
s°(8) = —s°(9)
s2(0) = —0.

This proves (2).
We now prove (2) implies (1). Assume (2) holds. As in the proof that (1) implies (2)

we can assume ¢; = s or ¢; = s3. Without loss of generality assume ¢; = s.

Now, because of the possible CM-types on K we can assume ¢ = 1 or ¢p = s°. Assume
¢2 = 1K Then

1l

| %

Sh o~
=)
~—

Assume ¢ = s*. Then

>

= —¢2(9).
This proves (1).
We now prove (2) is equivalent to (3). Note that as K is totally real, the only

automorphism of K over K| is conjugation, which is s2. The result follows from this.
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That (3) implies (4) follows immediately from the facts that Tr{) = Trg0 oTry, and
that 1+ /n € Kj.

We prove (4) implies (3). Assume Tr§(6) = Tr%((1 + /n)d) = 0. Let Trf (6) =
a + by/n with a,b, € Q.

0 =Trg (6)
= T (X, (9))
= Trg"(a + bv/n)
= 2a.

This implies a = 0. Similarly,

0 =Trg (14 v/n)9)
= Trg" (Tric, (1 + V/n)d))
= Trg"((1 + v/n) Tri, (9))
= T (1 + V)bv)
= Trg (bv/n + bn)
= 2bn.
This implies b = 0 which proves (3).

That (3) implies (5) follows immediately from the facts that Trg = Trg0 o Tri, and
that « and 1 4+ o € K.

We prove (5) implies (3). Let Try (§) = a+ by/n with a,b € Q. It follows that a = 0
for the same reasons as in the proof that (4) implies (3). Let o = ¢+ dy/n with ¢,d € Q.
Then

0= Tr(g(oz(S)
— T (T (5)))
= Trg°((c + dv/n)by/n)
= Tlr(g0 (cby/n + bdn)
= 2bdn.
So 0 = 2bdn. Since d # 0 and n # 0, b = 0, as required. O

COROLLARY 3.3.6. Let K be a Galois CM-field of degree 4 with mazimal totally real
subfield Ky and primitive CM-type ®. Let m be a positive integer. Let ¢ be a fractional
ideal of K and L = ®(c). Suppose that L admits a polarization of type (1, m) which is
induced by 6 € K which is such that §~' € Kg(iRsg) so that (6) = ccDiffx/ga as in
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Theorem 3.1.2. Let p be a prime dividing m. Suppose that p ramifies in K. Then a,
satisfies one of (2), (4), (5), or (6) and we have the following possibilities.

(1) If p splits in Ok,, then a, satisfies (2) or (6)(b).

(2) If p is inert in Ok, then a, satisfies (5).

(3) If p ramifies in Ok, then a, satisfies (4).

PROOF. Let r be the number of primes of Ok lying over p and let e and f be the
common ramification index and inertia degree respectively of any prime lying over p in
O.

Suppose p splits in Og,. Then because erf = 4 and we know r > 2, so we must have
ef < 2. We also know that p ramifies so that e = 2 and thus f = 1. This implies that
a, satisfies one of (2) or (6)(b).

Suppose p is inert in Og,. Then f > 2. Because p ramifies in Ok, e > 2, so e = 2
and f = 2. This implies a, satisfies (5).

Suppose p ramifies in Og,. So e > 2. We have e =4 or e = 2. Assume e = 2. We will
obtain a contradiction. Let p be any prime of K lying above p and let T be the inertia
field of p. By Theorem 28 in [7] we have that [K : T| = e = 2, so T = K,. But also by
Theorem 28 of [7], p is unramified in 7" = K, which is a contradiction. So e = 4. Thus
a, satisfies (4). O

3.4. Necessary Conditions for Non-Galois Extensions

Let K be a CM-field, K its maximal totally real subfield, & a CM-type on K, and L
the Galois closure of K. In this section we will assume that K is not Galois. We consider
the case in which K is a quartic CM-field. In this case as noted in Example 2.2.6, since
K is non-Galois, L is a degree 8 extension with Galois group Dg. We use the presentation

of Dg given by (t,s|t* = s* = 1). We have the following diagram of subgroups:
Gal(L/Q) = (t,s)

\

(t, (s) (ts,s?) = (ts3, %)

s2>/
<ts2>/ <l> I — L
\

(s*) (ts) (ts%)

[

The normal subgroups are underlined. By the fundamental theorem of Galois theory, the

diagram of subfields of L is the same diagram inverted. There are five quartic subfields.

One of them is totally real, but the others are totally imaginary extensions of a quadratic
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real subfield, so any of them could be taken to be our field K. We choose K = L and
Ky = L) So we get the following diagram of subfields of L:

\
/

<t32
s

(1

K = L®

~,

() ,(ts) 7,(ts%)
L

/s\@
\Q/

In this situation, s? restricts to complex conjugation on any of the quartic CM-fields. The

)
)

5752>

embeddings of K into C are the restrictions of {1, s, s?, s3}. In the rest of this section we

will denote o = s|x. The above notation will be fixed for the entire section.
LEMMA 3.4.1. We have
(3.4.1) s(K)=s*(K)=L%",  $(K)=K.
ProOF. Let x € K. Then
ts?(sx) = ts’x = ts’tx = sw.

It follows that sz € L") this implies that s(K) = L. The remaining claims in
(3.4.1) have a similar proof. O

The totally real quadratic extension K, of Q contained in K is L% The set of all
CM-types of K/Q is {{1,0},{1,0%},{0? c},{0? 03}}. The elements of Gal(L/Q) acts
on the set of embeddings of K into C by composition on the left. We have the following
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table of the actions of Gal(L/Q) on 1,0,0?, 3.

We therefore obtain the following table of actions on the CM-types:

{1,6} {1,0*} {o% o} {02 o7}
1| {1,0} {1,063} {o% 0} {0% c%}
s | {o%, 0}  {l,0} {o% 0%} {1,0%}
s? | {o%, 0%} {o% 0} {1,0°} {1,0}
3| {1,063} {0%,0%} {l,0} {o? 0}
t | {1,603y {1,060} {0203} {o% 0o}
ts | {o?, 0%} {1,0%} {o%* o} {1,0}
ts* | {o*, 0} {o*c*} {l,0} {1,0%}
ts*| {1,0} {o%0} {1,0%} {o? 03}

Therefore, we have the following stabilizers:

CM-type stabilizer

{1,0} {1,ts%}

(3.4.2) (02,05} {1,t5%)
{1,0%} {1,ts}

{0% 0} {1,ts}




23

LEMMA 3.4.2. Let ® be a CM-type for K, and let K" be the reflex field of K with
respect to . We have:

) K"

{1,0} L"

(3.4.3) {0%,0%) L")
{1, 0.3} L(ts)

{027 J} I (ts)

PROOF. By definition, the reflex field of K with respect to ® is the fixed field in
L of the stabilizer in Gal(L/Q) of ®. The table (3.4.3) now follows immediately from
(3.4.2). O

We have the following result.

