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Abstract 
	  
Efficient water release in multipurpose reservoirs is of the utmost concern for water resource 

management agencies. A unique approach is presented in this study based on a dynamic 

optimization system to derive the optimal amount of water release during a water year that 

takes into consideration both irrigation demand and flood safety. The dynamic optimization 

model seeks to maximize benefits from water release including agricultural irrigation benefit 

minus flood damage. A partial differential equation resulting from the Hamilton-Jacobi-

Bellman equation is solved and optimum water release is derived. The empirical model is 

then developed using the Lucky Peak Dam in Idaho as a case study. A nonlinear GAMS 

model is developed to demonstrate preliminary results for optimum water release and 

reservoir water levels during a water year. The empirical results are compared qualitatively to 

engineering operating rule curves used in reservoir operation.  Implications of potential 

earlier run-off due to climatic change are also examined.   
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Chapter 1:  Introduction 
	  

While dams are generally meant to provide water for agriculture and human 

consumption, they can also be used for other purposes such as flood control, hydropower 

generation, industrial applications, and recreational uses. More than 10% of American 

cropland is irrigated using water stored in dams (Federal Emergency Management Agency, 

2014). Water release throughout the year is determined by dam operators who regulate water 

release based on many considerations, including amount of water in the dam, dam water 

holding capacity, time, irrigation demand, potential flood damages, and runoff forecast. 

Changes in precipitation and inflow patterns can complicate water management systems due 

to a shorter time frame of annual runoff or more frequent extreme weather events such as 

droughts and floods (Trenberth, 2011). Changes in streamflow timing can reduce water 

availability for irrigation, aquatic habitat, energy generation and other uses during critical 

seasons. On the other hand, increase in the frequency and intensity of rainfall and runoff 

events can lead to overloaded reservoirs and flooding (Trenberth, 2011) 
What makes operating multi-objective reservoirs complex is that the individual 

objectives may be conflicting. Flood control requires lower water levels in the reservoir to 

minimize flood chances. This entails large early spring water release to make space available 

for potential future runoff. Meanwhile, the irrigation water needs to be stored in a reservoir to 

meet the high demand for irrigation water in the summer. This trade-off implies that water 

release should be optimized to assure availability of irrigation water during dry seasons while 

not exposing downstream communities to significant flood risk. Since peak irrigation 

demands in many cases do not coincide with the timing of water release for flood safety, the 

operating policies must address trade-offs between management of reservoirs for flood 

protection versus management for dry-season irrigation water supplies. 

Reservoir operating rules are designed to control the amount of available space in the 

reservoir via water release to assure flood control. Schmidt et al. (2013) showed the rule 

curves for the Boise Reservoir system to get an idea of how flood control reservoirs are 

managed. Ahmad and Simonovic (2000) used system dynamic optimization model to 

develop operating rule curves to minimize flooding. Chen et al. (2007) developed a multi-

objective genetic algorithm for optimizing the rule curves in a multipurpose reservoir in 

Taiwan.  
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 Reservoir operating rules are designed to manage and operate the reservoir systems so 

that water release satisfies the system objectives, consistent with inflow and storage capacity. 

To do so, many optimization methods have been developed. For example, Chatterjee et al. 

(1998) proposed a dynamic model to study reservoir water allocation for hydropower 

generation and irrigation.  They explore the time lag between peak irrigation demand and 

peak hydropower demand. In this context, release of irrigation water in the spring reduces the 

amount of water availability for hydropower production during the peak energy demand in 

the summer. Using a nonlinear optimization model developed for the Stanislaus and Merced 

irrigation district in California, Chatterjee et al. demonstrated a modified reservoir 

management relative to the observed releases. The modified release path was derived by 

solving the control models for the profit maximizing path which released less water on 

average during the spring and early summer months than actually occurred.  

 Another method for modeling reservoir operations is the system dynamics (SD) 

approach. SD is a feedback-based object-oriented simulation affected by its own past actions. 

For example, SD can be used as a tool to quantitatively simulate the process within a water 

resources system and use this simulation to predict the reservoir future behavior based on the 

historical major floods. With SD we can show how the various changes of primary elements 

can affect the dynamics of the system in the future. Ahmad et al. (2000) used the SD 

approach to model the interactive components of water cycle in reservoirs to develop 

reservoir operation rules for flood mitigation. They used SD to simulate the behavior of 

reservoir and upstream and downstream area under major past floods. Although their 

predictive simulation model was for a single-objective reservoir management of flood safety 

program, they applied this method in the single multipurpose Shellmouth reservoir on the 

Assiniboine River in Canada and developed operating rules for high flow years to minimize 

flooding. They explored five alternative operating rules by changing reservoir storage 

allocation and reservoir outflow. The revised operating rules produced only minor flooding 

risks in four out of five major flood events and exhibited an improvement of flood 

management capability in the Assiniboine River relative to current capacity. 

