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Abstract

The goal of microscopic nuclear physics is to describe nuclear structure and nuclear reactions

in terms of fundamental forces between the elementary constituents of hadrons.

Quantum Chromodynamics (QCD) is understood to be the fundamental theory of strong inter-

actions. In QCD, hadrons are bound states arising from interacting quarks and gluons. Unfortu-

nately, in the low-energy regime QCD is non-perturbative, which renders the theory unmanageable

for the description of low-energy reactions and nuclear structure.

Chiral Effective Field Theory provides the link between QCD and nuclear forces that are suitable

to describe bound nuclear systems and low-energy reactions. While respecting the symmetries of

the QCD Lagrangian, the theory adopts nucleons and pions as its degrees of freedom. In this work

we use two- and three-nucleon forces constructed from Chiral Effective Field Theory and apply

them in nuclear matter. The energy per particle as a function of density in infinite nuclear matter

is referred to as the nuclear matter equation of state.

Nuclear matter is an infinite system with equal densities of protons and neutrons. More precisely,

this is referred to as “symmetric nuclear matter.” Neutron-rich matter is then an infinite system

with larger concentration of neutrons, and, of course, pure neutron matter contains only neutrons.

The many-body framework we use to evaluate the nuclear matter equation of state is known as the

Bruckner-Hartree-Fock approach.

Having presented our theoretical tools for the development of the equation of state based on

few-nucleon chiral forces (Chapter 2), we proceed to show and apply our predictions.

Modern theoretical predictions of neutron-rich matter are particularly timely. On-going and

planned experiments aim at measuring observables which are sensitive to the equation of state

of neutron-rich matter or pure neutron matter, particularly the neutron skin. Our predictions

(Chapter 3) are within presently available empirical constraints.

The equation of state of neutron-rich matter has recently been brought to the forefront of nuclear

astrophysics due its relevance for the properties of neutron stars. Neutron stars are important

natural laboratories for constraining theories of the equation of state, because the mass-radius

relationship of these stellar objects has been shown to be sensitive to it. Our calculations and

predictions of neutron star radii are presented in Chapter 4. We find them to be in good agreement
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with recent observational constraints.

We conclude this work with our most recent effort, where we calculate the nuclear matter

equation of state with the inclusion of subleading contributions to the chiral three-nucleon force.

Additional studies related to this development are in progress.
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Chapter 1

Introduction

Understanding the interactions between nucleons (that is, protons and neutrons) and describing

nuclear reactions and structure quantitatively has been a central focus of nuclear physics since its

inception. The ab initio approach to a many-nucleon system requires the application of few-nucleon

forces in the many-body theory. The ultimate test of the validity of the theory is then based on

comparison between predictions and experimental data.

A very useful and convenient “test bench” for theoretical nuclear physics is infinite nuclear

matter, which is an idealized system composed of protons and neutrons in equal concentrations

interacting via nuclear forces in the absence of electromagnetic interactions. This system is charac-

terized by the nuclear Equation of State (EoS), defined as the energy per nucleon in infinite matter

as a function of density. The infinite nature of nuclear matter implies translation invariance, thus

simplifying calculations. Furthermore, the EoS can be applied directly in studies of actual nuclear

systems which adopt the local density approximation. Also, as we will discuss in depth, the nuclear

EoS plays an outstanding role in studies of neutron stars.

In this work we derive the EoS based on the approach to nuclear matter known as the Bruckner-

Hartree-Fock (BHF) method [1–9]. The BHF theory provides convergent solutions for in-medium

interactions from realistic two-body nuclear potentials. A self-contained description of the method,

as well as additional citations, are provided in Chapter 2.

Naturally, nuclear forces are a crucial input for nuclear matter calculations. The development

of nuclear forces has a long history, including phenomenological models and those based on meson

theory, which was historically a very important development. Extensive reviews of the meson theory

of nuclear forces are cited in Chapter 2.
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Our understanding of nuclear forces has evolved over the years, particularly with the realization

that the underlying theory of strong interactions is Quantum Chromodynamics (QCD), where the

interactions among quarks involves the “color” charge [60–62]. A truly fundamental theory of

nuclear forces would have to be derived directly from the quark interactions via gluon exchange –

unfortunately, still an unmanageable task.

Our main motivation is to develop and apply predictions of the EoS based on high-quality

modern nuclear forces. Those are derived from Chiral Effective Field Theory (χEFT). χEFT is

consistent with the symmetries of low-energy QCD, most notably the chiral symmetry [38–40]. Part

of Chapter 2 will be devoted to reviewing how χEFT provides the link between QCD and nuclear

forces which are applicable in the low-energy regime and discuss the two- and three-nucleon chiral

forces we employ in the many-body framework.

Previously, we defined nuclear matter as an infinite system with equal densities of protons and

neutrons. More precisely, this is referred to as “symmetric nuclear matter.” Neutron-rich matter is

then an infinite system with larger concentration of neutrons, and, of course, pure neutron matter

refers to a system containing only neutrons. Up to date theoretical predictions of neutron-rich

matter are particularly timely as this construct is the focus of on-going and planned experimental

efforts. For instance, the PREX-II [121], CREX [122] and MESA [123] accelerator experiments

seek to place high-precision constraints on the neutron radii and neutron skins of 48Ca and 208Pb.

In Chapter 3, we will elaborate on the relation between neutron skins and the EoS of neutron-rich

matter and show a variety of predictions.

The EoS of neutron-rich matter has recently been brought to the forefront of nuclear astrophysics

due its relevance for calculating properties of neutron stars. Neutron stars are important natural

laboratories for constraining theories of the EoS, because the mass-radius relationship of these

stellar objects has been shown to be sensitive to the EoS. Recently, interest in these compact stars

has increased considerably as we are now in the “multi-messenger era” of astrophysical observation.

The recent GW170817 neutron star merger event has yielded new and independent constraints on

the radius of the canonical mass neutron star [171, 172]. Chapter 4 is dedicated to the description

of our calculations, and corresponding predictions, of neutron star properties based on our chirally

constrained EoS for stellar matter.

We conclude this thesis with our most recent effort – the contributions arising from the sub-
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leading long-range components of the three-nucleon chiral force. As for the leading chiral 3NF, the

contributions are cast in terms of effective density dependent two-body potentials. We show the

EoS predictions and observe satisfactory convergence at N3LO when accounting for leading and

subleading three-nucleon forces.

Finally, in Chapter 6 we provide a brief summary of our methods and concusions, which we link

to work in progress and future plans.
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Chapter 2

The Energy per Particle in Infinite Nuclear Matter

In this chapter we will discuss the theoretical underpinnings of the nuclear EoS employed

throughout this work. We will begin with a discussion of the methodology and formalism behind

the Bruckner-Hartree-Fock approach to nuclear matter which is the nuclear many-body framework

we use to derive our EoS. We will then proceed to discuss the basic principles underlying the nuclear

forces which are input into the many-body framework.

2.1 Introduction

Achieving an understanding of nuclear forces and how their interactions shape nuclear systems

has been a quest at the heart of nuclear physics.

Although infinite nuclear matter is an idealized system, its EoS has proven to be a powerful

tool for exploring nuclear interactions in the medium. Symmetric nuclear matter is composed of

neutrons and protons in equal concentrations. Asymmetric nuclear matter, (in particular, neutron-

rich matter), is characterized by the degree of neutron excess, with neutron matter, consisting

of neutrons only, being the extreme case of neutron excess. From the theoretical standpoint, an

infinite system presents the advantage of translational invariance. In this chapter, we will present

the formalism we use to obtain the EoS microscopically from state-of-the-art nuclear forces.

As mentioned, we employ the approach to nuclear matter known as the Bruckner-Hartree-Fock

(BHF) method. For a complete historical overview of the theory, the reader should consult Refs. [1,

3–7, 9]. The BHF theory has proven to be an effective method for addressing nuclear matter,

providing a clear path towards the derivation of convergent solutions for in-medium interactions
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from realistic two-body nuclear potentials.

Other approaches to nuclear matter include the relativistic extension of BHF, known as the

Dirac-Bruckner-Hartree-Fock (DBHF) method. Comprehensive studies based on the DBHF scheme

may be found in Refs. [10–17]. Variational methods have also been widely used to produce nu-

clear matter predictions which are similar to those produced from the BHF method when realistic

nucleon-nucleon (NN) potentials are employed [18–21]. Phenomenological density-dependent forces,

such as Skyrme or Gogny forces [22–24], have been used as well for exploring nuclear many-body

systems. We will now proceed to briefly examine the key points of the BHF framework.

2.2 The Brueckner-Bethe-Goldstone Method

The goal of the Brueckner-Bethe-Goldstone method, typically referred to as Brueckner theory,

is to calculate the ground state energy in a system of A nucleons from a perturbation series. To

begin, we note that the total Hamiltonian of the system can be written as:

H = H0 +H1 , (2.1)

where the unperturbed Hamiltonian, H0, can be expressed in terms of a single particle potential,

U [6]:

H0 =
A∑
i

(Ti + Ui) , (2.2)

whereas the perturbation H1 can be written as

H1 =
1

2

A∑
i<j

Vij −
A∑
i

Ui . (2.3)

Here Vij is the two-body nuclear potential, while the single-particle potential U is to be chosen in

some convenient way so as to facilitate the convergence of the expansion. Note the total Hamiltonian

does not depend on U :

H = H0 +H1 =
A∑
i

Ti +
1

2

A∑
i<j

Vij , (2.4)
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although the choice of U will impact the convergence rate of the expansion [6].

Because the two-body nuclear potential is strongly repulsive at short distances, the expansion

is written in terms of the reaction matrix, the so-called G matrix, which performs the “ladder”

sum over all Pauli-allowed intermediate states of the two nucleons. The G matrix is solution of the

Brueckner-Bethe-Goldstone integral equation:

G(ω) = V + V
Q

ω −H0
G(ω) . (2.5)

where ω is the two-nucleon starting energy and Q is the Pauli operator, which prevents scattering

into occupied intermediate states.

We then obtain the energy per particle in nuclear matter from the reaction matrix as:

e

A
= 〈T 〉+

1

2A

∑
p,q≤kF

〈pq|G(ω)|pq − qp〉 , (2.6)

where 〈T 〉 is the average single-particle kinetic energy and the second term is the average single-

particle potential obtained as the sum of the interactions over antisymmetrized states. The factor

1/2 removes double counting of nucleon pairs.

A few key technical points concerning the solution of the integral equation and the evaluation

of the energy per particle are provided in the next section.

2.2.1 The G-Matrix

It is convenient to express the momenta of the two nucleons in terms their center-of-mass and

relative momenta:

~P =
~k1 + ~k2

2
, (2.7)

(note that this is actually 1/2 of the center-of-mass momentum, for reasons of convenience which

become clear later on), and

~q =
~k1 − ~k2

2
. (2.8)
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We then write the Bethe-Goldstone equation in terms of these variables [8]:

G(~q0, ~q, ~P ) = V (~q0, ~q) +

∫
d3~q′ V (~q0, ~q′)

Q(~P , ~q′)

E(~P , ~q0)− E(~P , ~q′)
G(~P , ~q′, ~q) . (2.9)

Here, ~q0, ~q′ and ~q represent the initial, intermediate and final momentum, respectively, and E

stands for the energy of the two nucleons. Using partial wave decomposition, we can write the

G-matrix in terms of its partial wave components, GJST
LL′ :

G(~q0, ~q, ~P ) ∝
∑

LL
′
STM

i(L
′−L) GJST

LL′ (q0, q, P ) Y JM
LS (q̂0) Y JM

L′S
(q̂) . (2.10)

The integral equation can therefore be explicitly reduced to a system of one-dimensional partial

wave components [8]:

GJST
LL′ (q0, q, P ) = V JST

LL′ (q0, q) +
2

π

∑
l

∫ ∞
0

dq′(q′)2 V JST
LL′ (q0, q

′)Q̄(q′, P ) GJSTLL′ (q′, q, P )

E(q0, P )− E(q′, P )
, (2.11)

where a similar decomposition has been applied to the two-body potential. Note that we have

applied an angle average approximation to the Pauli operator, Q. Also, the angular dependence

disappears from the energy denominator [8]. The above equation is solved for each partial wave

using standard matrix inversion techniques.

2.2.2 Evaluating the Energy per Particle

As done previously, we define 1/2 of the total momentum and the relative momentum:

~P =
~k1 + ~k2

2
(2.12)

and

~qo =
~k1 − ~k2

2
, (2.13)

implying that ~P ± ~qo = ~k1,2. (Note that these symmetric expressions for ~k1,2 are the reason for the

definition in Eq. (2.7).)
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The diagonal elements of the G-matrix, which contribute to the ground state energy of nuclear

matter, are obviously obtained from:

〈~qo|GP |~qo〉 = 〈~qo|V |~qo〉+

∫
d3q

′ 〈~qo|V |~q′〉
Q̄(~P , ~q′ , ~kF )

E(~P , ~qo)− E(~P , ~q′)
〈~q′ |GP |~qo〉 , (2.14)

where the two-particle energy is the sum of the single-particle energies:

E(~P , ~qo) = ε(~P + ~qo) + ε(~P − ~qo) , (2.15)

and

E(~P , ~q′) = ε(~P + ~q′) + ε(~P − ~q′) . (2.16)

Note that the single-particle energy contains the single-particle potential, U , yet to be deter-

mined. Because the G-matrix depends on U , and U depends on G (see second term in Eq. (2.6)),

a scheme must be applied to obtain a self-consistent solution. We start with parametrizing the

single-particle energy in parabolic form:

ε(~k) =
k2

2mN
+ U(q) ≈ k2

2m∗
+ Uo , (2.17)

where mN is the nucleon mass and m∗ and Uo are parameters to be determined. Clearly, the above

equation implies that the single-particle potential also has an approximate parabolic form:

U(k) =
q2

2
(
mN −m∗

mNm∗
) + Uo . (2.18)

Starting with some initial values for m∗ and Uo, we solve the for the G-matrix and calculate the

single-particle potential, which is again fitted to its parabolic approximation to obtain a new set of

parameters. The procedure continues until convergence is achieved to the desired accuracy. The

final single particle potential is then:

U(k1) =

∫
d3k2 〈~qo|GP |~qo〉 . (2.19)

The energy per particle can now be evaluated:



9

e

A
= 〈T (k1)〉(kF ) + 〈U(k1)〉(kF ) , (2.20)

where the averages are taken over the Fermi sea.

In the next sections, we will concentrate on the description of the nuclear forces, which constitute

the input to the framework we have just outlined.

2.3 QCD and Nuclear Forces: Some General Aspects

There are essentially two approaches to the development of nuclear forces: microscopic and phe-

nomenological. While phenomenological models have played an important role within the study of

nuclear interactions and have been quite successful, they inherently do not attempt to explain nu-

clear phenomena from fundamental principles. For details on the history and current developments

of nuclear forces from a phenomenological perspective see Refs. [25–28].

An important development in the theory of nuclear forces was meson theory. However, nuclear

forces based on meson-theoretic approaches were essentially models, that is, not directly related to

a fundamental theory of the underlying interactions among the constituents of hadrons. Extensive

reviews of the meson theory of nuclear force can be found in Refs. [29–37].

It is now understood that the underlying theory of strong interactions is Quantum Chromody-

namics (QCD). This section is primarily concerned with gaining insight into state-of-the-art nuclear

forces constructed from the principles of χEFT. For a comprehensive review of χEFT, the nuclear

potentials derived therefrom, current developments, and future challenges, see Refs. [38–58].

The fundamental theory of strong interactions is QCD, where the interaction among quarks

involves the “color” charge [60–62]. Naturally, a true fundamental theory of nuclear forces would

have to be derived directly from the quark interactions via gluon exchange. Unfortunately, this is

an unmanageable task. While significant advances have been made in recent years, there is still a

large gap in both theory and computational power before a working description of nuclear forces

can be derived from QCD [63–66]. For instance, the simplest two-body system would now become

a six-body problem due to the three-quark internal structure of nucleons.

The crucial feature of the interaction between colored particles is that it is weak at short

distances, a phenomenon known as asymptotic freedom, but extremely strong at long distances,
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namely at the low energies typical of nuclear physics. The quarks are therefore “locked in” in

colorless objects – the hadrons – and the force between nucleons is a residual force from the complex

interactions at the quark and gluon level. These considerations are crucial when identifying the

appropriate degrees of freeedom.

In this section we will start by briefly reviewing how χEFT provides the link between QCD

and nuclear forces which are applicable in the low-energy regime. We will then discuss the two-

and three-nucleon chiral nuclear forces we employ in the many-body framework described in the

preceding section.

2.3.1 Chiral Effective Field Theory

The first step in a development of an EFT is the identification of a “soft scale” and a “hard

scale.” For this purpose, guidance can be found in the hadron spectrum, where a large separation

exists between the mass of the pion and the mass of the vector meson ρ. Thus, we identify the pion

mass as the soft scale while the mass of the ρ sets the hard scale, ≈ 1 GeV. Moreover, since quarks

and gluons are ineffective degrees of freedom in the low-energy regime (see comments above), pions

and nucleons are the appropriate degrees of freedom of the EFT.