LEMMA 3.4.3. Let Ky = Q(y/n) where n € Q. Let {01,025} be a CM-type for K/Q.
Let 0 € K. Then the following are equivalent

1) 01(6) = —01(8) and oy(c) = —02(6).

)
) Trg,
4) Tr§ () = Trf (1 + /n)s) = 0.
) Trf (6) & (ad) = 0 where a € Ky is such that Ko = Q(a).
PRrROOF. The proof of this is nearly identical to the proof of Proposition 3.3.5. Instead

of s being an automorphism of K, s is an automorphism of L but this does not change
any of the calculations. OJ

In future results we will have occasion to consider primes with a factorization of the
following form in K:

K P

K p

Q,

7

Q
\ / 1

Q p
where B is not ramified over p. Note that this implies that f(P|p) = 2 and that this
is only possible in a non-Galois extension as the inertia degrees do not agree between

primes.
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LEMMA 3.4.4. Let p be a rational prime unramified in K which decomposes in K in
the above manner, that is, pOx = P Qs where P = pO g for a prime p of Ok, above
p and qOk = Q19 for a prime q of Ok,. Then p is unramified in L.

ProoOF. Note that as L is Galois, the ramification index for each prime of L above
p are the same number e. Let r be the number of primes of L above p and let f be the
residue degree common to each of them. We have erf = 8 as L is degree 8. We also
know that f > 2 as 3 already has inertia degree 2 in K. Also, as p has already factored
into three primes in K we have r > 3. But r < 8, so the only possibility is r =4, f =2
and e = 1. OJ

LEMMA 3.4.5. Let ® be a CM-type on K. Let K" be the reflex field with respect
to ® and K{ the maximal totally real subfield of K. Let p be a rational prime that
1s unramified in L. Let k and n be positive integers such that kn is even. Let € be a

fractional ideal of K with norm v?, for v a rational number, and let B be an ideal of K.
Let § € K*. Assume that

(3.4.4) s%(8) = —4,

(3.4.5) NG (B) = p",

(3.4.6) (6) = ¢ Diff B "
Then

d5(6) ¢ Q and Disck/q is not a square in Z.
ds(0) € K§ and K} = Q(ds(0)).
Q(4/Discg/q)-

Disc g DiSCK6 /Q
) (75) = (55)

PROOF. Since kn is even, there exists ¢ € Z such that —kn = 2.

Proof of (1). Applying the norm map of ideals to (3.4.6) we obtain the following
equality of ideals:

,_\
w

&
I

(3.4.7) (NG (6)) = (v* Disciygp™*).
It follows that there exists € € {£1} such that
(3.4.8) NG (6) = ev® Discg g p™*".

Now

(
(3.4.9) = (§s(9))>.
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By (3.4.8) and (3.4.9) we have

(3.4.10) (65(6))* = ev? Discg/gp ™.

Now

I
VA
[\
—~
(=%
~—
V2]
w
—~
g
~—

(=0)(=s(9))
(3.4.11) — 65(6).

From (3.4.11) we conclude that ds(d) € R so that (s(d))* > 0; since v*, Discg/q, and

p~*" are all positive, we see that ¢ = 1 and so

(3.4.12) (65(0))* = v* Discy o p ™"
Assume that ds(d) € Q; we will obtain a contradiction. Since ds(d) € Q we have:
0s(8) = s(ds(0))
= 5(0)s*(9)
(3.4.13) = —0s(0).
From (3.4.13) we have ds(d) = 0, so that 6 = 0, a contradiction. Next, assume that

Discg/q is a square in Z; we will obtain a contradiction. Let Discg /g = d% where dy € Z.
By (3.4.12) we now have

(3.4.14) (65(0))? = (vdop®)?.

Then (3.4.14) implies that §s(6) = Fvdop’; in particular, §s(6) € Q, which is a contra-
diction.
Proof of (2). We have K = L%**). Now

t(ds(6)) = t(9)ts(0)
= 0tst(0)
= 05%(0)
(3.4.15) = —55(9).
And:
s(05(9)) = s(6)s*(9)
(3.4.16) = —55(9).
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By (3.4.15) and (3.4.16) we have ts(ds(d)) = ds(d) and s2(ds(8)) = ds(d). This implies

that ds(d) € K{j. Since ds(d) ¢ Q by i) and [K) : Q] = 2, we conclude that Ky = Q(s(0)).
Proof of (3). From (3.4.12) we have

(3.4.17) 65(0) = +vp'y/Disck g
By (2) we obtain K§ = Q(,/Discg/q).

Proof of (4). Let Kj = Q(y/m) where m is a square-free integer. Since Discg/q is
not a square in Z, so by (3) there exists an integer ¢ such that ¢*m = Discg/g. Since p

is unramified in K by assumption, p { Disck q; this implies that p { ¢. Therefore, <5> is

dm if m=2,3 (mod 4),
m if m=1 (mod 4).

We have

DiSCKS/Q =

It follows that

(3.4.18) (%) _ (%)

if m =1 (mod 4). We claim that (3.4.18) also holds if m = 2,3 (mod 4). Assume that
m = 2,3 (mod 4). By assumption, p is unramified in L; this implies that p is unramified

in Kp. It follows that p { Discgs g = 4m. In particular, p # 2. We have

(=) (- () (3)

This proves our claim. We now have

(DiSCK/Q) _ <DiSCK6/Q)
p p '

This completes the proof. 0]

Let K7/K, be an extension of number fields and let 8 be a prime of K. Then we
will denote the prime P N O, of Ky that P lies over by P, .

LEMMA 3.4.6. Let Fy, F3, F5, and Fy be number fields with subfield relationships illus-
trated by the following diagram.
Fy

VRN
F Fj
~N 7

Fy
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Assume Fy = FyF3, and F3 is a normal extension of Fy. Let P be a prime of Fy, and

assume that P, is unramified in Fy. Then

(3.4.19) FBe/Br) < f(Br/Br).
ProoOF. This follows from Ex. 10, Chap. 4, p. 83 and Theorem 28 of Chap. 4 of [7]. O

THEOREM 3.4.7. Let ® be a CM-type on K. Let K" be the reflex field with respect to
® and K| the mazimal totally real subfield of K". Let ¢ be a fractional ideal of K. Let
L be the Galois closure of K. Let m be a positive integer. Let p be a prime dividing m.
Assume that p is unramified in L, and that C*/®(c) admits a polarization of type (1, m).
By Theorem 3.1.2 there exists a =[], a, in R, (K) and 6 € K¢(iR<g) such that

qlm

(3.4.20) (6) = ceDiff /g [ [ -

qlm

Then Discg g is not a square in Z and exactly one of the following cases holds:

. Disc Disc Discyer Disckr /g
a, satisfies r (—K/@> (QLK /Q> r! (—K /Q> (4L>

p p p p
1) 2 1 12 | 1
(3.4.21) 1 3 -1 1 2 | .
3) 4 1 1 4 | 1
3 3 -1 12 | 1

Here, r and 1" are the number of primes of K and K" lying over p, respectively, and (1)
and (8) refer to conditions in Theorem 3.1.2.