   Roseta-Palma and Xepapadeas (2004) examined robust control as a framework for 

reservoir water management decisions to explore the implications of uncertainty aversion 

for water release. Robust control is an optimization model, which is employed to optimize 
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relative to worst-case scenario. Precipitation was considered as “uncertainty,” which is an 

event whose space state of outcome is known but decision makers are unable to assign 

probabilities and used the uncertainty implication for quantitative water used in a static and 

dynamic setting. They assumed that water flow followed a stochastic process. The 

probability distributions were designed for each stochastic variable and for various levels of 

uncertainty associated with inflow. They analyzed the precautionary behavior appearing 

from a robust control approach for modeling water resource. They identified the possibilities 

of robust control approach and its connection with uncertainty aversion and precautionary 

behavior and compared the robust choices with those of a benchmark stochastic model. A 

precautionary behavior appeared in the dynamic setting where the reservoir management 

decision makers reduced reservoir water because of the integration of worst case 

precipitation. 

  Tresos and Yeh (1987) examined a stochastic optimization model which is applicable 

to constrained stochastic system with quadratic objective function and applied their model   

on Mammoth reservoir in California in order to explore the potential for increasing 

hydropower production. This study used probabilistic inflow forecasts in the decision making 

process. Tresos and Yeh developed an optimization model that takes into account the 

uncertainty of forecasting at the time of policy making.  This optimization model is 

applicable to a system of reservoirs with can be configured as an analytical tool in the 

reservoir operation with high level of precipitation uncertainty.  
   The objective of this thesis is to propose a framework for modeling optimal reservoir 

water release throughout one year in order to satisfy two objectives: to balance irrigation 

water demand and flood control. There is a trade-off between maintaining a full reservoir for 

irrigation purposes and maintaining sufficient space in the reservoir to reduce flood risk. 

None of the previous studies have considered that economic trade-offs that involve balancing 

benefits and costs associated with the two objectives simultaneously. A dynamic 

optimization model is developed and applied to illustrate a method for analyzing the tradeoff 

in the optimal water release timing, taking into account the value of water release for both 

irrigation and flood control. The obtained optimal path of water release is qualitatively 

compared to the dynamic reservoir space requirement implied by the present flood control 

rule curves. A hypothetical irrigation water demand function, corresponding to the demand 
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for irrigation water for growing low value crops in the Lower Boise basin irrigation water 

area, is used to represent the demand for irrigation water on the agricultural production side. 

Flood damages were obtained from the Schmidt et al. (2013) study as a function of discharge 

at the Glenwood Bridge gaging station for both Canyon and Ada Counties.        

  We used the well-established optimal control methodology (Kamien and Schwartz, 

1991) for the analytical framework. Dynamic optimization is used to formulate the model, 

which considers both irrigation water demand and flood safety to derive optimal path for 

water release. This project provides a starting point for expanding the scope of the analysis in 

future studies. Specifically, future studies can rely on the framework in this study to examine 

the effect of non-stationarity runoff (Milly, 2008) on optimal reservoir management for flood 

control and irrigation demand.  This framework can also be expanded to include other uses of 

the reservoir such as hydropower and in-stream flow for aquatic habitat.  Such extensions 

will account for the effect of non-stationarity on flood frequency estimation (Raff, Pruitt and 

Brekke, 2009). One can expand the model to a multiyear context to allow for potential 

adjustments in planted crop acreages in response to possible changes in water availability 

across water years and irrigation seasons. Irrigation water availability can change due to 

potential adjustments in regulated reservoir outflows needed to balance flood control and 

other water uses. Multiyear stochastic modeling of optimal reservoir operations will 

incorporate greater inflow variability as a result of climate change with increased probability 

of both increased frequencies and intensities of snowmelt/runoff/ precipitation and drought 

conditions. 

  This thesis is organized as follows:  In Chapter 2, I provide a theoretical illustration of 

the framework and present an analytical characterization of optimal intra-seasonal water 

release dynamics. Chapter 3 introduces a preliminary empirical application in the context of 

Lucky Peak Dam in the state of Idaho. Results are presented in Chapter 4. The study 

concludes with a discussion of results in Chapter 5.  
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Chapter 2:  Theoretical Framework 
	  
This section provides a theoretical framework for optimal dynamic management of a water 

reservoir for flood control and irrigation water provision. Gross benefit of irrigation water, π, 

is the area under the inverse derived demand for irrigation water (Roumasset and Wada, 

2013). 