We still have to make the connection between QCD and the EFT. This link is established

through the symmetries of low-energy QCD. At this point, we can write the most general Lagrangian

consistent with those symmetries (and their breaking). Following the prescription of the theory as

expounded in Ref. [49], the QCD Lagrangian is given by:

L = q̄(iγµDµ −M)q − 1

4
Gµν,aGµνa , (2.21)

where ‘q’ is the quark field, Dµ represents the gauge covariant derivative, M is the quark mass

matrix, and Gµνa is the gluon strength field tensor.

Chiral symmetry is conservation of “handedness,” and is an exact symmetry for massless par-

ticles. Chiral symmetry occurs in the limit of vanishing quark masses, which amounts to dropping

the quark mass matrix term in the above Lagrangian. In fact, such term is responsible for explicit
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breaking of chiral symmetry, as can be seen from the following. The quark mass matrix,

M =

mu 0

0 md

 (2.22)

can be recast in terms of the identity matrix and the third Pauli spin matrix:

M =
(mu +md)

2

1 0

0 1

+
mu −md

2

1 0

0 −1

 . (2.23)

Clearly, the first term respects isospin symmetry while the second term vanishes if the masses of the

“up” and “down” quarks are equal – md=mu. Thus, the small difference in the quark masses breaks

isospin symmetry. On the other hand, the expression above breaks chiral symmetry explicitly as a

result of the non-zero quark masses. However, since the masses of the “u” and “d” quarks are very

small compared to typical hadronic masses, explicit breaking of chiral symmetry is a small effect.

Next, we need to address the spontaneous breaking of chiral symmetry, for which there is

clear evidence in the hadron spectrum. The spontaneous breaking of a global (as opposed to local)

symmetry is accompanied by the appearance of a so-called massless “Goldstone Boson.”The particle

which fulfills these requirements is the pion, an isospin triplet pseudoscalar boson. The pion is light

relatively to the other mesons in the hadron spectrum but not massless, which is due to the explicit

chiral symmetry breaking from the non-vanishing quark masses.

At this point, having identified pions and nucleons as the appropriate degrees of freedom, we

can then proceed to construct the Lagrangian of the effective theory:

Leff = Lππ + LπN + LNN + ... (2.24)

This effective Lagrangian is expanded in the form of the “soft scale” over the “hard scale”, Q
Λχ

.

As mentioned earlier, Q is of the order of the pion mass, whereas Λχ is the energy scale of chiral

symmetry breaking, approximately 1 GeV.

Through a scheme known as power counting, the most important contributions to the effective

Lagrangian are accounted for first, with increasing order resulting in consistently smaller terms.

While the expansion itself is, of course, infinite, at each order of the expansion we are assured that



12

Figure 2.1: Forces regrouped according to the chiral expansion. Note the appearance of three-body
forces at N2LO. The figure is from Ref. [59]

the number of terms is finite and well defined. This converts the issue of infinite expansion into a

manageable problem [51].

Each order of the chiral expansion is associated to the maximum power of the expansion pa-

rameter ( QΛχ )0, denoted by ν. Thus, the first order is dubbed the Leading Order, or “LO”, being

equivalent to the power ν = 0 : ( QΛχ )0. Terms with ν = 1 vanish due to symmetry reasons (they

would violate conservation of parity). The group of terms corresponding to the next power in the

expansion (ν = 2) constitute the Next-to-Leading-Order (NLO); ν = 3 is the Next-to-Next-to-

Leading-Order (N2LO), and so on.

At the first two orders of the chiral expansion only two-body forces (2NF) are generated. At

the third order (N2LO), three-body forces (3NF) appear for the first time.

In summary, we utilize potentials derived from χEFT because:

1) Symmetries relevant to low-energy QCD are incorporated in the theory, in particular chiral

symmetry. Thus, although the degrees of freedom are pions and nucleons instead of quarks and

gluons, there exists a solid connection with the fundamental theory of strong interactions through

its symmetries.
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2) χEFT employs a power counting scheme in which the progression of two and many-body

nucleon forces is constructed in a clear and systematic manner. In this way the theory is internally

consistent and the progression is well defined.

3) χEFT treats two and many-body forces on equal grounds. This is very important, as it

allows for a systematic inclusion of all 3NFs which appear at a given order, thus eliminating the

inconsistencies which are unavoidable when adopting meson-theoretic or phenomenological forces.

4) Lastly, χEFT provides a clear method for controlling the truncation error on an order-by-

order basis. The latter can simply be expressed as the difference between the quantity computed

at a given order of the chiral expansion and the one obtained at the next order.

We will now proceed to review the two and three-body chiral nuclear forces employed in this

work.

2.3.2 Two-Nucleon Forces

In this work, we use chiral two-nucleon forces up to the fifth order of the chiral expansion

(N4LO). The chiral potentials at N4LO are very accurate, yielding excellent reproduction of NN

scattering data below approximately 290 MeV with a χ2/datum equal to 1.15 [54] and the deuteron

properties.

The long-range component of the interaction contains a set of low-energy constants (LECs)

the values of which are determined in a very accurate Roy-Steiner analysis of πN scattering data

[67]. The πN LECs precision is such that their resulting error is small enough to be ignored in the

estimate of the overall uncertainty in the two-nucleon force [54, 67].

The short-range componenents of the chiral two-nucleon force are expressed through contact

terms, while the long range part contains contributions from pion exchange (PE), ranging from

one-pion exchange (1PE), found at all non-vanishing orders, to three-pion exchange (3PE), which

appears for the first time at N3LO.

The NN system exhibits one (shallow) bound state, the deuteron. Furthermore, NN scattering

lengths are large. These features make a perturbative calculation unfeasible and, therefore, the
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Figure 2.2: Topologies of the 3NF at N2LO. Figure obtained from Ref. [51]

NN amplitude must be calculated from the T-matrix, solution of the Lippmann-Schwinger (LS)

equation [49, 51]. Since high momentum components of the potential would produce divergences,

a regulator function must be applied to the potential to cut out unwanted high-momenta prior to

evaluating the T-Matrix. The regulator function has the typical form [51]

f(p′, p) = exp−[(p′/Λ)2n−(p/Λ)2n] , (2.25)

where p is the magnitude of the initial nucleon momentum and p′ is the magnitude of the final

nucleon momentum. Λ is the cutoff parameter, for which we chose a value of about 500 MeV,

equal to about half of the hard scale. The choice of cutoff is based upon considerations of good

perturbative behavior [51, 73]. Ideally, predictions should be independent of the cutoff, although

in practice this is not the case. Achieving cutoff independence is known as “renormalization”.

Different procedures have been suggested towards a renormalizable EFT, but this remains an open

issue, see Refs. [51, 57] and references therein.

2.3.3 Three-Nucleon Forces - N2LO

Prior N2LO, 3NFs do not contribute. At N2LO, there are three components (see diagrams in Fig.

2.2): a two-pion exchange term, a one-pion exchange term, and a contact term, contributing to the

long-range, the medium-range, and the short-range, respectively.

The two-pion exchange (2PE) potential is given by [51, 70]:
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V2π =
1

8

(gA
f2
π

)2 ∑
i 6=j 6=k

(σi · qi)(σj · qj)

(q2
i +m2

π)(q2
j +m2

π)
F abijk τ

a
i τ

b
j , (2.26)

where F abijk is defined as follows:

F abijk = δab [−4c1m
2
π + 2c3 qi · qj] + c4

∑
c

εabc τ ck σk · [qi × qj] . (2.27)

fπ is the pion decay constant equal to 94.4 MeV, gA is dimensionless and is the scaled coupling

constant with a value of 1.29, c1, c3 and c4, are the LECs which appear within the NN chiral forces

and thus are already fixed.

The 1PE contribution is given by [51, 70]:

V1π = − gA cD
8 f4

π Λχ

∑
i 6=j 6=k

σj · σj
q2
j +m2

π

(τi · τj) (σi · qj) , (2.28)

while the contact contribution is [51, 70]:

Vct =
cE

2 f4
π Λχ

∑
i 6=j 6=k

(τi · τj) . (2.29)

In the above equations, Λχ is equal to 700 MeV and mπ is the average pion mass, equal to 138.04

MeV. The constants cD and cE are additional LECs which are constrained by fitting two observables

within the few-nucleon system, typically 3H or 3He [48, 68, 69].

It has been shown [70] that, in nuclear matter, the original 3NFs displayed in this section can

be expressed as density dependent contributions to the in-medium NN interaction. More details

are given in the next section.

2.3.4 Three-nucleon forces in the medium

In Ref. [70], the genuine 3NFs at N2LO in nuclear matter are cast in the form of density-

dependent two-body interactions. We will use those expressions, which can be easily incorporated

in our nuclear matter framework.

First, we recall that the NN on-shell momentum space interaction has the general form:
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V (~p, ~q) =
[
VC + (~τ1 · ~τ2)WC

]
+
[
VS + (~τ1 · ~τ2)WS

]
~σ1 · ~σ2

+
[
VT + (~τ1 · ~τ2)WT

]
~σ1 · ~q ~σ2 · ~q

+
[
VSO + (~τ1 · ~τ2)WSO

]
i( ~σ1 + ~σ2) · (~q × ~p)

+
[
VQ + (~τ1 · ~τ2)WQ

]
( ~σ1 · (~q × ~p) ~σ2 · (~q × ~p)) .

(2.30)

Here, V corresponds to the isoscalar component of the interaction and (~τ1 · ~τ2)W corresponds to

the isovector component of the interaction. C stands for central, S for spin-spin, T for tensor, SO

for spin-orbit, and Q for quadratic spin-orbit.

The three nucleon effective potentials at N2LO for symmetric nuclear matter are expressed in

terms of six NN density dependent contributions, which we give below. For a detailed derivation,

see Ref. [70].

For clarity, we first regroup the values of some important constants [71]:

• gA = 1.29 ,

• fπ = 94.4 MeV ,

• MN = 938.918 MeV ,

• mπ = 138.04 MeV .

In the following, ρ is the density, while p is the nucleon momenta and q is the momentum

transfer.

The 2PE term of the chiral 3NF generates three contributions from Pauli-blocking of the in-

medium self-energy and vertex corrections:

V med,1
NN =

(g2
AMNρ

8πf4
π

)
(2 c1m

2
π + c3q

2) ~τ1 · ~τ2
~σ1 · ~q ~σ2 · ~q
(m2

π + q2)2
, (2.31)

V med,2
NN =

( g2
AMN

32π3f4
π

)
~τ1 · ~τ2

~σ1 · ~q ~σ2 · ~q
m2
π + q2

, (2.32)
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and

V med,3
NN =

( g2
AMN

64π3f4
π

)[
− 12c1m

2
π

[
2Γ0(p)− (2m2

π + q2) G0(p, q)
]

− c3

[
8k3

f − 12 (2m2
π + q2) Γ0(p)

− 6 q2Γ1(p) + 3 (2m2
π + q2)2 G0(p, q)

]
+ 4 c4 ~τ1 · ~τ2

(
q2 ~σ1 · ~σ2 − ~σ1 · ~q ~σ2 · ~q

)
G2(p, q)

−
(
3c3 + c4 ~τ1 · ~τ2

)
i( ~σ1 + ~σ2) · (~q × ~p)

×
[
2Γ0(p) + 2Γ1(p)− (2m2

π + q2)
(
G0(p, q) + 2G1(p, q)

)]
− 12 c1m

2
π i( ~σ1 + ~σ2) · (~q × ~p)

[
G0(p, q) + 2G1(p, q)

]
+ 4 c4 (~τ1 · ~τ2) ( ~σ1 · (~q × ~p) ~σ2 · (~q × ~p))

×
(
G0(p, q) + 4G1(p, q) + 4G3(p, q)

)]
.

(2.33)

The Γ functions are defined below:

Γ0(p) =kf −mπ

[
arctan(

kf + p

mπ
) + arctan(

kf − p
mπ

)
]

+
m2
π + k2

f − p2

4p
ln
(m2

π + (kf + p)2

m2
π + (kf − p)2

)
,

(2.34)

Γ1(p) =
kf
4p2

(m2
π + k2

f + p2)− Γ0(p)

− 1

16p3

[
m2
π + (kf + p)2

][
m2
π + (kf − p)2

]
ln
(m2

π + (kf + p)2

m2
π + (kf − p)2

)
,

(2.35)

Γ2(p) =
k3
f

9
+

1

6
(k2
f −m2

π − p2) Γ0(p) +
1

6
(m2

π + k2
f − p2) Γ1(p) , (2.36)
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Γ3(p) =
k3
f

3p2
−
m2
π + k2

f + p2

2p2
Γ0(p)−

m2
π + k2

f + 3p2

2p2
Γ1(p) , (2.37)

while the Gj(p, q) functions are defined as follows:

G{0,∗,∗∗}(p, q) =
2

q

∫ kf

0
dk

{k, k3, k5}√
A(p) + q2k2

ln
(qk +

√
A(p) + q2k2√
A(p)

)
, (2.38)

and the function A(p) stands for:

A(p) ≡
[
m2
π + (k + p)2

][
m2
π + (k − p)2

]
. (2.39)

The following G functions are defined in terms of Eq. 2.3.4 and the Γ functions defined above:

G1(p, q) =
Γ0(p)− (m2

π + p2) G0(p, q)−G∗(p, q)
4p2 − q2

, (2.40)

G1∗(p, q) =
3Γ2(p) + p2Γ3(p)− (m2

π + p2) G∗(p, q)−G∗∗(p, q)
4p2 − q2

, (2.41)

G2(p, q) = (m2
π + p2) G1(p, q) +G∗(p, q) +G1∗(p, q) , (2.42)

G3(p, q) =
0.5Γ1(p)− 2(m2

π + p2) G1(p, q)− 2G1∗(p, q)−G∗(p, q)
4p2 − q2

. (2.43)

The 1PE generates contributions dependent on the parameter cD
Λχ

:
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V med,4
NN = −

(gA MN cD ρ

32π f4
π Λχ

)
~τ1 · ~τ2

~σ1 · ~q ~σ2 · ~q
m2
π + q2

, (2.44)

and

V med,5
NN =

( gA MN cD
64π3 f4

π Λχ

) [
~τ1 · ~τ2

(
2 ~σ1 · ~σ2 Γ2(p)

+
(

Γ0(p) + 2Γ1(p) + Γ3

)[
~σ1 · ~σ2 (2p2 − q2

2
)

+ ~σ1 · ~q ~σ2 · ~q (1− 2p2

q2
)− 2

q2
( ~σ1 · (~q × ~p) ~σ2 · (~q × ~p))

])
+ 4k3

f − 6 m2
π Γ0(p)

]
.

(2.45)

Finally, the short-range component of the chiral 3NF generates a contribution dependent on

the constant, cE
Λχ

:

V med,6
NN = − 3 MN cE ρ

8π f4
π Λχ

. (2.46)

For a complete description of the contributions listed above the reader is referred to Ref. [70].

The LECs cD and cE which we use are determined via the three-nucleon system. They are con-

strained to reproduce the A = 3 binding energies and the Gamow-Teller matrix element of tritium

β-decay through the procedure described in Refs. [48, 68, 69]. The regulator function applied to

the 3NF is

f(q) = exp[(−q/Λ)4] , (2.47)

as in Ref. [74], with q ≡ |~p ′ − ~p | the momentum transfer.

The complete 3NF at orders higher than the third (N2LO) is very challenging, both in its

development and applications, and, therefore, it is frequently excluded from nuclear structure

studies. Note, though, that good progress is being made toward the inclusion of the subleading

3NF at N3LO [72, 75–79]. However, in Ref. [80] it was shown that the 2PE 3NF has nearly the same

analytical structure at the third (N2LO), fourth (N3LO), and fifth (N4LO) orders. Thus, one can
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Table 2.1: Values of the LECs c1,3,4, cD, and cE for different orders of the 2NF in the χEFT
expansion, and the 3NF at N2LO, and different values of the momentum-space cutoff Λ. The LECs
c1,3,4 are given in units of GeV−1, while cD and cE are dimensionless. The numbers in parentheses
indicate the error arising from the fitting procedure. In addition, we also show the value for the
exponent n that appears in the regulator function of Eq. (2.25).

Λ (MeV) n c1 c3 c4 cD cE

N2LO 450 2 –0.74 –3.61 2.44 0.935(0.215) 0.12(0.04)
500 2 –0.74 –3.61 2.44 0.495(0.195) –0.07(0.04)

N3LO 450 2 –1.07 –5.32 3.56 0.675(0.205) 0.31(0.05)
500 2 –1.07 –5.32 3.56 –0.945(0.215) –0.68(0.04)

N4LO 450 2 –1.10 –5.54 4.17 1.245(0.225) 0.28(0.05)
500 2 –1.10 –5.54 4.17 –0.670(0.230) –0.83(0.03)

Table 2.2: Same as Table 2.1, but including the 2PE 3NF at N3LO and N4LO. That is, at each
order, the 2PE term of the 3NF is included summing up all contributions up to that order. (The
N2LO values are the same as in Table 2.1).