PROOF. To begin we note that in this proof we will sometimes use the Stickelberger
criterion 3.3.3 without further comment.

By Theorem 3.1.2, since p is unramified in K, a, must satisfy (1) or (3) of Theo-
rem 3.1.2. For brevity, in the remainder of this proof, if a, satisfies (1) of Theorem 3.1.2,
then we will say that (1) holds; a similar comment applies if a, satisfies (3) of Theo-
rem 3.1.2. We define an ideal B of K as follows. If (1) holds, then there exists a prime B
of K lying over p such that a, = B~ with e(B/p) = 1 and f(PB/p) = 2; in this case we
define B = B. If (3) holds, then there exist distinct prime ideals B; and By of K lying
over p such that a, = P "B, * with e(P1/p) = e(Pa/p) = L and f(P1/p) = f(Pa/p) = 1;
in this case define B = P;B,. We then have (§) = Diff x/uB " and N§j(B) = p>. We
also note that by Lemma 3.4.3 we have s*(§) = —d. We note that Disc g is not a square

in Z by Lemma 3.4.5. By Lemma 3.4.5 we also have (W) = (M

- ) Since p is
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LY =T
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1 1
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FIGURE 1. Inertial degrees for any prime of L lying over p when (1) holds
and (Disck/q /p) = 1.

unramified in K, p must split in K, by Corollary 3.2.3; hence, (DiSCKO /Q/ p) =1. We

!

have (Discg/q /p) = (—1)*" = (—1)" and (Discr/q)/p) = (—1)*" = (-1)"".

Assume that (1) holds and that (Disck/q /p) = 1. Since (Discg g /p) = 1 we see that
r is even. Hence, r =2 or r = 4. If r =4, then f(*B/p) = 1, a contradiction. Hence, r =
2. Let R be any prime of L lying over p. Then the inertial degrees of all the intermediate
quadratic extensions are as in fig. 1. This may be proven as follows. f(PRg,/p) = 1L
use (Discry/g /p) = 1. f(Rpw2/Rue) = 1 use Lemma 3.4.6. f(R, .2 /Riy) = 1: use
Lemma 3.4.6. f(Rp/R,ws) = 10 use Lemma 3.4.6. f(R,/Rpws) = 1: use Lemma
3.4.6. f(Rg;/Rg) = 1: use (Discxr/q/p) = 1. f(Rpu2/Rk,) = 1: use Lemma 3.4.6.
J(RL/R, 2)) = 1: use Lemma 3.4.6. f(Rp/NRk) = 1: use Lemma 3.4.6. f(Rp/Rg) =
1: use multiplicativity. f(Rx/Rk,) = 2: use r = 2. All remaining inertial degrees now
follow from multiplicativity. From fig. 1 we conclude that in L) there are exactly two
primes lying over p; similarly, in in L") there are exactly two primes lying over p. Since
K" = L% or K" = L") it follows that 7' = 2 and (Discgr/q)/p = 1.

Assume that (1) holds and that (Disck/q /p) = —1. Since (Disck/q /p) = —1 we see
that r is odd. Hence, r =1 or r = 3. If r = 1, then 4 = e(*B/p) f(P/p) = 2, a contra-
diction. Hence, r = 3. Since there are three primes of K lying over p, since f(P/p) = 2,
since p is unramified in L, and since L is a degree eight Galois extension of Q, we see that
there are exactly four primes of L lying over p. Let SR be any prime of L lying over p.
Then f(9R/p) = 2, and the inertial degrees of some intermediate quadratic extensions are
as in fig. 2. These numbers are obtained as follows. f(Rg,/Mg) = 1: use that p splits in
Ko. f(Riy/Rq) = 2t use (Discyyjg /p) = —1. f(Rpez)/Rig) = 1, f(Rpws /Rrg) = 1,
fRpen [Rrg) = 1, fRL/Rp) = 1 fRL/Rpen) = 1, fFRL/Rpes) = 1t use
[k /Ro) = 2, f(R/p) = 2, and multiplicativity. f(R, .2 /Rpew) = 1 use Lemma
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FIGURE 2. Some inertial degrees for any prime of L lying over p when (1)
or (3) holds and (Discg/q /p)) = —1.

LY =T

// 1 \\

1
K =1L1® Lts®) L)
Sy A \\ /
KO — L(t,52> L< L(ts s?) ts ,82) Kg
I

Lits) — Q

FIGURE 3. Inertial degrees for any prime of L lying over p when (3) holds
and (Disck/q /p) = 1.

3.4.6. f(Rpe/Ro) = 2, [(R, 2 /Rk,) = 2: use multiplicativity. From fig. 2 we con-
clude that there are exactly two primes of L lying over p; similarly, there are exactly
two primes of L") lying over p. It follows that ' = 2 and (Discgr /0)/p) = 1.

Assume that (3) holds and that (Discg/q /p) = 1. Since (Disck/q /p) = 1, we have
r=2orr =4 If r =2 then 4 = e(P1/p)f(B1/p) + e(Pa/p) f(Pa/p) =1+1 =2, a
contradiction. Hence, r = 4. Let R be any prime of L lying over p. Then the inertial
degrees of all the intermediate quadratic extensions are as in fig. 3. These numbers
are computed as follows. f(QRg,/p) = 1: use that p splits in Ko. f(Rg;/p) = 1: use
1 = (Disck/q /p) = (Discky/o /p). f(Rk/Rk,) = 1: use r = 4, so that f(Rg/p) = 1,
and multiplicativity. f(R,.2)/Rk,) = f(Rr/RAk) = 1: use Lemma 3.4.6. We now
have f(2R/p) = 1 by multiplicativity; all the remaining inertial degrees now follow from
multiplicativity. From fig. 3 we see that p splits into four distinct primes in both L
and L) this implies that 1’ = 4 and (Discgr/q /p) = 1.



60
Finally, assume that (3) holds and that (Discg,q /p) = —1. Since (Discg/q /p) = —1

we have r = 1 or 7 = 3. We cannot have r = 1 since by (3) the integer r is at least 2.
Hence, r = 3. Let 33 be the third prime of K lying over p. We then have

4 = e(P1/p) f(B1/p) + e(PBa/p) f(B2/p) + e(PBs/p) f(Ps/p) = 14+ 1+ f(Ps/p).

This implies that f(B3/p) = 2. Since there are three primes of K lying over p, since
f(PB3/p) = 2, since p is unramified in L, and since L is a degree eight Galois extension
of @, we see that there are exactly four primes lying over p. Let R be any prime of L
lying over p. Then f(2R/p) = 2, and the inertial degrees of some intermediate quadratic
extensions are as in fig. 2; the arguments for these degrees are as in the case when (1)
holds and (Disck/q /p) = —1. From fig. 2 we conclude that there are exactly two primes
of L) lying over p; similarly, there are exactly two primes of L") lying over p. It
follows that " = 2 and (Disckr /g /p) = 1. O
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Chapter 4: Algorithms and

Calculations

Let K be a quartic primitive CM-field with CM-type ®. Let ¢ be a fractional ideal of
K and let L = ®(c). Let m be a positive integer. In this chapter we write an algorithm
determining whether C?/L admits a polarization of type (1, m). We also present explicit
code in the language PARI GP which implements this algorithm. In addition we present
two applications of this algorithm. First we compile some descriptive statistics about the
frequency of polarizations. Next we give some illustrations of the necessary conditions

which we have proven in the previous chapter.