                                                                     𝜋 = 𝐷!!!(!)
! 𝑞 𝑡 , 𝑡   𝑑𝑞 𝑡 . (1) 

The flood damage function is Φ(q(t)), where q(t) is the amount of water released from 

the reservoir, and t is time from 0 to T for one water year.  The objective is to optimize the 

water release in order to maximize benefits from irrigation water and minimize damages 

from floods. Hence, the objective function is agricultural benefits minus flood damages 

during a water year: 

 

                          𝑀𝑎𝑥!(!) 𝐷!! 𝑞 𝑡 , 𝑡   𝑑𝑞 𝑡 −Φ  (𝑞 𝑡! !
! )   𝑑𝑡!

!  (2) 

 

which is subject to the dynamics of the amount of water in the reservoir, 

 

                                                  !" !
!"

= 𝜇 𝑡 − 𝑞 𝑡 , (3) 

 

0 < 𝑠(𝑡) ≤ 𝑠!"#, (4) 

𝑠(0) = 0. (5) 

where s(t) denotes water volume in the reservoir at t, and 𝑠!"#denotes the capacity of the 

reservoir. The amount of water in the reservoir is the state variable in this dynamic 

optimization problem.  Eq. 3 shows how the change in the water volume in the reservoir 

depends on inflow rate (𝜇) and water release rate (q).  

The optimal solution for the value function is derived from the Hamilton-Jacobi-

Bellman equation (Kamian and Schwartz, 1991), 

 

−𝐽! 𝑡, 𝑠 = 𝑀𝑎𝑥!(!) 𝑓 𝑡, 𝑠, 𝑞 + 𝐽! 𝑡, 𝑠 𝜇 𝑡 − 𝑞 𝑡 + 𝜃! 𝑠!"# − s + 𝜃!𝑠 ,  (6) 
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Where   𝑓 𝑡, 𝑠, 𝑞 =    𝐷!! 𝑞 𝑡 , 𝑡   𝑑𝑞 𝑡 −Φ  (q t )! !
! , 𝜃!  is a dynamic Lagrange 

multiplier for the upper bound of the state variable, and 𝜃!is the dynamic Lagrange multiplier 

for the lower bound of the state variable.  

A simple linear form of an inverse derived demand for irrigation water is used (Eq. 7) 

which shows decreasing marginal value of irrigation water.  

    

𝐷!! 𝑞 𝑡 , 𝑡 =   −𝑎𝑞(𝑡)+ 𝑏(𝑡) (7) 

 

b is an intercept which shifts the demand curve up and down depending on the season (i.e. 

irrigation, water demand increases during a dry irrigation season).  

According to Schmidt et al. (2013), flood damage is an increasing function of water 

release volume. To obtain a tractable mathematical illustration, the flood damage function is 

formulated as a quadratic function: 

 

𝛷(𝑞 𝑡 ) = 𝑘𝑞! (8) 

 

where k is a small positive coefficient such that small values of q produce negligible values 

for 𝛷   𝑞 𝑡  until q approaches a water release amount corresponding to a canal carrying 

capacity, and q >0.    

Given the functional forms for irrigation demand and flood damage costs, the optimal 

control problem is:  

 

𝑀𝑎𝑥!(!) (−𝑎𝑞 + 𝑏)  𝑑𝑞 𝑡 − k  𝑞(𝑡)!! !
!   𝑑𝑡!

! . (9) 

 

Substituting the optimal control statement in the Hamilton-Jacobi Bellman equation, results 

in: 

 

 

−𝐽! = 𝑀𝑎𝑥!(!)[ −𝑎𝑞(𝑡)+ 𝑏 𝑑𝑞 𝑡 − k  𝑞(𝑡)!}! !
! ]+ 𝐽! 𝑡, 𝑠 𝜇 𝑡 − 𝑞 𝑡 +

𝜃! 𝑠!"# − s + 𝜃!𝑠].  (10) 
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Suppressing 𝑡 in 𝑞 𝑡 , 𝑏 𝑡  and 𝜇(t) for the sake of convenience, but keeping in mind that 

these parameters are functions of time, and differentiating the right hand side of Eq. 10  to 

find the optimal q, we get: 

 

−𝑎𝑞 + 𝑏 − 2𝑘𝑞 − 𝑗! = 0. (11) 

so 

𝑞 = (−𝑗! + 𝑏)
𝑎 + 2𝑘. (12) 

 

The area under water demand curve is derived as: 

  

−𝑎𝑞 + 𝑏 𝑑𝑞 𝑡 = !!!!