Λ (MeV) n c1 c3 c4 cD cE

N2LO 450 2 –0.74 –3.61 2.44 0.935(0.215) 0.12(0.04)
500 2 –0.74 –3.61 2.44 0.495(0.195) –0.07(0.04)

N3LO 450 2 –1.20 –4.43 2.67 0.670(0.210) 0.41(0.05)
500 2 –1.20 –4.43 2.67 –0.750(0.210) –0.41(0.04)

N4LO 450 2 –0.73 –3.38 1.69 0.560(0.220) 0.46(0.05)
500 2 –0.73 –3.38 1.69 –0.745(0.225) –0.15(0.04)

parametrize the sum of all the three orders of 3NF contributions in terms of a set of effective LECs.

In this way, at least for the very important 2PE component of the 3NF, complete calculations up

to N4LO are possible. Tables 2.1 and 2.2 display a complete list of LECs with (Table 2.2) and

without (Table 2.1) the 2PE contribution, respectively.
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Chapter 3

The Nuclear Equation of State From Chiral Nuclear

Forces

3.1 Equations of state predictions for nuclear matter

3.1.1 Some basic definitions

The nuclear matter equation of state is characterized by the energy per particle as a function of

density, which we will denote by e(ρ) :

e(ρ) =
E

A
(ρ) , (3.1)

where E is the total energy of A nucleons. Here ρ is the total density of neutrons, n, and protons,

p:

ρ = ρn + ρp . (3.2)

Isospin is a quantum number that is conserved in strong interactions. Protons and neutron are

assigned an isospin quantum number of 1
2 , whereas the isospin projection along the quantization

axis is 1
2 for the proton and −1

2 for the neutron. Isospin, unlike spin, is dimensionless, but its formal

properties are the same as those of the spin angular momentum “vector.”

The isospin asymmetry parameter, α, defined as:

α ≡ ρn − ρp
ρn + ρp

=
ρn − ρp

ρ
, (3.3)
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characterizes the degree of neutron excess (if positive) or deficiency (if negative) as a function of

the nucleonic density. Clearly, α = 0 corresponds to equal densities of protons and neutrons, while

α = 1 corresponds to pure neutron matter.

In the previous chapter we described the formalism for deriving the energy per particle at a

given Fermi momentum, kF . The Fermi momentum is simply related to the density by summing

over normalized states in momentum space:

ρ = γ

∫
d3k

(2π)3
=

γ

2π2

∫ kF

0
k2dk = γ

k3
F

6π2
, (3.4)

where γ is the total degeneracy, namely the number of nucleons which can share the same momen-

tum state accounting for both isospin and spin. Thus, the degeneracy in isospin symmetric matter

and pure neutron matter is equal to 4 and 2, respectively.

Throughout this chapter we will denote the energy per particle of isospin symmetric nuclear

matter (SNM) by e0, while the energy per particle in neutron matter (NM) will be denoted by e1.

Then, e0 corresponds to α = 0, while e1 corresponds to α = 1.

The nuclear force is a “saturated force,” which is why the density in the interior of nuclei is

approximately constant. As a consequence, the energy per particle in SNM displays a minimum.

The density at which the minimum occurs is referred to as “saturation density” and denoted by ρ0.

The energy per particle in NM, on the other hand, increases monotonically with density. This is

because the nuclear force, which is isospin dependent, produces no bound states in the nn system.

Thus, no minimum of the energy per particle occurs in a system of neutrons.

As can be anticipated from the above discussion, the typical central density of nuclei is approx-

imately equal to the saturation density, about 0.16 fm−3 (or 2.67 · 1017 kg
m3 in S.I. units), with a

corresponding energy per particle approximately equal to -16 MeV. These values are derived from

fitting phenomenological models to large sets of nuclear data [81, 82].

3.1.2 Symmetric Nuclear Matter

Before proceeding to a discussion of our predictions in SNM, we take a small detour to address

quantification of the chiral error. At each order of the chiral expansion, the truncation error should

be a measure of what is neglected by terminating the chiral expansion at that order. When the
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Figure 3.1: The EoS of symmetric nuclear matter obtained with cutoff Λ = 450 MeV. The dashed
curves include only 2NF. (Note: N2LO is the first order at which 3NF appear.) The “I” and “II”
labels denote choices of the LECs as in Tables 2.1 and 2.2, respectively.

prediction at, say, order n+ 1 is known, the truncation error at order n can be simply expressed as

ε̄n = |Xn+1 −Xn| . (3.5)

If the prediction at order n+1 is unknown, the following is a reasonable (pessimistic) prescription

to estimate the error at order n:

ε̄n ≈ |Xn −Xn−1|
Q

Λ
, (3.6)

where Q is a typical momentum of the system, and Λ is the cutoff parameter. Usually we restrict

ourselves to values of 450 - 500 MeV, since this cutoff range is associated with better perturbative

properties in applications.

In Fig. 3.1, we show the nuclear equation of state at five orders of the chiral expansion. The

dashed curves are predictions which include only 2NF contributions. The labels “I” and “II” for the

N3LO and N4LO cases denote the choice of 3NF LECs as given in Table 2.1 and 2.2, respectively.
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Figure 3.2: The EoS of symmetric nuclear matter. The numbers 450 and 500 denote the cutoff,
Λ, in MeV, with the corresponding predictions shown by the solid and dashed lines, respectively.
LECs as in Table 2.2.

Figure 3.3: As in Fig. 3.2 but with LECs from Table 2.1

Their origin and significance was described in section 2.3.4. Clearly, inclusion of 3NF contributions

is crucial for saturation. At N3LO and N4LO, the EoS is very sensitive to the choice of the LECs.

In Figs. 3.2 and 3.3 we explore cutoff dependence for a particular choice of the LECs, case II

and case I, respectively. In Fig. 3.2 we note larger truncation error, but comparatively smaller
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Table 3.1: Saturation properties at three orders of the chiral expansion. The 3NF LECs used are
found in Table 2.2. The truncation error is included in parenthesis. [83]

Order Λ (MeV) ρ0 (fm−3) e0(ρ0) (MeV) K0 (MeV)
N2LO 450 0.155 (± 0.015) -14.2 (± 2.3) 217.4 (± 3.6)
N2LO 500 0.170 (± 0.010) -14.9 (± 0.5) 214.4 (± 8.0)
N3LO 450 0.170 (± 0.025) -16.4 (± 1.7) 221.2 (± 51.5)
N3LO 500 0.180 (± 0.023) -15.4 (± 2.2) 206.4 (± 49.2)
N4LO 450 0.195 (± 0.012) -18.1 (± 0.8) 272.7 (± 24.3)
N4LO 500 0.203 (± 0.010) -17.6 (± 0.9) 255.6 (± 21.2)

Table 3.2: Saturation properties at three orders of the chiral expansion. The 3NF LECs used are
found in Table 2.1. The truncation error is included in parenthesis. Note that the N2LO values are
the same as in Table 3.2 and are included for reference. [83]

Order Λ (MeV) ρ0 (fm−3) e0(ρ0) (MeV) K0 (MeV)
N2LO 450 0.155 (± 0.015) -14.2 (± 2.3) 217.4 (± 3.6)
N2LO 500 0.170 (± 0.010) -14.9 (± 0.5) 214.4 (± 8.0)
N3LO 450 0.155 (± 0.011) -15.2 (± 1.0) 220.6 (± 52.1)
N3LO 500 0.169 (± 0.001) -14.2 (± 0.2) 207.0 (± 15.0)
N4LO 450 0.144 (± 0.005) -14.2 (± 0.4) 180.3 (± 17.2)
N4LO 500 0.166 (± 0.001) -14.0 (± 0.1) 222.0 (± 6.0)

cutoff error than observed in Fig. 3.3. In both cases, we see significant cutoff uncertainty in the

high density region, as to be expected.

Table 3.1 contains the saturation properties as predicted at N2LO to N4LO, with the 3NF at

N3LO and at N4LO treated as in case II. We observe that the energy per particle at saturation

density varies within a range of about 4 MeV across all orders and cutoffs: -14.2 ≤ e0 ≤ -18.1 MeV,

while the saturation density spans a range of 0.048 fm−3 across all orders and both cutoffs: 0.155

fm−3 ≤ ρ0 ≤ 0.203 fm.−3 Table 3.2 contains similar information as Table 3.1 but for parametrization

I of the 3NF at the fourth and fifth orders. In this case, the energy per particle at saturation spans

about 1.2 MeV across all orders and cutoffs: -14.0 ≤ e0 ≤ -15.2 MeV, while the saturation density

varies within a range of 0.035 fm−3: 0.144 fm−3 ≤ ρ0 ≤ 0.169 fm.−3 We conclude this section

reiterating the importance of a consistent inclusion of the appropriate 3NF contributions at each

order.

3.1.3 Neutron Matter

Here, we present a similar study as the one in the previous section, but for NM. Figure 3.4 is the

analogous of Fig. 3.1. The dashed curves denote the EoS which only account for 2NF contributions.
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Figure 3.4: As in Fig. 3.1, but for the EoS of NM.

Figure 3.5: As in Fig. 3.2, but for the EoS of NM

We note excellent convergence of the 2NF curves, as observed for the SNM EoS. For the predictions

which include 3NFs, the labels “I” and “II” have the same meaning as in the previous section. We

note that significant, repulsive effects are produced by the inclusion of 3NFs in neutron matter.

From Figs. 3.5 and 3.6, a similar pattern as in the corresponding figures for SNM, Figs. 3.2

and 3.3, is seen with respect to cutoff dependence, although such dependence is weaker in NM.
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Figure 3.6: As in Fig. 3.3, but for the EoS of NM.

Figure 3.5 shows that cutoff dependence remains weak also at high densities. The reduced cutoff

sensitivity in NM could be due to the absence of isospin-0 partial waves, which are large and

present only in SNM [84]. Cutoff dependence is even weaker in Fig. 3.6. There, we also see a good

order-by-order convergence pattern.

3.2 Symmetry Energy

3.2.1 Basic Definitions and Phenomenological Properties of the Symmetry En-

ergy

We can express the EoS of isospin asymmetric matter, e(ρ, α), as a Maclaurin series expansion

with respect to the isospin asymmetry parameter:

e(ρ, α) = e(ρ, α = 0) +
1

2

(∂2e(ρ, α)

∂α2

)
(α=0)

α2 +O(α4) . (3.7)

Neglecting terms of order O(α4), Eq. (3.7) takes the parabolic form:

e(ρ, α) ≈ e0 + esym α2 , (3.8)
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where esym = 1
2

(
∂2e(ρ,α)
∂α2

)
α=0

. If α = 1, the symmetry energy (in the parabolic approximation)

becomes the difference between the energy per particle in NM and the one in SNM:

esym(ρ) = e1(ρ)− e0(ρ) . (3.9)

For comprehensive reviews on the symmetry energy and its role in neutron-rich systems, consult

Refs. [85–88].

The Taylor expansion of the symmetry energy with respect to density about the saturation

point helps identifying several useful parameters, whose physical meaning shall be discussed as

they become relevant:

esym(ρ) ≈ esym(ρo) + L
ρ− ρo

3ρ
+
K

2

(ρ− ρo)2

(3ρ)2
. (3.10)

L is referred to as the slope parameter, as it is a measure of the slope of the symmetry energy at

saturation:

L = 3ρo

(∂esym(ρ)

∂ρ

)
ρo
. (3.11)

Furthermore, it is obvious from Eqs. (3.9) and (3.11) that L is a measure of the slope of the NM

EoS at saturation density since the SNM EoS has a vanishing slope at that point, by definition of

saturation. From a variety of phenomenological models, typical values for L are within 70 ± 15

MeV [86, 89–91]. A value closer to 50 MeV was obtained in Ref. [86].

The parameter K characterizes the curvature of the symmetry energy at saturation density:

K = 9 ρ2
o

(∂2esym(ρ)

∂ρ2

)
ρo
. (3.12)

Note that a similar expansion of the energy per particle in SNM identifies the quantity

K0 = 9 ρ2
0(
∂2e0(ρ)

∂ρ2
)ρ0 (3.13)

as a measure of the curvature of the EoS in SNM.

Correlations between physical observables and the symmetry energy and/or its derivatives have

been explored mostly using families of phenomenological models. Popular examples are the Skyrme
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forces or relativistic mean-field models (RMF) [105]. These models are parameterized so as to

ensure that the empirical saturation properties are well described. Earlier investigations with

a family of Skyrme interactions concluded that there is a linear correlation between the slope

parameter and the neutron skin thickness of 208Pb [94]. The neutron skin is defined as the difference

between the root-mean square radii of the neutron and proton density distributions, a concept

which will be elaborated on further when discussing nuclei. This intimate connection between the

symmetry energy density derivative and the neutron skin of neutron-rich nuclei is of great interest.

Accurate measurements of the skin would set stringent constraints on theoretical predictions of the

L parameter.

Relativistic mean-field models predict a very wide range of L values, for example IU-FSU [92]

gives a L value of 47.2 MeV, while NL3 [93] yields a value of 118.2 MeV for the same quantity.

Naturally, these models also produce a large range of neutron skin values. For neutron skin pre-

dictions and RMF models, see also Ref. [106], where the authors utilize a large set of RMF models

constrained through accurate fits of the nuclear binding energies and charge radii.

Extensive studies involving the correlations of the symmetry energy parameters and the sym-

metry energy at saturation density have been conducted using a variety of phenomenological and

theoretical models [95–99]. Constrains on L vary considerably depending on the methods employed,

with the most typical range found to be between 50 and 70 MeV [89, 100, 101, 124]. Constraints

for the symmetry energy curvature are much weaker [102–104].

3.2.2 Symmetry Energy Predictions

We begin with showing the EoS for different levels of isospin asymmetry (or neutron excess),

see Fig. 3.7, at N3LO and cutoff equal to 450 MeV. Figure 3.8 displays the symmetry energy from

third to fifth order and cutoff of 450 MeV and 500 MeV. The 3NF LECs from Table 2.2 are used.

We note that there is very little truncation or cutoff error up to about ρ = 0.2 .fm−3 In particular,

the truncation error between the fourth and fifth chiral orders is remarkably small up to high

density, especially for the cutoff of 450 MeV. Figure 3.9 displays the analogous comparison when

the parameterization of the 3NF as in Table 2.1 is used instead. Similar comments apply as in

Fig. 3.8. The difference between the fourth and fifth chiral orders is nearly zero.

From the observations above, regrouped for emphasis in Fig. 3.10, one may conclude that the
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Figure 3.7: The energy per particle for increasing degree of isospin asymmetry at N3LO and cutoff
of 450 MeV [83]. 3NF LECs as in Table 2.2.

Figure 3.8: Symmetry energy at increasing orders and both values of the regulator. The 3NF LECs
from are from Table 2.2.
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Figure 3.9: As in Fig. 3.8 but with 3NF LECs as in Table 2.1.

Figure 3.10: Symmetry energy at the fourth and fifth orders predicted with the two different
parameterizations of the 3NF. In each case, the results with both cutoffs are shown.
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Table 3.3: Symmetry energy properties at three orders of the chiral expansion. The 3NF LECs are
from Table 2.2. The truncation error is included in parenthesis [83]

.

Order Λ (MeV) esym(ρ0) (MeV) L (MeV) Ksym (MeV)

N2LO 450 30.9 (± 3.6) 51.9 (± 10.7) -93.2 (± 27.9)
500 32.8 (± 1.1) 58.8 (± 6.4) -85.0 (± 43.0)

N3LO 450 34.6 (± 3.2) 62.6 (± 5.9) -65.3 (± 17.9)
500 33.9 (± 3.9) 65.2 (± 6.9) -42.0 (± 5.9)

N4LO 450 37.8 (± 1.5) 68.5 (± 3.0) -83.2 (± 8.4)
500 37.8 (± 1.7) 72.1 (± 2.8) -47.9 (± 2.5)

predictions for the symmetry energy are quite similar for either choice of the LECs, which is in

contrast to the behavior observed for isospin symmetric matter and neutron matter predictions

individually. This may be due to cancellations, see Eq. (3.9).

In Table 3.3 we report predictions for the symmetry energy and related quantities. The predic-

tions for the slope parameter can be stated as 62 ± 10.1 MeV, while the range for the incompress-

ibility can be stated as -67.6 ± 25.6 MeV, including uncertainty from truncation and cutoff. For

comparison, the corresponding values obtained with Skyrme density functionals are 65.4 ± 13.5

MeV for the slope parameter and -22.9 ± 73.2 MeV for the incompressibility [108].

Averaging over the cutoff, the results at N3LO can be stated as follows (in MeV) [83]:

esym(ρ0) = 34.3±∆esym ∆esym = 3.6 (3.9) , (3.14)

L = 63.9±∆L ∆L = 6.4 (6.9) , (3.15)

Ksym = −53.7±∆Ksym ∆Ksym = 11.9 (17.9) . (3.16)

3.2.3 Semi-Microscopic Symmetry Energy Predictions

Up to this point, we discussed fully microscopic symmetry energy predictions. We already

noted that the saturation properties predicted by the chiral interactions we are considering can

differ substantially from one another, see Tables 3.1 and 3.2. The expansion parameters contained

in Eq. (3.10) have been evaluated at the saturation density appropriate for that interaction, not

at some common, nominal saturation density ρ0. On the other hand, as we mentioned earlier,
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Figure 3.11: The EoS from the phenomenological study of Ref. [108] in comparison with the
microscopic predictions, order by order [84].

analyses of correlations between the symmetry energy, its density slope, and the neutron skin

thickness are typically done utilizing families of phenomenological models, such as large sets of

Skyrme interactions or relativistic mean-field (RMF) models [105]. These models are constructed

so as to have in common good saturation properties (usually by adjusting parameters to empirical

properties of nuclei) while differing in the slope of the symmetry energy which, at saturation,

is essentially a measure for the pressure in pure neutron matter. Our EoS are microscopic and

parameter-free and our purpose is not to construct families of parameterized EoS models to establish

phenomenological correlations. However, for the purpose of demonstration, next we wish to perform

an analysis to “single out” the role of neutron matter pressure for the neutron skin thickness.