4.1. The Algorithm

Input: A CM-field K with maximal totally real subfield Ky such that K does not
contain a strict CM-subfield. A fractional ideal ¢ of K. A positive integer m.

Output: An element §, totally imaginary and such that the imaginary part of ¢(d) is
positive for each ¢ € ® which determines a polarization of type (1.m) on L, if possible. If

this is not possible, the output is the string “A polarization of type (1,m) is not possible”.

(1) Factor m into prime powers m = [['_, p;fpi(m)

(2) For each j € {1,...,t}, factor the ideal (p,) into prime ideals in K. Algorithms
for this already exist.

(3) Determine whether there exists an j € {1,...,t¢} such that there are only prime
ideals p in the decomposition of p; which enable the possibility of ideals a,
satisfying the conditions in 3.1.2. If any such prime appears in the decomposition
of m, output “A polarization of type (1,m) is not possible”. If there are no such
primes in the decomposition of m then proceed to next step.

(4) Calculate the different Dy of K.

(5) For each prime p dividing m, let A(p) be the collection of ideals of the form a,
where a, satisfies one of the conditions in Theorem 3.1.2.

(6) Enumerate the collection S, of ideals of the form
b=ccD K H ap
plm

where for each p, a, is a selection of some element of A(p).
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(7) For each element b of S,,, determine whether b is principal. If no element is
principal, output “A polarization of type (1,m) is not possible”. Otherwise,
select an ideal b which is principal and a generator J.

(8) Calculate Re(¢(9)) for each ¢ € ®. If this is positive for each ¢, output 6.

Otherwise, output “A polarization of type (1,m) is not possible”.

That this algorithm is sufficient relies on the assumption that K has only £+1 as roots
of unity, so that all the units of K are real units. This is justified by the fact that K is
a primitive CM-field. This is okay in our circumstances because we are assuming that
K is primitive from which it follows that K contains no roots of unity other than +1 so

that Lemma 2.2.9 applies.
In order to use the above algorithm to obtain data we implemented it in the PARI
programming language. The code for this implementation is given below.

Beginning_Check(K, m) =

{
/* This is a function which checks whether necessary conditions
for a polarization to occur are satisfied. If a given number
field fails this check there is no reason to continue the
algorithm.*/

\\ We iterate the check over all the primes dividing m
for(n=1,#factor(m)”,
p = factor(m) [n, 1];
v_p = factor(m) [n, 2];
r = #idealfactor(X,p)~;
for(t=1, r,
e = idealfactor(X,p) [t,1][3];
f = idealfactor(K,p) [t,1][4];
\\ We will only consider the check to be failed if
\\every prime lyingabove some prime factor of m fails
\\the required condition so weinitialize a variable
\\"index" to count the number of primes that fail.
index = 0;
if(v_p > 1,
if((e> 1 && £ > 1), index++,
if (£>3, index++)

)
);
if(index == r, return(0))
);
);
return(1)

};
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Find_Admissible_Aps(K,m) =

{

/*This is a function which calculates the ideals a_p given in

the main theorem, if they exist.*/

\\We want to produce a list of the ideals which may satisfy

\\the theorem. We do this by starting with an empty list and

\\adding potential ideals as we go.

list = [];

for(n=1, #factor(m)~,

\\For each prime p dividing m we determine all the a_ps
\\if any that exist.

a_plist =

[1;

p = factor(m) [n, 1];

\\We will repeatedly use the factorization of p in K

\\so we initialize a variable for it.

pfactor

= idealfactor(K,p);

v_p = factor(m) [n, 2];

r = #pfactor™;
for(t=1, r,

e
£

pfactor([t,1][3];
pfactor[t,1][4];

\\This is case (1) of the main theorem.
if(e == & £ == 2,
a_plist = concat(a_plist, [idealpow(K, pfactor[t,1],-v_p)])

)

\\This is case (2) of the main theorem.
if(e == & £ == 1,
a_plist = concat(a_plist, [idealpow(K, pfactor[t,1],-2xv_p)])

)

\\This is case (3) of the main theorem. This one has

\\two prime ideals involved in it so we have

\\ to include a nested for loop. Nested for loops will

\\appear for every case which involves multiplication for

\\two prime ideals.
if((e ==1&& f ==1) & t < r,

for(s=t+1, r,

if (pfactorl[s,1][3] == 1 &% pfactor[s,1]1[4] == 1,

a_plist = concat(a_plist, [idealmul(K,idealpow(K, pfactor[t,1],-v_p),
idealpow(K,pfactor[s,1],-v_p))1)

);
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\\This is case (4) of the main theorem.

if((vip == 1 && (e == 4 && f == 1)) || (v_p == 1 && (e == 3 & f == 1)),

a_plist = concat(a_plist, [idealpow(K, pfactor[t,1],-2)1)

);

\\This is case (5) of the main theorem.

if(v_p == 1 && (e == 2 & £ == 2),

a_plist = concat(a_plist, [idealpow(K, pfactor[t,1],-1)1)

);

\\The remaining code covers case (6).

\\This is more complicated

\\because there are two different

\\configurations of e and f in some of them so I’ve

\\written two conditionsals for (a) and (c).

\\ We first look at (6)(a).

if(vp==18&& e ==3&& f==18&& t<r,

for(s=t+1, r,
if (pfactor[s,1]1[3] == 1 && pfactor[s,1][4] == 1,
a_plist = concat(a_plist, [idealmul(K,idealpow(K, pfactor[t,1],-v_p),
idealpow(K,pfactor[s,1],-v_p))1)
);

);

);

if(vp==18&& e ==1&& f==1%&& t<r,

for(s=t+1, r,
if (pfactor[s,1]1[3] == 3 && pfactor[s,1][4] == 1,
a_plist = concat(a_plist, [idealmul(K,idealpow(X, pfactor[t,1],-v_p),
idealpow(K,pfactor[s,1],-v_p))1)
);

);

);

\\Case (6) (b).

if(vp==18&& e ==2&& f==1%&& t<r,

for(s=t + 1, r,
if (pfactorl[s,1]1[3] == 2 &% pfactorl[s,1][4] == 1,
a_plist = concat(a_plist, [idealmul(K,idealpow(K, pfactor([t,1],-v_p),
idealpow(K,pfactor[s,1],-v_p))1)
);

);

);

\\Case (6)(c).