!
! !
! + 𝑏𝑞 + 𝑐. (13) 

 

Plugging Eq. 12 and 13 into 10, we obtain  

 

−𝑗! =   
!!
!
     !!!  !  !

!  !  !!

!
+ 𝑏     !!!     !  !

!  !  !!
   + 𝑐  −   𝑘       !!!  !  !

!  !  !!
  
!
+ 𝐽!     𝜇 −   !!!     !  !

!  !  !!
     +

𝜃! 𝑠!"# − s + 𝜃!  𝑠. (14) 

 

Eq. 14 is a partial differential equation which consists of coefficient a and intercept b in the 

irrigation water demand function, dynamic Lagrange multipliers (i.e. 𝜃!  and 𝜃! ), water 

volume in the reservoir, reservoir capacity, water inflow rate, and flood damage function 

coefficient k. The solution for this partial differential equation is provided in Eq. 15. The 

proof of solution is provided in the appendix A.  

 

𝑗 𝑡, 𝑠 =   
1
2   2𝑏𝑠 − 2𝑎𝜇𝑠 − 4𝑘𝜇𝑠

+
1

12 𝑎 + 2𝑘 𝜃! − 𝜃!
( 2𝑏 − 2 𝑎 + 2𝑘 𝜇 ! − 4(𝑏! − 𝐶! + 4𝑐𝑘 − 4𝑘𝜃!𝑠

+ 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠!"# + 2𝑎 𝑐 − 𝜃!𝑠 + 𝜃!𝑠 + 𝜃!𝑠!"#))
!
!  
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− !!!
! !!!!

+ 𝐶!          (15) 

 

Taking derivatives with respect to s and t, we have 

 

𝑗! =   
1
2   (2𝑏 − 2𝑎𝜇 − 4𝑘𝜇 + 

2𝑏 − 2 𝑎 + 2𝑘 𝜇 ! − 4(𝑏! − 𝐶! + 4𝑐𝑘 − 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠!"# +
2𝑎(𝑐 − 𝜃!𝑠 + 𝜃!𝑠 + 𝜃!𝑠 + 𝜃!𝑠!"#))

!/!

),

 (16) 

and 

𝑗! =
!!!

!(!!!!)
. (17) 

 

Substituting 𝑗! in Eq. 12 gives 

 

𝑞 𝑡 =
1

𝑎 + 2𝑘 (𝑏 +
1
2 (−2𝑏 + 2𝑎𝜇 + 4𝑘𝜇 − 

 

2𝑏 − 2 𝑎 + 2𝑘 𝜇 ! − 4(𝑏! − 𝐶! + 4𝑐𝑘 − 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠!"# +
2𝑎(𝑐 − 𝜃!𝑠 + 𝜃!𝑠 + 𝜃!𝑠 + 𝜃!𝑠!"#))

!/!

).     

(18) 

 

Eq. 18 is then simplified as 

 

𝑞   𝑡 = 𝜇(𝑡)−
(!!! !!!! !!! ! ! ! ! !!!! ! ! !!! !!!!!!"#! !!!!!! ! ! )

!
!

!!!!
.

 (19) 

 

The value of q at the optimum includes other principal parameters and functions. By having 

empirical functions for 𝜇(𝑡) and 𝑏(𝑡), we can illustrate the behavior of these two functions 

over the time as shown  in Chapter 3.  

To show the effect of 𝑘 on 𝑞 𝑡 , we take the derivative of 𝑞 𝑡  with respect to k.  
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𝑞! =
2 −𝐶! + 𝑎 + 2𝑘 𝑐 + 𝑏𝜇 − 𝜃!𝑠 + 𝜃!𝑠 + 𝜃!𝑠!"#

𝑎 + 2𝑘 ! 𝑐1+ 𝑎 + 2𝑘 −2𝑐 − 2𝑏𝜇 + 𝑎 + 2𝑘 𝜇! + 2𝜃!𝑠 − 2𝜃!𝑠 − 2𝜃!𝑠!"#
 

(20) 

  

Thus, Eq. 20 suggests that increase in flood damages (k) does not have a unidirectional effect 

on release.  Because, the effect depends on the combination of the values of parameters for 

inflow, flood damage, as well as irrigation demand.  On the one hand, increase in flood 

damages can imply more preventative release at the expense of availability of water for 

irrigation.  On the other hand, if current release is already high then increasing release can 

imply significant flood damage. Because the flood damage has been defined as a function of 

water release. In such case, greater flood damage parameter (k) can result in reduced optimal 

discharge.    