For that purpose, we remove the uncertainty associated with the saturation point in SNM by

constructing a “semi-microscopic” model of asymmetric matter as follows: for the symmetric part,

we will use an established phenomenological EoS, such as the one from Ref. [108], whereas for the

neutron matter portion – currently our focal point – we will continue to use the microscopic chiral

EoS presented in Sec. 3.1.3.

In Fig. 3.11 we see the phenomenological SNM EoS compared to the microscopic predictions.
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Figure 3.12: The symmetry energy vs. density. The curves are obtained from the various mi-
croscopic EoS for NM at the indicated chiral orders and cutoff values, combined with the phe-
nomenological EoS for SNM [108] as explained in the text. The additional predictions and various
constraints are from: Ref. [109], dark green; Ref. [110], magenta contour; Refs. [111, 112], yellow
and brown shaded areas. (The data points were extracted from the graphs assuming ρ0 = 0.16
fm−3) [84].
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Table 3.4: Symmetry energy properties at three orders of the chiral expansion. The 3NF LECs
employed here are found in Table 2.2. The truncation error is included in parenthesis [84]

.

Order Λ (MeV) esym(ρ0) (MeV) L (MeV) Ksym (MeV)

N2LO 450 32.8 (± 0.4) 52.2 (± 0.8) -117.6 (± 36.1)
500 32.2 (± 0.1) 50.2 (± 1.5) -106.3 (± 31.1)

N3LO 450 32.4 (± 1.0) 53.0 (± 7.2) -81.5 (± 32.8)
500 31.7 (± 0.6) 48.8 (± 4.6) -75.2 (± 32.8)

N4LO 450 31.4 (± 0.5) 45.8 (± 3.1) -114.3 (± 14.3)
500 31.1 (± 0.2) 44.2 (± 1.8) -108.0 (± 12.9)

We note considerable variations of the saturation point around the empirical values of e0=-16 ± 0.1

MeV and ρ0 =0.155 ± 0.008 fm.−3 In Fig. 3.12 we show our predictions for the symmetry energy

in comparison with those from a variety of phenomenological models and empirical constraints.

There is a general agreement of the symmetry energy predictions up to saturation density, after

which our chiral predictions are significantly softer than those from the phenomenological models.

Table 3.4 contains predictions for the symmetry energy parameters obtained with the micro-

scopic NM EoS and the phenomenological SNM EoS. As to be expected, we note that the range of

values for both the symmetry energy at saturation and the slope parameter are more constrained

than those in Table 3.3.

The average values at N3LO (with the “hybrid” model used in this section), accounting for

truncation error and cutoff uncertainty, are given below in MeV [84]:

esym(ρ0) = 32.1±∆esym ∆esym = 1.0 , (3.17)

L = 53.0±∆L ∆L = 7.2 , (3.18)

Ksym = −78.4±∆Ksym ∆Ksym = 32.8 . (3.19)

3.3 Finite Nuclei

So far we have discussed the chiral EoS predictions for infinite nuclear matter. However, to

gain further insights into the chiral EoS, it is useful to include finite nuclei in the discussion. In
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particular, as mentioned above, there is an important connection between the neutron skin of nuclei

and the symmetry energy.

For this purpose we will employ an energy-density functional inspired by the well-known semi-

empirical mass formula (SEMF) which assumes a spherically symmetric nucleus. In this way, we

can evaluate the energy per particle in nuclei in a manner that is inherently connected to the chiral

EoS.

3.3.1 Energy-Density Functional Inspired by the Semi-Empirical Mass Formula

With the SEMF as a guideline, we write the total energy of a given nucleus (Z,A) as:

E(Z,A) =

∫
d3r ρ(r) e(ρ, α) +

∫
d3r fo|∇ρ|2 +

e2

4πεo
(4π)2

∫ ∞
0

dr′
[
r′ρp(r

′)

∫ r′

0
dr r2ρp(r)

]
.

(3.20)

The energy per nucleon is simply the total energy of the nucleus, E(Z,A), divided by the atomic

mass number, A:

e =
E(Z,A)

A
. (3.21)

The density ρ(r) is expressed as a function of the distance from the center of the nucleus, r. The

isospin asymmetry parameter, α, was defined in Eq. (3.3).

Analyzing the formula term by term, we note that the first term – the “volume” term – represents

the energy of an infinite system:

Ev =

∫
d3r ρ(r) e(ρ(r), α) . (3.22)

The second term,

Es =

∫
d3r fo|∇ρ(r)|2 , (3.23)

simulates surface effects, which depend on the density gradient. The constant, fo, has been found to

be between 60 and 72 MeV fm−5 from fits to nuclear data [117]. Varying the constant fo across this

range introduces an additional uncertainly of about 0.01 fm in calculations of the radius. We will

use an average value of 65 MeV fm−5 for fo throughout this section. (See Ref. [84] for additional
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discussion.) We note that a contribution depending on the isovector density (ρn−ρp) has been left

out in Eq. (3.23) because its effect was found to be negligible [113].

Naturally, a realistic description of nuclei requires inclusion of the Coulomb energy, which is not

part of the energy per particle in the strongly interacting system defined as infinite nuclear matter.

(In fact, nuclear matter is the result of an extrapolation from finite nuclei when Coulomb and

finite-size effects are removed.) We account for the Coulomb energy, EC , throuh the expression:

EC =
e2

4πεo
(4π)2

∫ ∞
0

dr′[r′ρp(r
′)

∫ r′

0
dr r2ρp(r)] . (3.24)

The integral in Eq. 3.24 is straightforward and yields the electrostatic potential energy of a charged

sphere.

Next, we model the nuclear density distribution as a function of radial distance using the well-

established two-parameter Thomas-Fermi distribution:

ρi =
ρa

1 + e(r−bi)/ci
, (3.25)

where ρa is a normalization constant and i = (n, p). The constants b and c are the radius and the

diffuseness parameter, respectively. Thus for each species of particle (neutron/proton), there are

two parameters to be determined, totaling four parameters to describe the density distribution a

given nucleus (A,Z).

To summarize, the numerical procedure to obtain both the energy and the neutron and proton

density distributions of a given nucleus, (A,Z), is: 1) An EoS, together with the atomic and mass

numbers a given nucleus, (A,Z), and four starting parameters (bpo , cpo , bno , cno) are input into the

program. 2) Using a Nelder-Mead optimization algorithm, the minimum of the energy-density

functional is obtained. This corresponds to minimizing the energy, E, with respect to the Thomas-

Fermi density parameters. The four density parameters, (bp, cp, bn, cn) are the degrees of freedom

of the minimization algorithm. 3) The optimal parameters are those which give the minimum of

the energy.

The average radii of the neutron and proton density distributions are the quantum mechanical
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root-mean-square radii:

Ri =
√
〈(ri)2〉 =

√
4π

Ti

∫ ∞
0

ρi(r) · r4dr , (3.26)

where Tn,z = N,Z respectively. Rn is the neutron radius, while Rp is the proton radius.

Another quantity of interest is the charge radius, which is the average radius determined from

the charge distribution. The physical interpretation of the charge radius is a folding of the point

proton density with the finite charge distribution of the proton itself, which is not point-like:

r2
ch =

4π

Z

∫ ∞
0

2

a
√
π
r4dr

∫ ∞
0

r′

r
ρp(r

′) sinh
(2 r r′

a2

)
e−[( r

′
a

)2+( r
a

)2] dr′ . (3.27)

In Eq. (3.3), we defined the symmetry energy in terms of the energy per particle in neutron

matter and in symmetric matter. The average isospin asymmetry of a given nucleus withN neutrons

and Z protons is:

αave. ≡
N − Z
N + Z

=
N − Z
A

. (3.28)

Substituting Eq. (3.8) in Eq. (3.20) and recalling that, in the liquid droplet model, the term

associated with the isospin asymmetry of the nucleus is written as asym
(N−Z)2

A , where asym is

known as the symmetry energy coefficient, naturally leads to the definition:

asym(A,Z) =
A

(N − Z)2

∫
ρ(r) esym(ρ(r)) α2 d3r . (3.29)

The reference density, ρ1, is the density for which the symmetry energy is equal to the symmetry

energy coefficient for a given nucleus:

esym(ρ1) = asym(A,Z) . (3.30)

The relation above is of relevance, because it can potentially be used to constrain the symmetry

energy around ρ1 from the knowledge of the symmetry energy coefficient in nuclei. The latter can

be obtained from fitting a liquid droplet model to nuclear data.
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3.3.2 Symmetry Energy and the neutron skin

As mentioned above, a quantity of particular interest is the neutron skin, which is defined as

the difference in neutron and proton r.m.s. radii:

Sn =
√
〈(rn)2〉 −

√
〈(rp)2〉 = Rn −Rp . (3.31)

For nuclei with N = Z, the simplest approximation is to take Rn ≈ Rp, although the proton radius

is slightly larger due to the electrostatic repulsion. On the other hand, for neutron-rich nuclei,

some of the excess neutrons are pushed away from the neutron-enriched core, as such configuration

is energetically favorable. In fact, the formation of the neutron skin can be described as due to a

pressure gradient, known as the symmetry pressure:

Psym = ρ2desym
dρ

= PNM − PSNM , (3.32)

where the derivative is evaluated at ρ0. As the pressure in SNM vanishes at saturation, the

symmtery pressure is essentially the pressure in NM:

PNM =
(
ρ2de1

dρ

)
ρ0
. (3.33)

Together with Eq. (3.11), it is then clear that the pressure at saturation density correlates with the

slope parameter L which, in turn, correlates with the neutron skin.

As previously mentioned, families of phenomenological models have consistently demonstrated

a strong correlation between the neutron skin of 208Pb and the slope parameter. For instance, in

Refs. [105, 106], the correlation between the neutron skin in 208Pb and the slope parameter was

examined for a large collection of RMF models and a 98% degree of correlation was found. For

further details on the relationship of the slope parameter and the neutron skin of 208Pb consult Refs.

[106, 124–130] Since the neutron skin is of such interest, there are numerous historical and on-going

experimental efforts to measure its value. However, this quantity is difficult to determine since it

must be inferred from precision experiments where controlling errors remains a major challenge

[114, 116].
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However, the prospects for the near future are encouraging. For example, using the parity-

violating weak interaction in electron-nucleus scattering, the ratio of right-hand scattered electrons

to left-handed electrons can reveal information on the charge distribution within the nucleus [120].

The on-going PREX-II [121] and CREX [122] experiments, which exploit this phenomenon, seek

to constrain the value of the neutron skin of 208Pb and 48Ca to within ±0.06 fm and ±0.02 fm,

respectively. It is worth noting for comparison, that the first PREX experiment provided the

neutron skin constraints of 0.33 (+0.16,−0.18) fm [115], the error was larger than initially intended

due to technical complications, which are addressed in current experiments [121]. Additionally,

the MESA accelerator in Mainz is planning to conduct experiments [123] to constrain the neutron

skin of 208Pb and 48Ca within ±0.03 fm and ±0.02 fm, respectively. The 208Pb and 48Ca nuclei

have been studied extensively due to the fact that they are the only neutron-rich nuclei having

full nuclear shells (containing double “magic numbers” of neutrons and protons) and thus can be

treated as spherically symmetric.

The existence of neutron “drip lines” is also linked to the neutron/proton asymmetry in nuclei.

Nuclei with extreme neutron excess eventually become so weakly bound that the outermost neutrons

begin to “drip”. The degree of neutron excess where neutrons in nuclei of a particular isotopic chain

become unbound defines the location of the neutron drip lines on the nuclear chart [107, 117].

The neutron drip lines are currently unknown for elements above neon and this is because it is

not experimentally feasible to produce elements with extremely high neutron excess before decay

occurs [119]. Our group has performed a preliminary analysis of neutron drip lines based on chiral

forces [118] and we plan to extend those studies. However, at this time, parity-violating electron-

nucleus scattering offers the best prospect for constraining the slope of the symmetry energy,

because the relevant weak interaction observables are under solid theoretical control.

Neutron stars are a unique “laboratory” for nuclear astrophysics. Some of the mechanisms

governing the structure of neutron-rich nuclei are at play within neutron stars and this is readily

observed in the correlation between the neutron skin of 208Pb and the typical radius of the neutron

star [106, 120, 131–133]. Since the nuclear EoS is the crucial input for the evaluation of both

quantities, constraints on the neutron skin can provide theoretical constraints on neutron stars

radii. This remarkable connection between objects differing in scale by eighteen orders of magnitude

establishes a unique partnership between nuclear physics and nuclear astrophysics. The radius of
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Table 3.5: The neutron skin (in fm) of 208Pb as predicted with the chiral EoS.

Order Λ = 450 MeV Λ = 500 MeV

N2LO 0.133 ± 0.010 0.140 ± 0.005
N3LO 0.143 ± 0.007 0.145 ± 0.011
N4LO 0.150 ± 0.004 0.156 ± 0.006

Table 3.6: As inTable 3.5, but for 48Ca.

Order Λ = 450 MeV Λ = 500 MeV

N2LO 0.132 ± 0.011 0.134 ± 0.002
N3LO 0.143 ± 0.005 0.136 ± 0.006
N4LO 0.138 ± 0.002 0.142 ± 0.002

the canonical-mass neutron star is sensitive to the pressures at saturation density and thus correlates

with the slope parameter in a similar fashion as the neutron skin of neutron-rich nuclei. The mass-

radius relationship for neutron stars as predicted from the chiral EoS will be discussed in the next

chapter.

3.3.3 Predictions for Neutron Skins

We now turn to nuclei predictions as generated from the chiral EoS through the energy-density

functional discussed in section 3.3.1. In Table 3.5 we show the prediction for the neutron skin of

208Pb as derived from the EoS at three orders of the chiral expansion, while Table 3.6 shows the

predictions for 48Ca. Overall, the results cover a range of 0.133 fm−3 ≤ Sn(208Pb) ≤ 0.156 fm−3

and 0.132 fm−3 ≤ Sn(48Ca) ≤ 0.142 fm.−3 Averaging with respect to the cutoff, the final neutron

skin predictions at N3LO for 208Pb and 48Ca [83] can be expressed as:

Sn(208Pb) = 0.144±∆Sn ∆Sn = 0.009(0.011) , (3.34)

Sn(48Ca) = 0.140±∆Sn ∆Sn = 0.006 . (3.35)

For 208Pb, the reference density was determined to be in the range 0.086 fm−3 ≤ ρ1 ≤ 0.108

fm−3 over all orders and both cutoffs, while the symmetry energy coefficient was found to be in the

range 19.1 MeV ≤ asym ≤ 25.9 MeV.

In Tables 3.7 and 3.8 we observe the neutron skin predictions arising from the semi-microscopic
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Table 3.7: The neutron skin (in fm) of 208Pb obtained from the semi-microscopic model described
in section 3.2.3.

Order Λ = 450 MeV Λ = 500 MeV

N2LO 0.155 ± 0.005 0.147 ± 0.004
N3LO 0.150 ± 0.009 0.143 ± 0.004
N4LO 0.141 ± 0.004 0.139 ± 0.002

Table 3.8: As in Table 3.7, but for 48Ca.

Order Λ = 450 MeV Λ = 500 MeV

N2LO 0.150 ± 0.003 0.144 ± 0.002
N3LO 0.147 ± 0.005 0.142 ± 0.002
N4LO 0.141 ± 0.003 0.140 ± 0.001

nuclear EoS described in section 3.2.3. Overall, the neutron skins of 208Pb and 48Ca were found to

be within 0.139-0.155 fm and 0.140-0.150 fm, respectively. The final estimates at N3LO, including

truncation and cutoff uncertainty, are given below in units of fermi [84]:

Sn(208Pb) = 0.147±∆Sn ∆Sn = 0.009 , (3.36)

Sn(48Ca) = 0.145±∆Sn ∆Sn = 0.005 . (3.37)
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Chapter 4

The Nuclear Equation of State and Neutron Stars

A neutron star is the remnant collapsed core of a giant star which has undergone a supernova

explosion. Only stars with sufficient mass, about 8 solar masses (8 M⊙) or greater, undergo a

supernova event as the end of their life cycle [135]. Neutron stars are estimated to originate from

stars having between 8 - 25 M⊙ [136] which corresponds to the mass range of supergiant main-

sequence stars. Due to its extremely compact nature, the neutron star is directly supported against

further gravitational collapse into a black hole by mechanisms of nuclear origin, which make these

objects excellent natural laboratories for exploring the nuclear EoS at high densities. We begin by

briefly discussing the historical relevance as well as some properties of neutron stars. We will then

proceed to explore the predicted mass-radius relationship derived from the EoS through the TOV

stellar structure equation.