if(vp==18&& e ==2&& f==1%&& t<r,
for(s=t + 1, r,

a_plist = concat(a_plist, [idealmul(K,idealpow(X, pfactor[t,1],-v_p),



};

idealpow(K,pfactor[s,1],-v_p))1)
);
);
if(vp==18&& e ==1&& f==18&& t<r,
for(s=t + 1, r,
if (pfactor[s,1]1[3] == 2 && pfactor[s,1][4] == 1,

65

a_plist = concat(a_plist, [idealmul(K,idealpow(K, pfactor[t,1],-v_p),

idealpow(K,pfactor[s,1],-v_p))1)
)3
)3
);
)5
\\We add all the lists of a_p factors to the main list.
list = concat(list, [a_plist]);
)3
\\We output the list of lists of a_ps.

return(list)

FindS(K, m) =

{

};

/*This is a function which takes

the a_p factors found in the last

function and multiplies them

to find the set S_m given in the

main theorem. This amounts to

calculating each possible product

\prod a_p as p runs over the prime

factors of m. */

\\There is a Pari function called

\\fold which will perform a function

\\f(x_1,x__2, ..., x_n) on all

\\elements of the n-fold cartesian

\\product of a collection

\\of sets.

Aplistm = concat(Find_Admissible_Aps(K, m), [[K.diff]]);
S = fold((A, B) ->[idealmul (X, a, b)|a<-A;b<-B], Aplistm);

return(S)

FindPrincipal(K,m) =

{

/*This function determines whether any of the ideals
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in S_m are principal ideals. The output is the set of
pairs of principal elements of S_m together with a generator.x*/
IdealSet = FindS(K,m);
PrincipalSet = [];
for(n=1, #IdealSet~”,
Ideal = IdealSet[n];
\\We use the function bnfisprincipal. The first entry of this
\\function outputs a vector which is O if and only
\\if the ideal which was input is principal. We
\\have to use a workaround for the if
\\statement because if the classgroup is trivial
\\ it outputs the empty vector.
gen = bnfisprincipal(K, Ideal);
if (0 * gen[1] == gen[1],
PrincipalSet = concat(PrincipalSet, [[Ideal, gen[2]]1]);
)3
)3
return(PrincipalSet) ;

};

IsGenIm(K, m) =
{
/*This function determines whether the generators of the principal ideals in S_m

are generated by imaginary elements. The output is the set of such ideals.*/

ProspSet = FindPrincipal(K, m);

ImSet = [1;

for(n=1, #ProspSet~,
if (nfelttrace(K, ProspSet[n] [2]*nfsubfields(K, 2)[1][2]) ==
&& nfelttrace(K, ProspSet[n][2]) == O,
ImSet = concat(ImSet, [ProspSet[n]])

);
);
return(ImSet)
};
ListCheck(Fields, Polalist) =
{

/*This is a function which inputs a list of fields and a list of
integers and checks whether they fields ring of integers admits

a polarization of type (1, m) for each m in Pola.x/

OQutlist = [];
\\We don’t need all of the data given by LMFDB so we only save



\\some of their output in our output list. What we save is the
\\LMFDB label of the field, a defining polynomial, and the
\\ discriminant.
for(n=1,#Fields”,
Outlist = concat(Outlist, [[Fields([n][1],Fields[n][2],
Fields[n][3111)
)3
\\We iterate through each field, calculate and output all
\\the data we want.
for(n=1, #Fields~,
F = bnfinit(Fields[n] [2]);
Outlist[n] = concat(Outlist[n], [F.clgp.nol);
\\We enumerate over our list of polarizations and check
\\whether F has a polarization by each of them.
for(t=1, #Polalist~™,
P = Polalist[t];
if (Beginning_Check(F, P) == 0,
\\An output of B means "Beginning Check Failure"
Outlist[n] = concat(Outlist[n], ["B"]),
if (FindS(F, P) == [],
\\An output of A means "No choices of Ap for some p"
Outlist[n] = concat(Outlist[n], ["A"]),
\\An Output of P means
\\"No choice of ¢ \overline c¢c D_K \prod a_p is principal.
if (FindPrincipal(F, P) == [],
Outlist[n] = concat(Outlist[n], ["P"]),
\\An Output of I means
\\"No choice of ¢ \overline ¢ D_K \prod a_p
\\has an imaginary generator.
if (IsGenIm(F, P) == [],
Outlist[n] = concat(Outlist[n], ["I"]),
\\If F has a polarization of type (1, P), output 1.
Outlist[n] = concat(Outlist([n], [1]);
15050505

)
);
return(Outlist)

67



68

FIGURE 4. How many number fields K of less than a given discriminant
are such that Oy admits a polarization of type (1,2).
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4.2. Descriptive Statistics

In this section we compile some information about how often a given primitive quartic
CM-field K has a ring of integers Ok which admits a polarization of type (1, p) for a
given prime. Let C(d) be the number of primitive quartic CM-fields of discriminant
less than or equal to d. Let C(d,p) be the number of primitive quartic CM-fields of
discriminant less than or equal to d for which Oy admits a polarization of type (1,p).

Remarkably, for all the p that we have considered both C(d) and C(d, p) for fixed p
appear linear in d for d < 200, 000. Evidence for this is provided in Figures 4, 5 and 6 for
the primes p = 2,p = 3 and p = 5. In Table 4.1 we list the apparent ratio C(d,p)/C(d)
for several primes p. In addition, the graphs of C(d,p) also appear linear for all the

primes p < 1223. We don’t yet have an explanation for this or a proof that it continues

to hold.

4.3. Composite Types

We also considered the following question: Given a primitive CM-field K, a CM-type
®, a fractional ideal ¢ of K and a square-free semiprime number m = pq, for p and q
distinct primes, is there any relationship between whether ®(c) admits a polarization of
type (1,p) and a polarization of type (1, ¢) and whether it admits a polarization of type
(1,pq). There is some relationship that can be easily ascertained. For instance, if there
does not exist a polarization of type (1,p) or (1,q) for the reason that the ideals a, or

ag, as described in Theorem 3.1.2 do not exist, then there can be no polarization of type
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FIGURE 5. How many number fields K of less than a given discriminant
are such that Oy admits a polarization of type (1,3).
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F1GURE 6. How many number fields K of less than a given discriminant
are such that O admits a polarization of type (1,5).
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(1,pq) for the same reason. However one might ask whether in the case that a, and a,
exist does the existence of a polarization on ®(c) of type (1,p) and another polarization
of type (1,q) guarantee the existence of a polarization of type (1,pq)? The answer is
"no”, although counterexamples are very infrequent. One example is the field K labeled
4.0.105125.1 in the L-Functions and Modular Forms Database, which is generated over

Q by a root of the polynomial 2* — 223 + 1422 — 132 + 6. This field is such that Og
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TABLE 4.1. A table of proportions of the number of quartic CM-fields up
to discriminant d with a (1, p) polarization over the total number of fields
up to discriminant d.

2 3 5) 7 11 13 17 19 23 29
0.4230 | 0.2831 | 0.5217 | 0.2816 | 0.5537 | 0.2531 | 0.3768 | 0.5347 | 0.4147 | 0.5811
31 37 41 43 47 53 59 61 67 71
0.6704 | 0.1908 | 0.6915 | 0.2167 | 0.4288 | 0.2268 | 0.6485 | 0.6218 | 0.1661 | 0.7756
73 79 33 39 97 101 103 107 109 113
0.3520 | 0.7377 | 0.2536 | 0.7232 | 0.3371 | 0.6404 | 0.3902 | 0.2502 | 0.5852 | 0.3210
127 131 137 139 149 151 157 163 167 173
0.3905 | 0.6698 | 0.2958 | 0.5951 | 0.5763 | 0.7395 | 0.2724 | 0.0971 | 0.3921 | 0.2026
179 181 191 193 197 199 211 223 227 229
0.6793 | 0.6437 | 0.8695 | 0.3568 | 0.1132 | 0.7559 | 0.5832 | 0.3345 | 0.1945 | 0.6137
233 239 241 251 257 263 269 271 277 281
0.3382 | 0.8171 | 0.7648 | 0.7105 | 0.3831 | 0.4706 | 0.6040 | 0.7321 | 0.2541 | 0.7316

admits a polarization of type (1,2) and a polarization of type (1, 3) but does not admit a
polarization of type (1,6). This is the only field we found with this property for 2,3 and
6. One explanation for the relative infrequency of this occurence is that if the different
Diff /g happens to be principal, generated by some dy € K¢ (iR) and we have for some
92,03 € Ko (iR),

(02) = doaz,
and

(03) = doas,
then we have

(65 10203) = dpagas.

Note that &, 9,65 will be in Ky (iR) for some CM-type W. Thus under these circumstances
there is a polarization of type (1,6). It turns out that it is very common for a quartic

CM-field to have a principal different, generated by an imaginary element.

4.4. Illustration of Necessary Conditions

Galois Fields. In this subsection we illustrate the results in Section 3.3 on Galois
extensions. In particular we want to show illustrations of Proposition 3.3.4. In the
following tables, we list several CM-fields K for which Ok admits a polarization of type
(1,p) where p is a prime given in the table. The fields are described both by a label
given to them by the L-functions and Modular Forms Data Base (LMFDB) as well as by
a polynomial f(z) such that K is generated over Q by a root of f(z). We also give the

discriminant of each field. Table 4.2 contains fields K for which O admits a polarization



TABLE 4.2. An illustration of Proposition 3.3.4 with p = 2.
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Label Polynomial Discriminant ( Disc; 2 > ( Discg()/ = )
4.0.3501153.1 xt — 23 4 462% — 1052 + 951 3501153 1 1
4.0.47071057.1 | z* — 2% +1922% — 397z + 9857 47071057 1 1
4.0.44720977.1 | 2* — 23 4 15822 + 6852 + 2073 44720977 1 1
4.0.8214057.1 | a* —2® 4 612* + 297z + 618 8214057 1 1
4.0.64701513.1 | 2* — 2% + 12122 — 5672 + 5934 64701513 1 1
4.0.87528825.2 | x* — a3 4+ 26522 — 543z + 17814 | 87528825 1 1
4.0.19061833.1 | z* — 2% + 11922 — 2512 + 4236 19061833 1 1
4.0.84311993.1 | a* — 2® + 55527 + = + 73492 84311993 1 1
4.0.94924073.1 | z* — 2® + 58922 + x + 82706 94924073 1 1
4.0.99139625.1 | 2* — 23 4 30122 — 12312 + 7426 99139625 1 1

TABLE 4.3. An illustration of Proposition 3.3.4 with p = 3.

Label Polynomial Discriminant <DiS(;)K/ Q) <Discr§ o/ Q)
4.0.19061833.1 | 2% — 23 + 11922 — 251z + 4236 | 19061833 1 1
4.0.44720977.1 | 2* — 23 + 15822 + 685z + 2073 | 44720977 1 1
4.0.47071057.1 | 2* — 23 + 19222 — 3972 + 9857 | 47071057 1 1
4.0.14602768.1 2t +972% + 388 14602768 1 1
4.0.6224272.1 xt 4+ 7322 + 1168 6224272 1 1
4.0.58411072.1 ot + 19422 4 1552 58411072 1 1
4.0.24897088.1 ot + 14622 + 4672 24897088 1 1
4.0.92416000.4 ot + 38022 + 32490 92416000 1 1
4.0.43264000.4 x* 4+ 26022 + 15210 43264000 1 1
4.0.12544000.2 ot 4+ 14022 + 4410 12544000 1 1

of type (1,2). Note that In every case (M = m> = 1, as expected because

of Proposition 3.3.4. Tables 4.2 and Table 4.3 illustrate the same fact for the primes 3

and 5.

Whether p = 2,3 or 5 we have (%) = (W) = 1 as expected. This is a
small collection of data but we have run the same calculations on hundreds of Galois
fields and for many more primes and always seen the same result.

We now look at similar data to examine the question whether the necessary condition
is given in Proposition 3.3.4 is a sufficient condition for Ox to admit a polarization of
type (1,p). It is not a sufficient condition. The following tables show fields K for which

Ok does not admit a polarization of type (1,p) for p = 2,3 and 5 that nonetheless
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TABLE 4.4. An illustration of Proposition 3.3.4 with p = 5.

Label Polynomial Discriminant ( DISC5K 2 > ( DISC;W g )
4.0.65597509.1 | 2% — 23 + 2522% — 7742z + 11097 | 65597509 1 1
4.0.38359789.2 | x* — 2® + 19122 — 591z + 6705 38359789 1 1
4.0.5929741.1 xt — 2% + 2322 — 2152 + 975 5929741 1 1
4.0.74618461.1 | a* — 23 + 5322 + 7632 + 4557 74618461 1 1
4.0.1295029.1 xt — 2% + 1422 + 342 + 393 1295029 1 1
4.0.42508549.1 | z* — 23 4 442% — 2402 + 4203 42508549 1 1

4.0.226981.1 at — 2% + 8a? — 422 + 117 226981 1 1
4.0.10061824.1 x* + 6822 + 306 10061824 1 1
4.0.10061824.2 x* + 6822 + 850 10061824 1 1
4.0.14526784.2 xt + 12222 + 2196 14526784 1 1

TABLE 4.5. An illustration of the insufficiency of the Jacobi symbol con-
dition for polarizations of type (1, 2).

Label Polynomial Discriminant (DISZK A @> (Dlscg o/ Q)
4.0.13456625.2 | z* — 23 + 10622 + 42 + 3656 13456625 1 1
4.0.33229625.2 | 2" — a3 + 1712? + 42 4+ 8596 | 33229625 1 1
4.0.99139625.2 | x* — 2% + 30122 + 4z + 24716 99139625 1 1
4.0.27437625.2 | x* — 2® 4 912* + 9z + 3996 27437625 1 1
4.0.56984625.2 | * — 23 + 11622 — 821z + 3601 | 56984625 1 1
4.0.2471625.2 | 2t — 23 + 412 + 4 + 796 2471625 1 1

)
these fields had a polarization of type (1,p), there always existed an ideal a, as given

satisfy (%) = <M> = 1. It is interesting to note that although none of

in Theorem 3.1.2. The nonexistence of a polarization was always because the fractional
ideal Diff kg a, always failed to be a principal fractional ideal. This is expected. Indeed,
by Theorem 3.2.1 there exists a fractional ideal ¢ of K and a CM-type ® such that ®(c)
admits a polarization of type (1, p).