4.1 General Aspects of Neutron Stars

In 1934, just a couple of years after the discovery of the neutron [137], Baade and Zwicky hy-

pothesized the existence of a very dense stellar object, which they named neutron star, arising from

the remnants of a supernova [138, 139]. In 1939 Tolman [140], and independently yet simultane-

ously, Oppenheimer and Volkoff [141] estimated the mass-radius relationship of these neutron stars

based on general relativity and crude nuclear force models, thus producing the famous Tolman-

Oppenheimer-Volkoff (TOV) equation. The TOV equation allows for the calculation of a theoretical

upper limit on the possible mass of neutron stars. However, due to the lack of understanding of

the nucleon interaction at the time, their original predictions were not accurate, placing the upper
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limit of a neutron star mass lower than the Chandrasekhar limit.

Over the years, with a better understanding of nuclear interactions, a more realistic picture of

neutron stars and their structure emerged. For a comprehensive look at historical developments of

the neutron star EoS, see Refs. [142–154].

While the existence of neutron stars was a theoretical possibility, finding proof of their exis-

tence remained a challenge. Initial efforts involving attempts to compute and observe the thermal

signature of neutron stars [155–158] were unsuccessful. In 1967, Pacini [159] postulated that fast

rotating neutron stars could produce large electromagnetic emission generated from a powerful

magnetic dipole. The next year, Bell and Hewish [160] discovered the first radio pulsar, charac-

terized by an astonishingly stable periodic electromagnetic signal. Later that year, Gold theorized

that neutron stellar objects were excellent candidates to explain the unusual characteristics of the

pulsar signal [161].

By 1969, the connection between supernovas and pulsars was firmly established with the dis-

coveries of the Vela [162] and Crab [163] nebula pulsars. Hundreds of pulsars were discovered in

the 1970s and 80s using radio astronomy, while more recent developments have identified pulsars

whose signals span the electromagnetic spectrum [134]. To date, more than two and a half thou-

sand pulsars have been discovered [164], these stellar objects being found in many configurations

including in binary pulsar systems [165], main-sequence binary-pulsar systems [166], globular clus-

ters [167], with orbiting exo-planets [168] and displaying a wide variety of unusual, yet periodic

signals [169, 170]. The recent GW170817 neutron star merger event, as detected through gravita-

tional wave signatures by LIGO/Virgo [171], along with the accompanying gamma-ray burst [172],

has generated further and remarkable evidence that observational data is aligned with theoretical

predictions for neutron stars.

The incredibly small periods of pulsars indicates the extreme gravitational forces (and cor-

responding internal densities) needed to hold these rapidly rotating objects together. Classical

estimates place the average density of pulsars to be around 3.6 · 1017 kg
m3 (0.216 fm−3) [134]. For

reference, the average density found in atomic nuclei is on the order of 2.0 · 1017 kg
m3 (0.12 fm−3)

and saturation density is about 2.67 · 1017 kg
m3 (0.16 fm−3). Thus the average densities found in

pulsars is significantly greater than the density found at the center of atomic nuclei. Clearly, this

points to the existence of very compact objects, whose composition is neutron rich and involves
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Figure 4.1: A illustration of neutron star structure as understood from current models [173, 174].

nuclear forces. For these reasons we refer to these objects as neutron stars. Figure 4.1 illustrates

the internal structure of a neutron star as understood through current theoretical predictions.

4.1.1 Mass-Radius Relation

The mass-radius relationship of neutron stars is uniquely determined from the star’s EoS and thus

reliable observational constraints can shed light on the EoS. While the radius cannot be directly

measured, the mass of neutron stars in binary systems can be inferred from observation together

with application of gravitational theory. With constraints on the mass of a star, the Doppler shift

then allows estimates of the radius [134].

The total mass range deduced from observed neutron stars is small compared to main-sequence

stars and is around 1 M⊙. To date, the smallest mass neutron star has been determined to

be ≈ 1.17 M⊙ [176], while the most massive observed neutron star is ≈ 2.14 M⊙ [177]. Of

particular interest is the Chandrasekhar mass limit of white dwarf stars which is 1.4 M⊙. If

this mass is exceeded, electron degeneracy would no longer be able to support a white dwarf star

from gravitational collapse. Observational constrains on neutron star masses yield values clustered

around 1.4 M⊙ [175] and for this reason this mass is referred to as the canonical-mass for neutron

stars. This observation led to the idea that white dwarf collapse may be an additional mechanism

for the formation of neutron stars [181–183].

As previously mentioned, the neutron star’s radius is hard to measure directly, however, ob-
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servational data allows for indirect inference. Observation-based constraints consistently place the

estimated radius of a neutron star in the range of 10-15 km. For instance, using accreting and

bursting sources, the radius of the canonical-mass neutron star was determined to be within a

range of 10.4 to 12.9 km [178], while analysis from the LIGO/Virgo observations determined the

radius to be in the range of 11.1 to 13.4 km [179]. Upper limits on the neutron star radii, as

determined from iron emission lines, were placed between 14.5 and 16.5 km [180].

Neutron star models are generally in good agreement with observational constraints for the

radius. For instance, the radius of the canonical-mass neutron star predicted from the set of EoS

applied in Ref. [184] is predicted to be in the range 10.45 - 12.66 km. From a variety of techniques

using experimentally determined quantities correlated to symmetry energy parameters the same

quantity is determined to have a range of 10.7 to 13.1 km [184–187], while using a range of theoretical

models a limit of 9.7 to 13.9 km is obtained [184, 188, 189]. On theoretical grounds, the largest

mass was predicted to be 3.2 M⊙ [190], based on only three assumptions: 1) General Relativity is

the appropriate theory for these massive stars , 2) the EoS is constrained by Le Chatelier’s principle

(∂P/∂ε ≥ 0), and 3) the causality condition ∂P/∂ε ≤ c2. While such massive neutron star may be

theoretically possible, no neutron star in this mass range has been observed.

It is interesting to note the small range of values for the radius across the mass range of neutron

stars. Heavier neutron stars have larger central densities and thus the star becomes comparatively

more compact, resulting in a very narrow mass-radius range in stark contrast to main-sequence

stars whose masses and radii span several orders of magnitude.

4.2 EoS for β-Stable Nuclear Matter

In this section we will detail the construction of the EoS for stellar matter in β-equilibrium. We

define the total energy per baryon as

eT (ρ) = e0(ρ) + esym (Yn − Yp)2 + ee + eµ +
∑
i=n,p

Yi ·mi , (4.1)

where the first two terms on the right-hand side are equivalent to Eq. (3.8). Here Yn,p is the neu-

tron/proton fractions. The last term accounts for the baryon rest masses (in units of energy), while
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ee/µ are the energy-per-baryon of the electrons and muons, respectively. All terms are functions of

density.

The energy density (εi), pressure (pi) and density (ρi) for each particle species, i, at a given

Fermi momentum, (kF )i, can be expressed as

εi =
γ

2π2
·
∫ kFi

0

√
k2 +m2

i k
2 dk , (4.2)

pi =
1

3

γ

2π2
·
∫ kFi

0

k2√
k2 +m2

i

k2 dk , (4.3)

ρi =
γ

2π2

∫ kFi

0
k2 dk . (4.4)

The degeneracy, γ, is the number of spin states available to each particle species, equal to 2 for

spin-1
2 fermions. Energy density is simply related to the energy per particle through the density:

ε = ρ · e(ρ) . (4.5)

The Fermi energy for each species, i, given in Eq. (4.6) below, is referred to as the chemical

potential:

µi =
∂εi
∂ρi

=
√
k2
Fi

+m2
i . (4.6)

4.2.1 Particle Fractions

To evaluate Eq. (4.1) we must determine the fractions of each particle species:

Yi =
ρi
ρ
. (4.7)

Note, also, the following relation:

µi =
∂εi
∂ρi

=
∂ei
∂Yi

. (4.8)
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Next, we impose two additional constraints on the system, namely fixed baryon density, Eq. (4.9),

and global charge neutrality, Eq. (4.10):

ρp + ρn = ρ ⇒ Yp + Yn = 1 , (4.9)

ρp = ρe + ρµ ⇒ Yp = Ye + Yµ . (4.10)

To simultaneously solve these coupled equations, we define the functional F:

F = eT + λ1η1 + λ2η2 , (4.11)

where:

η1 = 1− Yn + Yp = 0 , (4.12)

η2 = Yp − Ye − Yµ = 0 , (4.13)

and λi are Lagrange multipliers. We then minimize the functional with respect to the appropriate

particle fractions,

∂F

∂Yi
= 0 . (4.14)

We use Eqs. (4.1), (4.11) and (4.14) to relate the chemical potentials of each species. Taking the

derivative of each species fraction with respect to F yields four equations:

∂F

∂Yp
=

∂e

∂Yp
− λ1 + λ2 = 0 ⇒ µp = λ1 − λ2 , (4.15)

∂F

∂Yn
=

∂e

∂Yn
− λ1 = 0 ⇒ µn = λ1 , (4.16)

∂F

∂Ye
=

∂e

∂Ye
− λ2 = 0 ⇒ µe = λ2 , (4.17)
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Figure 4.2: Fractions of neutrons (n), protons (p), electrons (e), and muons (µ) as a function of
density at three orders of the chiral expansion. The cutoff Λ is 450 MeV.

∂F

∂Yµ
=

∂e

∂Yµ
− λ2 = 0 ⇒ µµ = λ2 . (4.18)

Combining the above equations, we obtain the following relationships:

µµ = µe , (4.19)

µp = µn − µe . (4.20)

4.2.2 Predictions in β-Stable Matter

Using Eqs. (4.2), (4.4), (4.5) and (4.6) along with the chemical potential relationships of

Eqs. (4.19) and (4.20), we can derive the energy density and energy per particle in β-stable matter.

For details of the derivation, see Appendix A.

The pressure of the system is related to density through:
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Figure 4.3: Pressure in β-stable nuclear matter at three orders of the chiral expansion and two
values of the regulator.

P (ρ) = ρ2
d( εTρ )

dρ
= ρ2deT

dρ
, (4.21)

which is the internal pressure critical for the star’s structure. We will briefly discuss the chiral EoS

predictions for the pressure in β-stable nuclear matter at densities up to twice saturation density

(≈ 0.32 fm−3). This choice is guided by considerations of the typical momentum of the system, Q,

relative to the cutoff, Λ ≈ 450 MeV, to avoid issues with the chiral expansion in Q/Λ. Since the

highest momentum of neutrons in neutron matter at twice saturation density is ≈ 420 MeV and

the r.m.s value is typically 60% of the maximum value, so-called “cutoff artifacts” should not pose

serious problems [84].

For the nuclear EoS component of Eq. (4.1), we will use the semi-microscopic EoS detailed in

section 3.2.3 for the reasons discussed therein.

In Fig. 4.2 we observe predictions for the particle fractions as a function of density using the

techniques described in the previous section. We note the small fraction of particles other than

neutrons, where even at high densities neutrons compose between 90% and 95% of all particles.

The pressure predictions for the β-stable nuclear matter derived from the chiral NM EoS are shown
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in Fig. 4.3. We note the lack of cutoff dependence and, at densities up to twice saturation density,

the relatively small order dependence. At N3LO (and Λ = 450 MeV), the pressure at saturation

density is determined to be, accounting for truncation error, 2.48 (± 0.289) MeV/fm3 while at twice

saturation density a value of 20.54 (± 2.7) MeV/fm3 is obtained.

4.3 Radius of the Canonical-Mass Neutron Star

4.3.1 Polytropic extrapolation

In the previous section, we presented predictions for the EoS in β-stable matter. However, we

must keep in mind that chiral predictions have a limited domain of validity, which, in the previous

section, we estimated to be about twice saturation density. The densities within neutron stars can

reach five to six times saturation density, and therefore an appropriate method for extrapolating

the EoS to these densities must be employed. To accomplish this, we express the high density

pressure through polytropes [192]:

P (ρ) = αρΓ , (4.22)

fitted piece-wise at selected densities [192].

In this way, by varying the adiabatic index, Γ, a wide range of pressures can be explored. We

chose a density of 2ρ0 as the first matching density as this is where our chiral predictions end. We

vary the adiabatic index from 1.5 to 4.5, following guidelines from the literature [192]. We then

match the pressure with an additional set of polytropes at 3ρ0, with adiabatic indices spanning the

same range as the first set. In this manner we can explore a wide variety of “soft” and “stiff” EoS

and obtain a realistic estimate of the uncertainty on the radius arising from the “spreading” of the

pressure at the higher densities. It is worth stressing that high-density EoS extrapolations are not

meant to be a replacement for microscopic theoretical predictions [84, 193] which, at this time, are

not feasible at super-high densities.

We choose α so as to ensure continuity at the matching density:

α ≡
P(ρm)

(ρm)Γ
. (4.23)
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To evaluate the energy density, we use Eq. (4.22) in Eq. (4.21). Integrating to obtain the total

energy density yields

εT =
α

Γ− 1
ρΓ + Cρ , (4.24)

which ensures that the energy density is likewise continuous at the matching density. The constant

C is then:

C =
ε(ρm)

ρm
− α

Γ− 1
ρΓ−1
m . (4.25)

To construct the EoS for high densities, we must apply additional physical constraints. One is

the causality limit, which imposes the speed of light as the maximum speed of sound in matter. In

terms of P (ε), the causality condition reads

dP (ρ)

dε(ρ)
< 1 . (4.26)

Note that the constraint on the speed of sound is strictly valid only in absence of dispersion or

absorption in stellar matter [191, 194]. Nevertheless, imposing the causality constraint is standard

practice when constructing neutron star EoS and we will apply it in this work [134, 190, 192, 194].

Additionally we will only consider polytropes which can support a maximum mass of at least

1.97 M⊙, to be consistent with the lower limit of the 2.01 ± 0.04 M⊙ observation reported in

Ref. [195]. This limit is lower than the most massive observed neutron star to date. However, small

variations in the maximum mass constraint will not be very impactful on our predictions, which

focus on the radius of the canonical-mass neutron star.

In Fig. 4.4 we display the spreading of pressure values arising from the polytrope extrapolation

to high densities. The adiabatic index is incremented in intervals of 0.5, creating a total of seven

curves. The left most point of the figure is the first density (2ρ0) at which polytropes are matched

to the semi-microscopic β-stable EoS. The orange line marks the second point (3ρ0) at which a new

set of polytropes, having the same range of adiabatic indices, is matched to each if the previous

pressure curves. (We use c.g.s. units to facilitate comparisons, as this unit system is popular in

the astrophysical community.)
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Figure 4.4: Pressure spread resulting from the polytropic extrapolation of the β-stable EoS as
described in the text. The interaction at N3LO with Λ = 450 MeV is used.

4.3.2 The TOV Equation

With the EoS available over a full range of densities, we now discuss how the mass-radius relation

of a neutron star is evaluated. In this section we will briefly review the TOV equation [140, 141]

and how the mass-radius relationship emerges from the equation and a given input EoS.

The TOV equation describes a spherically symmetric inertial massive object composed of a

perfect fluid in hydrostatic equilibrium. The equation relates the pressure within the star to the

mass-energy density as functions of the radial distance from the star’s center:

dP (r)

dr
= −G

c2

(P (r) + ε(r)) (M(r) + 4πr3 P (r)
c2

)

r(r − 2GM(r)
c2

)
. (4.27)

A spherical shell of material is related to the energy density at a distance r from the star’s

center by:

dM(r)

dr
=

4π

c2
r2ε(r) . (4.28)

The star has a gravitational mass (M) is determined from the radius (R) and the mass-energy
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density (ε(r)):

M(R) =

∫ R

0

ε(r)

c2
d3r . (4.29)

Since the pressure and energy-density are functions of density, for a fixed central density the

mass-radius of the star can be determined by Eqs. (4.28) and (4.27). Equation (4.27) can be

integrated numerically by summing over shells of fixed width at incremented distance from the

star’s center so as to evaluate the total pressure as a function of radial distance. Equation (4.28)

can be integrated in the same fashion, simultaneously, to determine the mass contained within

each spherical shell. To accomplish this we employed fourth-order Runge-Kutta method. The

Runge-Kutta method can be summarized as follows:

1) For a 1st order ordinary differential equation in the form : dy
dx = f(x, y),

2) and a given initial point (xo, yo) and fixed incremental step h,

3) the set of yi points at corresponding (xi ≡ xi−1+h) points is given by the following algorithm:

yn+1 = yn + h T (xn, yn, h) , (4.30)

where T (xn, yn, h) is defined as:

T (xn, yn, h) =
1

6
(k1 + 2k2 + 2k3 + k4) , (4.31)

and the ki’s are as follows:

k1 = f(xn, yn) , (4.32)

k2 = f
(
xn +

h

2
, yn +

h

2
k1

)
, (4.33)
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Figure 4.5: Mass vs. radius relation derived from the NM EoS at three orders of the chiral expansion
with Λ = 450 MeV. The orange line marks a mass of 1.4 M⊙. The shaded overlay represents the
constraints obtained from Ref. [178].

k3 = f
(
xn +

h

2
, yn +

h

2
k2

)
, (4.34)

k4 = f(xn + h, yn + hk3) . (4.35)

Clearly, the initial condition of a given central density will correspond to a given pressure and

energy density at zero radial distance from the star’s center, which is a singularity. To avoid it,

we begin at a radial distance offset enough to prevent numerical divergences, but not enough to

cause any notable numerical error. Since the integration involves computing the pressure at each

spherical shell for a given incremented distance from the star’s center, the radial distance at which

the pressure effectively vanishes corresponds to the star’s radius. Then, Eq. (4.29), provides the

total mass enclosed within such radius.
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Figure 4.6: Same legend as in Fig. 4.5, except for the cutoff, which is equal to 500 MeV.