Non-Galois Fields. In this subsection we illustrate the results in Section 3.4 on
Galois extensions. In particular we want to show illustrations of Proposition 3.4.7. In
the following tables, we list several CM-fields K for which O admits a polarization of
type (1,p) where p is a prime given in the table. The fields are described both by a
label given to them by the L-functions and Modular Forms Data Base (LMFDB) as well
as by a polynomial f(z) such that K is generated over Q by a root of f(z). We also
give the discriminant of each field. Table 4.8 contains fields K for which Ok admits a
polarization of type (1,2). Note that In every case the number of primes above p in K as

well as the Kronecker symbols mentioned in Theorem 3.4.7 are as expected. Tables 4.8



TABLE 4.6. An illustration of the insufficiency of the Jacobi symbol con-
dition for polarizations of type (1, 3).
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Label Polynomial Discriminant (DISEK A @> (Dlscé( o/ Q)
4.0.48778000.3 % + 14522 + 2320 48778000 1 1
4.0.48778000.2 x* + 1452% + 5220 48778000 1 1
4.0.49948672.4 2t + 11622 + 2842 49948672 1 1
4.0.73984000.2 a2t + 34022 + 2890 73984000 1 1
4.0.30976000.2 x* + 22022 + 1210 30976000 1 1
4.0.92416000.2 2t 4 38022 + 3610 92416000 1 1
4.0.43264000.2 z* 4 26022 + 1690 43264000 1 1
4.0.12544000.1 zt + 14022 + 490 12544000 1 1

4.0.256000.4 * + 2022 + 10 256000 1 1
4.0.39304000.1 z* + 17022 + 340 39304000 1 1
4.0.88121125.2 | a* — 23 + 5622 + 584z + 5971 88121125 1 1
4.0.12008989.1 | z* — 2% + 2922 + 4152 + 933 12008989 1 1
4.0.88121125.1 | z* — 2® + 5622 — 11962 + 4191 | 88121125 1 1

4.0.614125.1 | z* — 2 + 1122 — 101z + 171 614125 1 1

TABLE 4.7. An illustration of the insufficiency of the Jacobi symbol con-
dition for polarizations of type (1,5).
. . .. Discg Discg;

Label Polynomial Discriminant ( = J Q> ( = of Q)
4.0.40495104.3 z' 4+ 1562” + 234 40495104 1 1
4.0.12008989.1 | z* — 2* + 292° + 4152 4 933 | 12008989 1 1
4.0.4499456.1 at + 5227 + 26 4499456 1 1

TABLE 4.8. An illustration of Proposition 3.4.7 with p = 2.

Label Polynomial Discriminant | Case | r ( DlS(;K/ 9 ) < Dlsc; o/C ) r’ ( Dlsc; /e ) <DISC§‘T’/Q )
4.0.3757.1 2t — 223 + 622 — 5 + 2 3757 (3) |3 — 1 2 1 -1
4.0.8405.1 xt — 223 + 822 — T 4 2 8405 (3) |3 -1 1 2 1 -1
4.0.29189.1 | 2% —22%+ 82> — Tz +8 29189 (3) |3 -1 1 2 1 -1
4.0.40293.1 | 2% —22°+ 82> — Tz +4 40293 (3) |3 -1 1 2 1 -1
4.0.62197.1 | z* — 23 + 322 + 14z + 32 62197 (3) |3 -1 1 2 1 -1
4.0.63869.1 | z* — 223 + 102% — 9z + 16 63869 (3) |3 -1 1 2 1 -1
4.0.66181.1 | z* — 223 + 1622 — 15z + 18 66181 (3) |3 -1 1 2 1 -1
4.0.93925.1 | z* — 2® + 172% — 192 + 106 93925 (3) |3 -1 1 2 1 -1
4.0.39593.1 | z* — 2%+ 102% — Tz 4+ 49 39593 (1) |2 1 1 2 1 1
4.0.74273.1 | 2* — 223 + 132 — 122 + 19 74273 (1) |2 1 1 2 1 1
4.0.25721.1 | z* — 223 + 112% — 10z + 8 25721 (3) |4 1 1 4 1 1

and Table 4.9 illustrate the same fact for the primes 3 and 5.

Whether p = 2,3 or

5 we have that the necessary conditions of Theorem 3.4.7 are satisfied. This is a small
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TABLE 4.9. An illustration of Proposition 3.4.7 with p = 3.

Label Polynomial Discriminant | Case | r ( Dls;’” a ) ( Dlso;)"O/ ¢ > r ( Dlsr;"r/ 2 ) ( lec;é 2 >
4.0.90944.1 [ 2% —22% + 42® + 42 + 18 90944 (3) |3 —1 1 2 1 -1
4.0.25088.1 2t 4 622 + 2 25088 (3) |3 —1 1 2 1 -1
4.0.42632.1 ot 4 922 42 42632 3) [3] -1 1 2 1 -1
4.0.26533.1 | * — 2% + 922 — 192 + 23 26533 (1) |2 1 1 2 1 1
4.0.30589.1 | a* — 23 + 622420 + 17 30589 (1) |2 1 1 2 1 1
4.0.63037.1 | z* — 223 + 1622 — 152 + 27 63037 (3) |4 1 1 4 1 1
4.0.52897.1 xt — a3+ 8zt +x+ 27 52897 (3) |4 1 1 4 1 1
4.0.56953.1 | 2* — 23 + 1122 — 202 + 36 56953 (3) |4 1 1 4 1 1
4.0.99937.1 | 2* — 2%+ 222 + 132 + 21 99937 (3) |4 1 1 4 1 1

TABLE 4.10. An illustration of Proposition 3.4.7 with p = 5.

Label Polynomial Discriminant | Case | r ( Dlsif"/ g ) < Dlsc:‘)/ 2 > r’ ( Dlscgr/ g ) <DISC§‘T’/Q )
4.0.98192.2 | 2% — 223 + 1522 — 14z + 30 98192 (3) |3 -1 1 2 1 -1
4.0.27648.1 2t 4+ 622 +3 27648 (3) |3 -1 1 2 1 -1
4.0.32832.1 | o — 2% + 322 + 4z + 10 32832 3) 3] -1 1 2 1 -1
4.0.78057.3 | ot —a® + 1227 + 230 +25 | 78057 3) 3] -1 1 2 1 1
4.0.74304.1 | 2 — 22% + 922 — 8z + 10 74304 (3) [4] 1 1 4 1 1
40.62181.1 | 2 — 2% + 627 — 16z + 25 62181 @) (4] 1 1 4 1 1
4.0.48069.2 | x* —a® +4a® + 62+ 15 48069 (3) |4 1 1 4 1 1
4.0.94192.1 w1202 4 7 94192 3) (3] -1 1 2 1 -1

collection of data but we have run the same calculations on hundreds of non-Galois fields
and for many more primes and always seen the same result.