4.3.3 Predictions for the Neutron Star Radius

To briefly reiterate, we construct an EoS using the chiral NM EoS in β equilibrium at densities

ranging from 0.03 fm−3 ≤ ρ ≤ 2ρ0. At higher densities, we match a polytropic extrapolation to

the chiral predictions. To account for a continuous EoS at crustal densities we utilize the crustal

EoS from Refs. [196, 197]. The neutron star crust is composed of metals in crystalline structure

and cannot be described as a homogeneous fluid of neutrons, as appropriate for the BHF theory.

Instead, an appropriate crustal EoS [197] is matched to our previously described EoS using Akima

interpolation.

In Fig. 4.5 we see the predictions of the mass-radius relationship derived from the chiral NM

EoS at three chiral orders and cutoff Λ = 450 MeV. The orange line highlights the predictions for

a 1.4 M⊙ neutron star. The polygonal lavender overlay represents the constraints from Ref. [178].

We note that for the canonical mass, there is almost no spreading as a result of the variations in

the polytropic extrapolation at 3ρ0 and above, while for the extrapolation between 2ρ0 and 3ρ0

there is a small yet noticeable impact which creates an uncertainty on the order of ± 0.5 km. This

is interesting since the predicted central densities corresponding to these canonical mass stars are
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Table 4.1: Adiabatic indices, Γ1 and Γ2, corresponding to the two matching densities, see Fig. 4.4.
R is the radius, ρc is the central density, and vs is the speed of sound in units of the speed of light.

Γ1 Γ2 R (km) ρc (fm−3) vs (c)
1.5 3.5 - 4.5 11.19 - 11.34 0.653 - 0.589 0.718 - 0.813
2.0 3.0 - 4.5 11.49 - 11.62 0.620 - 0.548 0.642 - 0.786
2.5 3.0 - 4.5 11.83 - 11.86 0.543 - 0.514 0.621 - 0.789
3.0 2.5 - 4.5 12.05 - 12.06 0.488 - 0.478 0.555 - 0.766
3.5 1.5 - 4.5 12.19 - 12.18 0.445 - 0.444 0.650 - 0.676
4.0 1.5 - 4.5 12.27 0.420 0.759 - 0.699
4.5 1.5 - 4.5 12.32 0.403 0.792 - 0.750

1.25-2 times greater than 2ρ0, which is the region of large pressure variations seen in Fig. 4.4.

Thus, we confirm that the radii are sensitive mostly to pressures much lower than those found at

the star’s center (central density ranges shown in Table 4.1).

Table 4.1 displays intervals of central densities, radii, and speed of sound corresponding to the

given ranges of the polytropic index. The missing entries in Γ2 are due to restrictions imposed on

the EoS as discussed previously. We note that for the “stiff” EoS extrapolations at 2ρ0, denoted by

the upper range of Γ1, there is no variation at all in radius predictions due to pressure variations

at and above 3ρ0.

The total range for the radius of the canonical mass neutron star for N3LO, Λ = 450 MeV, can

be expressed as 11.19 - 12.32 km. Accounting for both truncation and extrapolation uncertainty,

we estimate:

R1.4M⊙ = 11.8 (± 1) km (4.36)

We note that our predictions fall within the range of radius constraints mentioned at the beginning

of this chapter, namely 10.4 to 12.9 km [178], the LIGO/Virgo observations of 11.1 to 13.4 km [179],

as well as the overlay in Fig. 4.5 which is based on observational data [178]. Appendix B contains

extensive tabulations of the results for the canonical-mass predictions at three chiral orders (N2LO,

N3LO, N4LO) and varying the cutoff. Also contained therein are the β-stable EoS predictions as

determined from the chiral NM EoS.
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Chapter 5

Subleading contributions to the chiral three-nucleon force

The complete 3NF beyond N2LO is very complex and was neglected in nuclear structure studies

of the past. However, in recent years, the 3NF at N3LO has been derived [198, 200] and applied

in some nuclear many-body systems [75, 76, 78, 79]. The contributions to the subleading chiral

3NF include: the 2PE topology, which is the longest-range component of the subleading 3NF, the

two-pion-one-pion exchange (2P-1P) topology, and the ring topology, generated by a circulating

pion which is absorbed and reemitted from each of the three nucleons.

Direct inclusion of the subleading chiral 3NF is a challenge for many-body calculations. How-

ever, similar to the leading 3NF, the contributions of the 3NF at N3LO can be conveniently ex-

pressed in the form of density-dependent effective two-nucleon interactions, as derived in Refs. [72,

77]. Here, we retain all the long-range components [77].

The in-medium NN potentials corresponding to the short-range subleading 3NFs have been

calculated in Ref. [72], and include the two-pion-exchange-contact topology and the relativistic

corrections, proportional to 1/M , where M is the nucleon mass. Both have been shown to be

negligible [78, 79] and are therefore left out of this study.

5.1 Expressions for the long-range subleading chiral three-nucleon

forces

In this section, we show the long-range subleading contributions to the 3NFs at N3LO. Con-

tributions to the 3NF at N3LO take the form of three topologies: the 2PE, the 2P-1P, and the

ring topology. Below, we provide the analytical expressions for the most important in-medium
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density-dependent potentials derived from the 3N diagrams at N3LO. For a detailed derivation, see

Ref. [77].

We begin with the 2PE topology. An important contribution to the double exchange is:

V med,3
NN =

g4
A

512 π3f6
π

[
[
mπ + (2m2

π + q2)A(q)
][

8k3
f + 6q2(Γ0 − Γ1)

]
− 6m2

πΓ0

[
3mπ + (2m2

π + q2)A(q)
]

+ 3(2m2
π + q2)

[
m3
π − 2mπq

2 − (2m4
π + 5m2

πq
2 + 2q4)A(q)

]
G0

+ 3i( ~σ1 + ~σ2) · (~q × ~p)
(

2
[
mπ + (2m2

π + q2)A(q)
]
(Γ0 + Γ1)

+
[
2mπq

2 −m3
π + (2m4

π + 5m2
πq

2 + 2q4)A(q)
][
G0 + 2G1

])
+ ~τ · ~τ

[
mπ + (4m2

π + q2)A(q)
]

(
i( ~σ1 + ~σ2) · (~q × ~p)

[
2Γ0 + 2Γ1 − (2m2

π + q2)(G0 + 2G1)
]

+ 4( ~σ1 · ~q ~σ2 · ~q − ~σ1 · ~σ2 q
2)G2

− 4( ~σ1 · (~q × ~p) ~σ2 · (~q × ~p))
[
G0 + 4G1 + 4G3

])]
.

(5.1)

The expressions for the Gν functions, A(q), as well as for the Γi functions can be found in

Chapter 2. The 2P-1P exchange topology yields four contributions. The vertex correction by 1P

exchange yields the following contribution:

V med,3
NN =

g4
A

512 π3f6
π

[
[
2m2

π Γ0 −
4k3

f

3
)
][
~τ · ~τ f3(q) + 3f7(q)

]
− ~τ · ~τ

[
2Γ2 +

q2

2
Γ̃3

]
q2f1(q)

+ Γ̃1q
2
[
3f6(q) + ~τ · ~τ f2(q)

]
− 2 ~σ1 · ~σ2

[
3Γ2f5(q) + ~τ · ~τ Γ̃1q

2f8(q)
]

− 3
(
~σ1 · ~p ~σ2 · ~p+ ~σ1 · ~p′ ~σ2 · ~p′

)
Γ̃3f5(q)

+ 2 ~σ1 · ~q ~σ2 · ~q
(
~τ · ~τ Γ̃1f8(q)− 3

[
Γ2 +

q2

4
Γ̃3

]
f4(q)

)
+ i( ~σ1 + ~σ2) · (~q × ~p))

(
~τ · ~τ

[
Γ̃1(2f8(q)− f2(q)) + Γ̃3

q2

2
f1(q)

]
− 3Γ̃1f6(q)

)]
,

(5.2)

where the reduced functions, fi(s), have the following analytic expressions:
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f1(s) =
mπ

s2

(
1− 2g2

A

)
−

g2
Amπ

4m2
π + s2

+
(

1 + g2
A +

4m2
π

s2
(2g2

A − 1)
)
A(s) , (5.3)

f2(s) = 2mπ + (4m2
π + 2s2)A(s) , (5.4)

f3(s) = mπ(1− 3g2
A) +

(
4m2

π(1− 2g2
A) + s2(1− 3g3

A)
)
A(s) , (5.5)

f4(s) = −2 g2
A A(s) , (5.6)

f5(s) = 2 g2
A s2A(s) , (5.7)

f6(s) = 4mπ + (8m2
π + 4s2)A(s) , (5.8)

f7(s) = 2mπ + (4m2
π + 2s2)A(s) , (5.9)

f8(s) = −1

2

(
mπ + (4m2

π + 2s2)A(s)
)
. (5.10)

The three nucleon-ring (3NR) interaction produces a particularly impactful set of contributions.

Two originate from the self-closings of nucleon lines:

V med,0
NN = −

g4
Ak

3
f

96π3f6
π

~τ · ~τ
(mπ(9m2

π + 2q2)

4m2
π + q2

+
3m2

π + q2

q
arctan(

q

2mπ
)
)
, (5.11)

V med,0
NN =

g6
Ak

3
f

96π3f6
π

[
~τ · ~τ

(23m3
π(2m2

π + q2) + 3mπq
4

(4m2
π + q2)2

+
3m2

π + q2

q
arctan(

q

2mπ
)
)

+
3

2q2
( ~σ1 · ~q ~σ2 · ~q − ~σ1 · ~σ2 q

2)
( m3

π

4m2
π + q2

+
q2 −m2

π

2q
arctan(

q

2mπ
)
)]

.

(5.12)

The concatenation of nucleon lines for the 3NR interaction can be regrouped according to the
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power of the scaled coupling constant. There are five contributions arising from the ∝ g4 component

of the 3NR interaction, all of which are expressible as an integration. The first contains only an

isoscalar central term:

V med,CC
NN =

3 g4
A

256 π4 f6
π

∫ ∞
0

dl
[
lΓ̃1(l)

(
[m2

π(8p2 − q2) + (4p2 + q2)(p2 − l2)]
Λ(l)

p2

+
l

p2
(q2 − 4p2) + 2(2m2

π + q2)(l2 − p2 −m2
π)Ω(l)

)
+

16k3
f

3

]
.

(5.13)

The second term contain isoscalar and isovector spin-spin and tensor terms:

V med,CC
NN =

g4
A(3 + ~τ · ~τ)

64 π4 f6
π

( ~σ1 · ~σ2 q
2 − ~σ1 · ~q ~σ2 · ~q)∫ ∞

0
dl

lΓ̃1(l)

4p2 − q2

(
(B + q2l2)Ω(l)− (m2

π + l2 + p2)Λ(l)
)
.

(5.14)

The third term contains an isoscalar and isovector quandratic spin-orbit term:

V med,CC
NN =

g4
A(3 + ~τ · ~τ)

64 π4 f6
π

( ~σ1 · (~q × ~p) ~σ2 · (~q × ~p))∫ ∞
0

dl
lΓ̃1(l)

4p2 − q2

[
− l

p2
+
(m2

π + l2 + p2

p2
+

2(4m2
π + 4l2 + q2)

4p2 − q2

)
Λ(l)

+ 2
(
m2
π + 3l2 + p2 − 4(m2

π + l2 + p2)2

4p2 − q2

)
Ω(l)

]
.

(5.15)

The fourth term is a isovector central term:

V med,CC
NN =

g4
A~τ · ~τ

64 π4 f6
π

∫ ∞
0

dl
[(

3 l Γ2(l) + l3Γ̃3(l)
) (

(2m2
π + q2)Ω(l)− 2 Λ(l)

)
+ lΓ̃1(l)

( l

4p2
(q2 − 4p2) +

(
2m2

π + p2 − l2 +
q2

4
− q2

4p2
(m2

π + l2)
)
Λ(l)

+
(
m2
π +

q2

2

)(
l2 − p2 −m2

π

)
Ω(l)

)
+

8k3
f

3

]
.

(5.16)
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The fifth and final component of the ∝ g4
A component to the 3N-ring interaction is an isovector

spin-orbit term:

V med,CC
NN =

g4
A~τ · ~τ

64 π4 f6
π

i( ~σ1 + ~σ2) · (~q × ~p))∫ ∞
0

dl
l

4p2 − q2

[
Γ̃1(l)

[
(p2 + l2)Λ(l)−

(
m2
π(p2 + l2) + q2l2 + (p2 − l2)2

)
Ω(l)

]
+ 4Γ2(l)

((
m2
π + l2 − p2 +

q2

2

)
Ω(l)− Λ(l)

)
+

Γ̃3(l)

2

([
(m2

π + p2)2 + 3l4 + 2l2(2m2
π − 2p2 + q2)

]
Ω(l)

− (m2
π + 3l2 + p2)Λ(l)

)]
.

(5.17)

In addition to the ∝ g4
A components of the 3NR interaction there are nine additional ∝ g6

A

components. These can be grouped into a set of five contributions, the first of which is an isoscalar

central term:

V med,2
NN =

3g6
A

256 π4 f6
π

∫ ∞
0

dl
[

4lγ2(l)
( l

p2
(4p2 − q2) +

[
(m2

π + l2)
q2

p2
− 8m2

π − 3q2
]
Λ(l) + (2m2

π + q2)2Ω(l)
)

+
l

2
γ̃3(l)

( l

p2

[
2p2(7l2 − 2m2

π − p2) + q2(m2
π − 3l2)

]
+
[
2p4 + p2(8m2

π − 4l2 + q2) + 6m2
π

(
m2
π − 4l2) + 2l2(l2 − 4q2)

+
q2

p2
(3l4 + 2m2

πl
2 −m4

π)
]
Λ(l)

+ (2m2
π + q2)

[
2l2(3m2

π + p2 + q2)− l4 − (m2
π + p2)2

]
Ω(l)

)
−

16k3
f

3

]
.

(5.18)

The second component is an isoscalar spin-orbit term:
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V med,2
NN =

3g6
A

256 π4 f6
π

i( ~σ1 + ~σ2) · (~q × ~p)
∫ ∞

0
dl

l

4p2 − q2

[
γ2(l)

([
4(p2 − l2 − 2m2

π)− 3q2 +
q2

p2
(m2

π + l2)
]
Λ(l)

+
l

p2
(4p2 − q2) + (2m2

π + q2)(2m2
π + 2l2 − 2p2 + q2)Ω(l)

)
+ γ̃3(l)

( l

4p2
(4p2 − q2)(m2

π + l2 + p2)

+
[
p2(2l2 − 4m2

π −
3q2

4
− p2) +

q2

4p2
(m2

π + l2)2 − l4

− l2(4m2
π +

3q2

2
)−m2

π(3m2
π +

q2

2
)
]
Λ(l)

+ (2m2
π + q2)

[
l4 + l2(2m2

π − 2p2 + q2) + (m2
π + p2)2

]
Ω(l)

)]
.

(5.19)

The third component is an isovector spin-orbit term:

V med,2
NN =

g6
A~τ · ~τ

128 π4 f6
π

i( ~σ1 + ~σ2) · (~q × ~p)
∫ ∞

0
dl

l

4p2 − q2

[
γ2(l)

([
4(2m2

π + l2 − p2) + 3q2 − q2

p2
(m2

π + l2)
]
Λ(l)

+
l

p2
(q2 − 4p2) + (2m2

π + q2)(2p2 − 2m2
π − 2l2 − q2)Ω(l)

)
+ γ̃3(l)

( l

2p2
(4p2 − q2)(m2

π − l2)

+
(
m2
π − l2 + p2

)[
p2 − l2 − 3m2

π −
q2

2
+

q2

2p2
(m2

π + l2)
]
Λ(l)

+ (m2
π + p2 − l2)2

(
m2
π + l2 − p2 +

q2

2

)
Ω(l)

)]
.

(5.20)

The fourth component contains an isovector spin-spin tensor and tensor term:
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V med,2
NN =

g6
A ~τ · ~τ

64 π4 f6
π

( ~σ1 · ~σ2 q
2 − ~σ1 · ~q ~σ2 · ~q)

∫ ∞
0

dl
l

4p2 − q2

[
4γ2(l)

(
(m2

π + l2 + p2)Λ(l)− (B + q2l2)Ω(l)
)

+ γ̃3(l)
( l

8p2
(4p2 − q2)(m2

π + l2 + p2)

+
[
p2
(
l2 − 3m2

π +
q2

8
− 3p2

2
)
)

+
l4

2
−m2

πl
2 − 3m4

π

2

+
q2

4
(m2

π − l2) +
q2

8p2
(m2

π + l2)2
]
Λ(l)

+
(
m2
π − l2 + p2

)(
B + q2l2

)
Ω(l)

)]
.