We now look at similar data to examine the question whether the necessary condition
is given in Proposition 3.3.4 is a sufficient condition for Ok to admit a polarization of
type (1, p). It is not a sufficient condition. Interestingly, it was much more difficult to find
counterexamples in this case than in the case of a Galois field. We were unable to find
a primitive non-Galois CM-field K such that D failed to admit a polarization of type
(1,2) which also had any of the necessary values given in the above tables. I was, however,
able to find a single field K for which Ok fails to admit a polarization of type (1, 3) but

. Disc Disckr /g Disc Discgr
for which r = 3, v’ = 2, ( L) = 30/ ) = —1, and <—§‘0/Q> _ ( e ) =1

This is the field labeled 4.0.65600.5 in the LMFDB which is generated over () by a root of
the polynomial z* — 223 + 2% — 102+ 25. Although this field does not have a polarization

of type (1,3), there exists an ideal a, as given in Theorem 3.1.2. The nonexistence of a
polarization was because the fractional ideal Diff /g a, failed to be a principal fractional
ideal. Again, as in the Galois case, this is expected for the same reasons, but it is

interesting because it is so rare.
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Chapter 5: Isomorphisms between

polarized abelian varieties with CM

Recall that we have characterized in Theorem 3.1.2 how to construct an abelian
surface with complex multiplication. It follows that if (®,¢, () is a triple consisting of a
CM-type ®, a fractional ideal ¢ of K and an element ¢ € K such that (7 € Kg(iRxq)
and ( Dl}lc_IE’1 € R,,(K), this triple corresponds to a polarized abelian variety of type
(1,m) and the converse is also true. We want to use this to characterize when two

polarized abelian varieties of type (1,m) are isomorphic.

THEOREM 5.0.1. Let Let K be a primitive quartic CM-field with CM-type ®. Let m
be a positive integer. Let ¢; and ¢y be fractional ideals of Oy . Let ay = lem aip, 0y =
[L 02 € Bin(K) and i, G be such that (G € Ko(iRsg) and (¢1) = ccDga; and
(o) = ccDkas.

Consider the polarizations induced by ¢; and (y respectively on C? /®(¢y) and C?/®(cs).
Denote these polarized abelian surfaces by A and Ay respectively. These are isomorphic

as polarized abelian surfaces if and only if there exists v € K,y # 0 such that
(1) ¢g = ~ey and
(2) ¢ =()""G

Further, this is only possible if a;, = ay,, for each p|m.

PROOF. A proof is outlined in [17] during the proof of his Theorem 5.2. O

Once one has established this it is convenient to restate it in terms of the action
of a certain group on the set of isomorphism classes of abelian surfaces with complex

multiplication by Og.

DEFINITION 5.0.2. Let I be the group of pairs (a,«) where a is a fractional ideal of
Ok and « is a totally positive element of K satisfying ad = («). Let P be the subgroup
of pairs of the form ((z),27) with x in K*. The quotient //P is called the polarized
class group of O, denoted C'(Ok).

With this definition in hand, we can produce other abelian surfaces with complex
multiplication by K given that we already have one. We make a few more definitions for

convenience:

DEFINITION 5.0.3. Let K be a primitive quartic CM-field. ® be a CM-type on K.

Let m be a positive integer.
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(1) We denote by A(K, ®,m) the set of all isomorphism classes of polarized abelian

surfaces with complex multiplication by K with a polarization of type (1,m)
and of CM-type ®. If the CM-type @ is already specified we may denote this
set instead by A(K,m).

(2) Consider the set of all pairs of the form (¢, () with ¢ a fractional ideal of K and
¢ € K an imaginary element such that ¢(¢) has positive imaginary part for each
¢ € ® and such that (¢~ 'c ! Diff K/(@_1 € R,,(K). We place upon this set an
equivalence relation such that if (¢;, (1) and (c2, () are two such pairs, we say
(¢1,(1) ~ (c2,(2) when there exists v € K such that the following two conditions
are satisfied:

(a) ¢ = 7ycg and

(b) G =7C.

We denote by J (K, ®,m) the set of equivalence classes of pairs under this equiv-
alence relation.

(3) For each pair (c,¢) in J(K,®,m) there exists an ideal a = [, a, in R (K)
such that (¢) = ¢c][,,, @ In other words, we have a map J(K,®,m) —
R, (K). Let a=1]],, a, be in R,,(K). Denote by J (K, P, m), the fiber of this

map over d.

plm

By Theorem 5.0.1 we have that A(K,®,m) is in bijection with J(K,®,m). The
bijection is given by mapping a pair (¢, () to the abelian surface C?/®(c) with the polar-
ization E : ®(c) x ®(¢) — Z given by E(®(x), P(y)) = Tr(g(g“*lfy) for all z,y € ¢.

THEOREM 5.0.4. Let K be a primitive quartic CM-field, ® a CM-type on K and Ok
the ring of integers of K. There is an action of C(Og) on J(K,®,m). If (a,«a) €
C(Ok), this action on (¢,() € J(K,P,m) is given by

(a, @) - (¢, ¢) = (ac, Q).

PROOF. We must prove that this action is well-defined. By assumption, since (¢, ()
is in J (K, ®,m), the abelian surface it represents carries a polarization of type (1,m)
for some integer m and there exists by Theorem 3.1.2 some a = [[, a, € R,,(K) such

that

plm

(¢) = ceDiff g [ [ op-

plm
To show that the pair (ac, a@() represents an abelian surface in A(K, ®, m), we first note
that as « is real and totally positive, a( is totally imaginary and the imaginary part of
#((a¢)™!) has the same sign as ¢(¢1) so that (a¢)™! is also in Kg(iR+g). Now we have

(a€) = aa(()
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=acacDy H ap.

plm

This implies that (ac,a() € J(K, P, m). So the action is well-defined. O

We wish to study the properties of this action. Is the action transitive? If it’s not
transitive, how many orbits do we have? It is apparent from the proof that the action is
defined that we cannot possibly map one triple to another if the ideal ] Plm %p associated
with each polarization are different, in other words the action descends to an action on
the fibers J (K, ®,m)ra so the action can only be transitive if there is only one such
collection fa € R,,(K) giving rise to a polarization. And so in order to answer this we
need to find how many different collections (a,) are possible. We have not yet found a
good way to measure how many possibilities there are. However this does prove a nice

theorem to end on in some restricted conditions.

THEOREM 5.0.5. Let K be a primitive quartic CM-field, ® a CM-type on K and O
the ring of integers of K. The action of C(Ok) on J(K, P, m) is transitive if and only
if R(K) is a singleton.
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