(5.21)

The fifth contribution is an isovector quadratic spin-orbit term:

V med,2
NN =

g6
A ~τ · ~τ

64 π4 f6
π

( ~σ1 · (~q × ~p) ~σ2 · (~q × ~p))
∫ ∞

0
dl

l

4p2 − q2

[
4γ2(l)

( l

p2
+
[
1− m2

π + l2

p2
− 2(4m2

π + 4l2 + 12)

4p2 − q2

]
Λ(l)

+
[8(m2

π + l2 + p2)2

4p2 − q2
− 8l2 − 4m2

π − q2
]
Ω(l)

)
+ γ̃3(l)

( l

p2
(l2 −m2

π − p2)+

+
[m4

π − l4

p2
+ 2l2 − p2 +

8

4p2 − q2

(
(m2

π + p2)2 − l4
)]

Λ(l)

+ 2(l2 −m2
π − p2)

[4(m2
π + l2 + p2)2

4p2 − q2
− 3l2 −m2

π − p2
]
Ω(l)

)]
.

(5.22)

Four additional contributions arise from the concatenations. The first is an isoscalar spin-spin and

tensor term:
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V med,cc
NN =

3g6
A

256 π4 f6
π

( ~σ1 · ~σ2 q
2 − ~σ1 · ~q ~σ2 · ~q)

∫ ∞
0

dl
l

4p2 − q2

[
12Γ2(l)

(
(m2

π + l2 + p2)Ω(l)− Λ(l)
)

+ Γ̃3(l)
( l

2p2
(q2 − 4p2)

+
[
3
(
3m2

π + l2 + 3p2
)
− q2

2
− q2

2p2
(m2

π + l2)
]
Λ(l)

−
[
4l2
(
2m2

π + q2 − 2p2
)

+ l4 + 7(m2
π + p2)2

]
Ω(l)

)]
.

(5.23)

The isoscalar quadratic spin-orbit term reads:

V med,2
NN =

3g6
A

64 π4 f6
π

( ~σ1 · (~q × ~p) ~σ2 · (~q × ~p))
∫ ∞

0
dl

1

4p2 − q2

[
3Γ2(l)

([ l
p2

+
8l

4p2 − q2

]
Λ(l)

− 1

p2
+
m2
π + l2 + p2

q2

[m2
π + (q2 − 4p2)

p2B
+

4m2
π + q2

B + q2l2
]

−
[4m2

π − q2

B + q2l2
(m2

π + l2 + p2) +
4

4p2 − q2
(2m2

π + 2l2 − 2p2 + q2)
]
lΩ(l)

)
+ lΓ̃3(l)

(
− 2
[m2

π

p2
+

7m2
π + 7p2 + l2

4p2 − q2

]
Λ(l) +

l

q2

+
l

2q2
(m2

π + l2 + p2)
[4m2

π(q2 − 4p2)

p2B
+

3(4m2
π + q2)

B + q2l2
]

+
[m4

π − (l2 − p2)2

q2
+

2

4p2 − q2
(l4 + 8l2(m2

π + p2) + 7(m2
π + p2)2)

− 1

2
(3m2

π + 7l2 + 3p2)− 3l2

B + q2l2
(2m2

π +
q2

2
)(m2

π + l2 + p2)
]
Ω(l)

)]
.

(5.24)

The isovector central term is given by:
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V med,cc
NN =

g6
A~τ · ~τ

128 π4 f6
π

∫ ∞
0

dl
[

[
3Γ2(l) + l2Γ̃3(l)

](q2

p2
− (2m2

π + q2)2

q2(B + q2l2)
(m2

π + l2 + p2)

+
m2
π

B

[
4(m2

π + p2 − l2) +
4m2

πp
2 − q4

p2q2
(m2

π + l2 + p2)
]

+
l

p2
(8p2 − q2)Λ(l)

+
[2m2

π + q2

B + q2l2
(m2

π + l2 + p2)− 4
]
(2m2

π + q2)lΩ(l)
)
−

16k3
f

3

]
.

(5.25)

Finally, there is an isovector spin-orbit term:

V med,2
NN =

g6
A~τ · ~τ

256 π4 f6
π

i( ~σ1 + ~σ2) · (~q × ~p)
∫ ∞

0
dl
[

4Γ2(l)
([ l
p2

+
4l

4p2 − q2

]
Λ(l)− 1

p2
+
m2
π

B

[
1 +

m2
π + l2

p2
+

2

q2
(l2 −m2

π − p2)
]

+
2m2

π + q2

q2(B + q2l2)
(m2

π + p2 − l2)

+
[
2− 4(m2

π + l2 + p2)

4p2 − q2
+

2m2
π + q2

B + q2l2
(l2 −m2

π − p2)
]
lΩ(l)

)
+ l Γ̃3(l)

(
l(m2

π + p2 − l2)
[ 2m2

π + q2

q2(B + q2l2)
+

1

B

(m2
π + l2

p2
− 4m2

π

q2
− 1
)]

+
[ l2 −m2

π − p2

p2
+

2(3l2 +m2
π + p2)

4p2 − q2

]
Λ(l)

+
[
(m2

π + p2 − l2)
(2m2

π

q2
− (2m2

π + q2)l2

B + q2l2
)

+
3l2 +m2

π + p2

4p2 − q2
(2p2 − 2m2

π − 2l2 − q2)
]
Ω(l)

)]
.

(5.26)

The integral auxiliary functions Λ(l), Ω(l) and B are defined below:

Λ(l) =
1

4p
ln

(
m2
π +

(
l + p

)2
m2
π +

(
l − p

)2) , (5.27)

Ω(l) =
1

q
√
B + q2l2

ln

(
ql −

√
B + q2l2√
B

)
, (5.28)
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B ≡
[
m2
π +

(
l + p

)2][
m2
π +

(
l − p

)2]
. (5.29)

Lastly, the Γ auxiliary functions, Γ̃1(l), Γ2(l), Γ̃3(l), γ2(l) and γ̃3(l) are defined analytically as

follows:

Γ̃1(l) =
kf
4l2

(m2
π + k2

f + l2)− 1

16l3

[
m2
π +

(
kf + l

)2][
m2
π +

(
kf − l

)2]
ln

(
m2
π +

(
kf + l

)2
m2
π +

(
kf − l

)2) , (5.30)

Γ2(l) =
m3
π

3

[
arctan

(kf + l

mπ

)
+ arctan

(kf − l
mπ

)]
+
kf
9

(
k2
f − 3m2

π

)
+

kf
24l2

(
k2
f +m2

π

)2
−
kf l

2

24
+
l2 − k2

f −m2
π

96l3

[(
m2
π + k2

f

)2
+ l4 + 2l2

(
5m2

π − k2
f

)]
ln

(
m2
π +

(
kf + l

)2
m2
π +

(
kf − l

)2) ,

(5.31)

Γ̃3(l) =
kf
8

+
k3
f

3l2
−
kf
8l4
(
k2
f +m2

π

)2
+
m2
π + k2 − l2

32l5

[
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(5.33)
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ln
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(
kf − l

)2) .
(5.34)
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Figure 5.1: Black curve: the chiral EoS obtained with the 2NF and the 3NF at N2LO. Red curve:
2NF and 3NF both at N3LO.

5.2 The nuclear matter equation of state with three-nucleon forces

at N3LO

In this section, we show and discuss the EoS we obtain with the inclusion of the subleading

3NF contributions given in the previous section. We begin with discussing Fig. 5.1. There, the

black curve represents the EoS consistently at N2LO, whereas the red curve displays the EoS

obtained with the 2NF and the 3NF up to N3LO. The cutoff is fixed at 450 MeV, and the low-

energy constanstants cE , cD of Ref. [76] are used. The predictions are very close, indicating good

convergence.
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Figure 5.2: The chiral EoS at N3LO. The solid red line contains the 3NFs at N2LO as well as the
long-range 3NF effects at N3LO, the dashed red line contains only 3NFs at N2LO, and the black
line only contains 2NFs effects.

We see good agreement between our predictions with Λ=450 MeV, which is our standard choice,

and the corresponding EoS predictions of Ref. [76], especially considering that we use a different

many-body method (non-perturbative BHF instead of many-body perturbation theory) and we

calculate the 3NF contribution by way of a density-dependent 2NF. At saturation, we estimate the

differences to be in the order of 2 and 3% at N3LO and N2LO, respectively.

In closing this section, we wish to extract the contribution from the N3LO portion of the 3NF

at N3LO, see Fig. 5.2. In this figure, the solid black curve is the result when only the 2NF at

N3LO (with cutoff equal to 450 MeV) is applied. The solid red curve includes the entire 3NF

up to N3LO, while the red dashed curve includes only the N2LO part of the total 3NF (solid red

curve). Thus, the difference between the red dashed and the red solid curves represents the N3LO

portion of the 3NF, which is moderately attractive. Note that the N3LO contribution to the 3NF

is parameter-free [77, 198] and, therefore, this is a general result. Our conclusion is consistent with

the findings of Ref. [79].
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Chapter 6

Conclusion

In this work we have examined the nuclear EoS based on state-of-the-art few-nucleon forces. We

determined this quantity from an appropriate many-body framework with these forces as input.

We reported our EoS predictions, with the focus on neutron-rich matter. We applied the EoS to

various neutron-rich systems of interest, including neutron-rich nuclei and neutron stars. Lastly, we

discussed the importance of contributions from 3NFs to the SNM EoS and reported recent progress

with the inclusion of higher-order contributions.

The NN potentials used in this work are based on χEFT, which is established as a successful

approach to deriving nuclear forces in the low energy domain in a systematic way while maintaining

consistency with the symmetries of low-energy QCD. Following the BHF many-body method, we

determined the EoS for both symmetric nuclear matter and neutron matter across five orders of

the chiral expansion, thus exploring convergence issues.

We studied the properties of isospin-asymmetric matter and the symmetry energy, an important

quantity whose density dependence, particularly the slope at saturation density, is closely related

to the pressure in neutron matter around that density, which, in turn, plays a crucial role in

the formation of the so-called neutron skin. We observed excellent convergence for the symmetry

energy predictions, while stressing the importance of including the complete 3NF contributions

to the nuclear potential at the third and fourth order of the chiral expansion. Using a semi-

empirical mass formula inspired energy-density functional, we obtained predictions for the neutron

skins in 48Ca and 208Pb. These quantities are expected to be measured in the near future with

unprecedented accuracy, making theoretical predictions important and timely.

The mass-radius relationship in neutron stars is of unique interest to nuclear physics because
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of its direct dependence on the pressure in neutron matter and, thus, on the NM EoS. Typical

neutron star predictions are constrained [190] by only three assumptions: 1) General Relativity is

the appropriate theory; 2) the EoS is constrained by Le Chatelier’s principle (∂P/∂ε ≥ 0), and

finally; 3) the causality condition, which requires the speed of sound in stellar matter to be less

than the speed of light.

We constructed the EoS in β-equilibrium matter by including contributions from lepton energies.

Since the densities within neutron stars reach values well above the applicability of χEFT, we

extended the chiral EoS predictions using piecewise polytropes. We then employed the TOV stellar

structure equations. We found the predicted neutron star radii for the canonical mass neutron

star to be insensitive to the EoS above 3ρ0. Estimating the overall theoretical uncertainty, we

determined that our predictions fall in the range 10.8 - 12.8 km, which is in good agreement with

the constraints extracted from a variety of recent sources, including those derived from the LIGO-

Virgo observations.

The 3NFs produce important contributions to the EoS. Currently, the leading 3NFs are well

studied and have been incorporated with a good degree of success. Of course, for robust conclusions

about the convergence of the chiral EoS, the inclusion of subleading 3NFs is critical. In Chapter

5, we evaluate all long-range sub-leading 3NFs cast in the form of effective density dependent NN

potentials. We illustrated the effects of the leading and subleading 3NFs on the EoS and found

that the N3LO part of the long-range 3NF is attractive. This contribution is parameter-free, and

thus this is a general result.

Current and planned experiments such as the CREX [122] and PREX-II [121], along with

combined effort from the MESA [123], FAIR [201] and FRIB [202] facilities seek to place empirical

constrains on the neutron skin of neutron-rich nuclei and, as a consequence, place constraints on

the closely related nuclear symmetry energy. Additional constraints on the nuclear EoS from multi-

messenger astronomy are expected in the coming years. The combined ongoing efforts from theory,

experiment, and observation provide an optimistic outlook for future progress.
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Appendix A

Deriving the EoS for β-Stable Matter

A.1 Electron Contributions

In this appendix we evaluate the fraction of each particle species in β-stable matter. Throughout

this appendix we will use the following unit conventions: momentum is given in inverse fermi

(fm−1), density in inverse fermi cubed (fm−3), energy per particle and chemical potential are given

in megaelectronvolts (MeV), energy density is given in MeV per fermi cubed (MeV/fm3). To

convert between units, we use the standard conversion factor, ~c ≡ 197.327 MeV fm. Masses are

given in units of energy.

We start by writing the relationship between Fermi momentum and density for leptons using

Eq. (4.4) and Eq. (4.7):

kFi = (3π2 Yi ρ)
1
3 . (A.1)

Since the typical momentum of the electrons is much larger than the electron mass-energy,

(~c)ke � me, where me = 0.511 MeV, we apply the ultra-relativistic approximation and evaluate

Eq. (4.2) as follows:

εe =
1

π2

∫ kFi

0
(~ck) k2 dk =

~c
4π2

k4
Fi =

~c
4π2

(3π2ρe)
4
3 . (A.2)

Converting energy density into into energy per baryon (Eq. (4.5)), we write the electron energy
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per baryon as a function of the electron fraction, Ye:

ee =
~c

4π2
ρ

1
3 (3π2Ye)

4
3 ⇒ Ye(ρ) =

( 4π2

(3π2)
4
3

ee(ρ)

~c ρ
1
3

) 3
4
. (A.3)

Since the chemical potential of the muons must equal the one of the electrons, per Eq. (4.19)

the following equivalency holds true:

∂ee
∂Ye

=
~c

3π2
(3π2)

4
3 (ρ Ye)

1
3 =

∂eµ
∂Yµ

. (A.4)

The muon contribution is discussed next.

A.1.1 Muon Contribution

The non-relativistic approximation may be employed for the muon energy because, especially at

moderate densities, the comparatively large muon mass – equal to 105.7 MeV – dominates the muon

chemical potential, mµ � (~c)kµ . Actually, the non-relativistic approximation holds valid also at

higher densities because the fraction of muons remains low (see Fig. 4.2), and, as a consequence,

so does the muon Fermi momentum, Eq. (A.1). The chemical potential is then approximated by

the non-relativistic kinetic energy plus the mass-energy. Evaluation of the energy density integral

gives:

εµ ≈
1

π2

∫ kfi

0

((~ck)2

2mµ
+mµ

)
k2dk =

(~c)2

10π2mµ
(3π2ρµ)

5
3 +mµρµ , (A.5)

and thus the total muon energy per baryon (Eq. (4.5)) is:

eµ ≈
(~c)2

10π2mµ
ρ

2
3 (3π2Yµ)

5
3 + Yµmµ . (A.6)

Applying Eq. (A.6) and Eq. (A.4), we can express the electron fraction as a function of the

muon fraction using:

Ye(ρ, Yµ) =
( ~c

2mµ
[3π2ρY 2

µ ]
1
3 +

mµ

~c [3π2ρ]
1
3

)3
. (A.7)



85

Alternatively, we can treat the muon energy density exactly and evaluate the integral in Eq. (4.2)

directly. This can be done analytically and yields:

εµ =
1

4π2

[
µµkFµ

(
µ2
µ −

1

2
mµ

)
− 1

2
m4
µ ln

(µµ + kFµ
mµ

)]
. (A.8)

It is now a straightforward task to evaluate the muon energy per baryon as a function of density

using Eqs. (A.1), (A.8), and (4.5). The electron fraction in terms of the muon fraction is simply

obtained from Eqs. (4.6), (4.8), and (A.4):

Ye(ρ, Yµ) =

((
~c [(3π2Yµρ]

1
3

)2
+m2

µ

)) 3
2

(~c)3 (3π2ρ)
. (A.9)

A.1.2 Evaluating Particle Fractions

With the expressions relating the lepton energy per baryon and the lepton fractions, we are now

are in the position to simultaneously solve Eqs. (4.1), (4.19), and (4.20). We begin by combining

Eq. (4.20) and Eq. (4.8):

∂ep
∂Yp

=
∂en
∂Yn

− ∂ee
∂Ye

, (A.10)

and then use Eqs. (4.1) and A.10 to obtain:

−4 esym(ρ) (1− 2 · Yp) + (mp −mn) + ee = 0 . (A.11)

With Eqs. (4.10), (A.11) and either Eq. (A.7) or Eq. (A.9), we have three equations in three

unknowns from which the muon, electron and proton fractions can be determined at a given density.

Of course, if the muon fraction is zero (the electron chemical potential is lower than the muon

mass), we simply set Ye equal to Yp. Once the protron fraction is known, the neutron fraction can

be determined from total baryon density conservation.

It is then a simple matter to calculate the total energy per baryon, eT , by summing the individual

energy per particle for each species, ei.
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Appendix B

Numerical Tables of Results from Chapter 4

This appendix contains predictions derived in Chapter 4 for the β-stable EoS and neutron star

properties in tabular form.

Table B.1: β-stable EoS : N2LO, Λ = 450 MeV.

ε (MeV/fm−3) P (MeV/fm−3) ρc (fm−3)

32.6865 0.09543 0.03458

48.5574 0.18318 0.05131

64.4625 0.29451 0.06803

80.4076 0.47175 0.08476

96.3959 0.72483 0.10148

112.437 1.07194 0.11820

128.543 1.53363 0.13493

144.709 2.10308 0.15165

160.960 2.83009 0.16837

177.287 3.70325 0.18510

193.707 4.76249 0.20182

210.238 6.03590 0.21854

226.853 7.44260 0.23527

243.607 9.08432 0.25199

260.484 11.0280 0.26871

277.462 13.3146 0.28544

294.600 15.9405 0.30216

313.052 19.0452 0.32000
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Table B.2: β-stable EoS : N2LO, Λ = 500 MeV.

ε (MeV/fm−3) P (MeV/fm−3) ρc (fm−3)
32.6848 0.09322 0.03458
48.5523 0.17388 0.05131
64.4514 0.27578 0.06803
80.3875 0.43954 0.08476
96.3641 0.67713 0.10148
112.391 1.01069 0.11820
128.482 1.46295 0.13493
144.632 2.02657 0.15165
160.866 2.75110 0.16837
177.177 3.62480 0.18510
193.581 4.68982 0.20182
210.097 5.97467 0.21854
226.697 7.39487 0.23527
243.440 9.05973 0.25199
260.307 11.0374 0.26871
277.277 13.3702 0.28544
294.412 16.0647 0.30216
312.865 19.2627 0.32000

Table B.3: β-stable EoS : N3LO, Λ = 450 MeV.

ε (MeV/fm−3) P (MeV/fm−3) ρc (fm−3)
32.6840 0.09153 0.03458
48.5508 0.17378 0.05131
64.4497 0.27776 0.06803
80.3867 0.44584 0.08476
96.3655 0.69081 0.10148
112.397 1.03779 0.11820
128.495 1.51473 0.13493
144.657 2.11479 0.15165
160.909 2.89309 0.16837
177.243 3.83844 0.18510
193.678 4.99160 0.20182
210.233 6.38511 0.21854
226.881 7.93435 0.23527
243.681 9.73802 0.25199
260.615 11.8694 0.26871
277.661 14.3709 0.28544
294.880 17.2116 0.30216
313.431 20.5466 0.32000
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Table B.4: β-stable EoS : N3LO, Λ = 500 MeV.

ε (MeV/fm−3) P (MeV/fm−3) ρc (fm−3)
32.6831 0.09005 0.03458
48.5474 0.16641 0.05131
64.4418 0.26456 0.06803
80.3720 0.42187 0.08476
96.3407 0.64590 0.10148
112.357 0.95894 0.11820
128.436 1.39779 0.13493
144.573 1.95525 0.15165
160.796 2.69323 0.16837
177.098 3.59691 0.18510
193.498 4.71275 0.20182
210.017 6.08066 0.21854
226.625 7.60953 0.23527
243.389 9.41871 0.25199
260.288 11.5877 0.26871
277.299 14.1611 0.28544
294.492 17.1101 0.30216
313.022 20.5920 0.32000

Table B.5: β-stable EoS : N4LO, Λ = 450 MeV.

ε (MeV/fm−3) P (MeV/fm−3) ρc (fm−3)
32.6830 0.09009 0.03458
48.5470 0.16535 0.05131
64.4402 0.25975 0.06803
80.3675 0.40920 0.08476
96.3316 0.62480 0.10148
112.342 0.92890 0.11820
128.411 1.34656 0.13493
144.535 1.87196 0.15165
160.738 2.55251 0.16837
177.014 3.37886 0.18510
193.376 4.38497 0.20182
209.844 5.59975 0.21854
226.393 6.95243 0.23527
243.073 8.52244 0.25199
259.870 10.3732 0.26871
276.764 12.5406 0.28544
293.807 14.9855 0.30216
312.144 17.8429 0.32000
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Table B.6: β-stable EoS : N4LO, Λ = 500 MeV.

ε (MeV/fm−3) P (MeV/fm−3) ρc (fm−3)
32.6826 0.08939 0.03458
48.5456 0.16263 0.05131
64.4372 0.25524 0.06803
80.3621 0.40217 0.08476
96.3231 0.61136 0.10148
112.328 0.90163 0.11820
128.390 1.30135 0.13493
144.505 1.80545 0.15165
160.697 2.46896 0.16837
176.960 3.27918 0.18510
193.309 4.27486 0.20182
209.765 5.48758 0.21854
226.300 6.83709 0.23527
242.971 8.42755 0.25199
259.762 10.3254 0.26871
276.650 12.5695 0.28544
293.696 15.1513 0.30216
312.048 18.2083 0.32000
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Table B.7: 1.4 M⊙ : N2LO, Λ = 450 MeV.

Γ1 Γ2 R (km) ρc (fm−3) vs (c)
1.5 3.5 10.9557 0.6850 0.7308
1.5 4.0 11.0733 0.6391 0.7802
1.5 4.5 11.1539 0.6088 0.8271
2.0 3.0 11.2274 0.6621 0.6554
2.0 3.5 11.3216 0.6148 0.7088
2.0 4.0 11.3904 0.5864 0.7584
2.0 4.5 11.4311 0.5669 0.8023
2.5 3.0 11.5978 0.5773 0.6339
2.5 3.5 11.6387 0.5543 0.6861
2.5 4.0 11.6626 0.5392 0.7361
2.5 4.5 11.6757 0.5291 0.7883
3.0 2.5 11.8644 0.5231 0.5649
3.0 3.0 11.8657 0.5117 0.6232
3.0 3.5 11.8748 0.5052 0.6809
3.0 4.0 11.8792 0.5007 0.7381
3.0 4.5 11.8737 0.4968 0.7923
3.5 2.5 12.0395 0.4652 0.5979
3.5 3.0 12.0325 0.4637 0.6456
3.5 3.5 12.0326 0.4632 0.6725
3.5 4.0 12.0322 0.4621 0.7043
3.5 4.5 12.0318 0.4611 0.7315
4.0 1.5 12.1346 0.4337 0.7625
4.0 2.0 12.1350 0.4338 0.7506
4.0 2.5 12.1342 0.4338 0.7414
4.0 3.0 12.1337 0.4335 0.7390
4.0 3.5 12.1343 0.4339 0.7318
4.0 4.0 12.1356 0.4343 0.7176
4.0 4.5 12.1356 0.4344 0.7132
4.5 1.5 12.2193 0.4143 0.8119
4.5 2.0 12.2192 0.4143 0.7977
4.5 2.5 12.2083 0.4143 0.7880
4.5 3.0 12.2079 0.4141 0.7835
4.5 3.5 12.2075 0.4139 0.7853
4.5 4.0 12.2092 0.4145 0.7752
4.5 4.5 12.2102 0.4148 0.7585
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Table B.8: 1.4 M⊙ : N2LO, Λ = 500 MeV.

Γ1 Γ2 R (km) ρc (fm−3) vs (c)
1.5 3.5 10.9714 0.6798 0.7288
1.5 4.0 11.0807 0.6353 0.7785
1.5 4.5 11.1521 0.6058 0.8253
2.0 3.5 11.3348 0.6102 0.7070
2.0 4.0 11.3868 0.5829 0.7561
2.0 4.5 11.4334 0.5641 0.8000
2.5 3.0 11.6051 0.5718 0.6319
2.5 3.5 11.6397 0.5503 0.6841
2.5 4.0 11.6592 0.5363 0.7354
2.5 4.5 11.6769 0.5268 0.7885
3.0 3.0 11.8683 0.5075 0.6221
3.0 3.5 11.8701 0.5017 0.6801
3.0 4.0 11.8771 0.4977 0.7373
3.0 4.5 11.8694 0.4942 0.7912
3.5 2.5 12.0310 0.4619 0.6074
3.5 3.0 12.0237 0.4607 0.6496
3.5 3.5 12.0237 0.4603 0.6717
3.5 4.0 12.0228 0.4595 0.6994
3.5 4.5 12.0301 0.4586 0.7231
4.0 2.0 12.1226 0.4316 0.7535
4.0 2.5 12.1227 0.4316 0.7436
4.0 3.0 12.1222 0.4313 0.7401
4.0 3.5 12.1229 0.4318 0.7324
4.0 4.0 12.1234 0.4321 0.7167
4.0 4.5 12.1243 0.4323 0.7105
4.5 1.5 12.1985 0.4127 0.8102
4.5 2.0 12.1985 0.4127 0.7963
4.5 2.5 12.1984 0.4127 0.7854
4.5 3.0 12.1980 0.4125 0.7813
4.5 3.5 12.1974 0.4123 0.7828
4.5 4.0 12.1994 0.4128 0.7738
4.5 4.5 12.2005 0.4131 0.7576
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Table B.9: 1.4 M⊙ : N3LO, Λ = 450 MeV.

Γ1 Γ2 R (km) ρc (fm−3) vs (c)
1.5 3.5 11.1945 0.6525 0.7179
1.5 4.0 11.2849 0.6145 0.7673
1.5 4.5 11.3428 0.5891 0.8127
2.0 3.0 11.4904 0.6200 0.6415
2.0 3.5 11.5575 0.5854 0.6945
2.0 4.0 11.6001 0.5635 0.7412
2.0 4.5 11.6229 0.5483 0.7857
2.5 3.0 11.8309 0.5430 0.6210
2.5 3.5 11.8436 0.5291 0.6770
2.5 4.0 11.8521 0.5208 0.7343
2.5 4.5 11.8647 0.5139 0.7891
3.0 2.5 12.0536 0.4877 0.5551
3.0 3.0 12.0573 0.4846 0.6154
3.0 3.5 12.0603 0.4819 0.6711
3.0 4.0 12.0541 0.4794 0.7209
3.0 4.5 12.0560 0.4776 0.7662
3.5 2.5 12.1836 0.4443 0.6596
3.5 3.0 12.1838 0.4440 0.6727
3.5 3.5 12.1840 0.4444 0.6647
3.5 4.0 12.1844 0.4443 0.6709
3.5 4.5 12.1840 0.4440 0.6764
4.0 1.5 12.2719 0.4195 0.7590
4.0 2.0 12.2719 0.4196 0.7441
4.0 2.5 12.2726 0.4196 0.7341
4.0 3.0 12.2721 0.4193 0.7308
4.0 3.5 12.2729 0.4197 0.7264
4.0 4.0 12.2737 0.4201 0.7101
4.0 4.5 12.2739 0.4203 0.6985
4.5 1.5 12.3235 0.4035 0.7922
4.5 2.0 12.3234 0.4035 0.7808
4.5 2.5 12.3239 0.4034 0.7746
4.5 3.0 12.3234 0.4033 0.7717
4.5 3.5 12.3225 0.4031 0.7724
4.5 4.0 12.3239 0.4034 0.7661
4.5 4.5 12.3236 0.4036 0.7504
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Table B.10: 1.4 M⊙ : N3LO, Λ = 500 MeV.

Γ1 Γ2 R (km) ρc (fm−3) vs (c)
1.5 3.5 11.1565 0.6516 0.7179
1.5 4.0 11.2457 0.6138 0.7674
1.5 4.5 11.3074 0.5887 0.8128
2.0 3.0 11.4438 0.6191 0.6416
2.0 3.5 11.5122 0.5847 0.6947
2.0 4.0 11.5488 0.5630 0.7414
2.0 4.5 11.5691 0.5479 0.7860
2.5 3.0 11.7759 0.5425 0.6214
2.5 3.5 11.7930 0.5287 0.6776
2.5 4.0 11.8015 0.5206 0.7352
2.5 4.5 11.8104 0.5138 0.7900
3.0 2.5 12.0059 0.4874 0.5557
3.0 3.0 11.9974 0.4842 0.6160
3.0 3.5 12.0005 0.4817 0.6716
3.0 4.0 12.0037 0.4791 0.7211
3.0 4.5 12.0049 0.4773 0.7660
3.5 2.5 12.1299 0.4441 0.6591
3.5 3.0 12.1298 0.4438 0.6719
3.5 3.5 12.1302 0.4441 0.6656
3.5 4.0 12.1298 0.4441 0.6703
3.5 4.5 12.1294 0.4438 0.6755
4.0 1.5 12.2150 0.4194 0.7609
4.0 2.0 12.2150 0.4195 0.7462
4.0 2.5 12.2160 0.4195 0.7345
4.0 3.0 12.2152 0.4192 0.7301
4.0 3.5 12.2037 0.4196 0.7260
4.0 4.0 12.2045 0.4200 0.7108
4.0 4.5 12.2051 0.4202 0.6996
4.5 1.5 12.2676 0.4035 0.7943
4.5 2.0 12.2687 0.4035 0.7831
4.5 2.5 12.2683 0.4034 0.7733
4.5 3.0 12.2673 0.4032 0.7705
4.5 3.5 12.2666 0.4030 0.7710
4.5 4.0 12.2597 0.4034 0.7658
4.5 4.5 12.2595 0.4036 0.7514
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Table B.11: 1.4 M⊙ : N4LO, Λ = 450 MeV.

Γ1 Γ2 R (km) ρc (fm−3) vs (c)
1.5 3.5 10.7114 0.7129 0.7417
1.5 4.0 10.8511 0.6590 0.7893
1.5 4.5 10.9395 0.6251 0.8367
2.0 3.5 11.0825 0.6399 0.7191
2.0 4.0 11.1566 0.6052 0.7695
2.0 4.5 11.2082 0.5821 0.8151
2.5 3.0 11.3453 0.6075 0.6449
2.5 3.5 11.3997 0.5767 0.6982
2.5 4.0 11.4296 0.5568 0.7462
2.5 4.5 11.4514 0.5428 0.7923
3.0 3.0 11.6442 0.5361 0.6303
3.0 3.5 11.6504 0.5239 0.6857
3.0 4.0 11.6550 0.5159 0.7414
3.0 4.5 11.6623 0.5100 0.7960
3.5 2.5 11.8395 0.4844 0.5597
3.5 3.0 11.8382 0.4811 0.6270
3.5 3.5 11.8370 0.4791 0.6783
3.5 4.0 11.8358 0.4771 0.7280
3.5 4.5 11.8340 0.4754 0.7726
4.0 2.0 11.9534 0.4473 0.6976
4.0 2.5 11.9519 0.4470 0.7050
4.0 3.0 11.9502 0.4463 0.7187
4.0 3.5 11.9501 0.4465 0.7237
4.0 4.0 11.9493 0.4466 0.7240
4.0 4.5 11.9480 0.4462 0.7334
4.5 1.5 12.0343 0.4238 0.8262
4.5 2.0 12.0347 0.4239 0.8116
4.5 2.5 12.0349 0.4240 0.8003
4.5 3.0 12.0345 0.4238 0.7938
4.5 3.5 12.0340 0.4236 0.7973
4.5 4.0 12.0359 0.4243 0.7809
4.5 4.5 12.0372 0.4246 0.7653
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Table B.12: 1.4 M⊙ : N4LO, Λ = 500 MeV.

Γ1 Γ2 R (km) ρc (fm−3) vs (c)
1.5 3.5 10.7458 0.7040 0.7385
1.5 4.0 10.8795 0.6527 0.7868
1.5 4.5 10.9644 0.6200 0.8340
2.0 3.5 11.1163 0.6319 0.7162
2.0 4.0 11.1846 0.5993 0.7668
2.0 4.5 11.2317 0.5774 0.8116
2.5 3.0 11.3801 0.5981 0.6422
2.5 3.5 11.4238 0.5697 0.6948
2.5 4.0 11.4573 0.5513 0.7429
2.5 4.5 11.4766 0.5384 0.7907
3.0 3.0 11.6605 0.5285 0.6286
3.0 3.5 11.6724 0.5182 0.6848
3.0 4.0 11.6745 0.5114 0.7413
3.0 4.5 11.6833 0.5062 0.7961
3.5 2.5 11.8443 0.4784 0.5667
3.5 3.0 11.8428 0.4758 0.6310
3.5 3.5 11.8415 0.4743 0.6771
3.5 4.0 11.8392 0.4726 0.7221
3.5 4.5 11.8380 0.4710 0.7619
4.0 2.0 11.9594 0.4431 0.7184
4.0 2.5 11.9593 0.4429 0.7209
4.0 3.0 11.9577 0.4423 0.7297
4.0 3.5 11.9573 0.4427 0.7293
4.0 4.0 11.9575 0.4428 0.7227
4.0 4.5 11.9565 0.4426 0.7269
4.5 1.5 12.0322 0.4209 0.8238
4.5 2.0 12.0333 0.4210 0.8091
4.5 2.5 12.0336 0.4210 0.7964
4.5 3.0 12.0331 0.4208 0.7904
4.5 3.5 12.0318 0.4206 0.7930
4.5 4.0 12.0344 0.4213 0.7795
4.5 4.5 12.0359 0.4216 0.7639
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