 In general, if we could predict the inflow rate during a year and we know the water 

demand and flood damage functions, we can substitute all these functions in the model, 

which will suggest an optimal water release and reservoir water level throughout the year.   
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Chapter 3:  Case Study 
	  
The empirical work in this study applies the above framework to the operation of the Lucky 

Peak Dam, which is located on the Boise River in Ada County, ID, 17 miles northeast of 

Boise on Highway 21 and downstream of the Arrowrock Dam. The average elevation of the 

full reservoir is 3,055 feet (931 m) and the drainage area is 6940 𝑘𝑚! (2680 𝑚𝑖!) (Raff et al., 

2009). The total capacity of the reservoir is 307,000 acre-feet and the surface area is 2820 

acres (BOR, 2014).  
The empirical model requires information on inflows into the reservoir during a water 

year. We use the daily water inflow data provided by the Lucky Peak Dam operators (BOR, 

2014). In addition, we need agricultural water demand and potential flood damage estimates 

to specify the objective function empirically. We will explain the methods to obtain these 

functions in sections 3.1-3.3. 

 

3.1 Irrigation Water Demand 
	  
Agricultural water demand and flood damage functions were estimated in for the 

Boise Basin (Schmidt et al. 2013). Aggregate water demand for a mix of crops was 

calculated by horizontally adding the demand of individual crops at every price (Schmidt et 

al., 2013). The crops are considered as high value (cash) or low value (field) crops.  The high 

value crops included sugar beets, herbs, dry beans, spring wheat, and potatoes, while the low 

value crops were alfalfa, silage corn, winter wheat, peas, and hay. The horizontal summation 

of crop demands is a series of points in which different croplands may drop in or out of 

production as the irrigation water price is changed. For instance, there may be lower 

production or even no production for the lower value crops when the water price is high.  

Irrigation water demand in lower Boise Basin was obtained from Schmidt et al. 

(2013). Schmidt et al. (2013) used commodity prices and the evapotranspiration (ET) 

production function of Martin and Supalla (1989) to derive a static short-term irrigation 

water demand (Figure 0-1) following methodology described in Contor et al. (2010). This 

production function can be converted to an irrigation water demand by using exponents, 

which are related to crop irrigation efficiency. These exponents are obtained from basin-

specific function and agronomic data including commodity	  price	  per	  yield	  unit,	  yield	  at	  full	  
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irrigation,	  ET	  depth	  at	  full	  yield,	  dry	  land	  (non-‐irrigated)	  yield,	  and	  irrigation	  depth	  at	  

full	  yield. This calculator also assumed that market mechanisms have already optimized crop 

acreages and mix of crops, and considered the water demand as full-season volume delivered 

(Martin and Supalla, 1989).  

In this model, the water demand for only the low value crops is included for 

illustration purposes. It would be straightforward to include total demand for irrigation water 

for all crops in the region.  For illustrative purposes, the application is also limited to only the 

Lucky Peak Dam, which is one of six dams that provide flood control and irrigation water in 

the watershed.  The water demand curve for low value (field) crops is shown in Figure 0-1.  

 

 
Figure 0-1 Irrigation water demand for low value (field) crops (Schmidt et al., 2013). The 

function is fitted linearly as  𝑃 = −0.0036  𝑞 + 220.         

 

For simplicity, the agricultural water demand is assumed to be a linear function( 

Figure 0-1). The water demand intercept, b, and the water demand slope, a, of the linear 

function are calculated as a= 0.0036 and b= 220, respectively.  

Irrigation water demand shown in7 is a function of time.  It is assumed that the linear 

water demand function is varying in slope (a) and y-intercept (time dependent b) throughout 

the year. The irrigation water demand in Eq. 7, (Figure 3-1) does not consider the time 
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dependency or seasonal demand of irrigation water demand. In order to make the demand 

function flexible to change through seasons and show how the demand function behaves 

empirically, a GAMS program was developed to express the irrigation water demand scale 

parameter varying throughout the water year (shown in Figure 0-2)  

Water demand (Figure 3-1), the scale parameter, ψ, is multiplied by b and a and 

expressed as  

 

𝜓(𝑡) =   −1×10!!𝑡! + 6×10!!𝑡 − 0.0667,    (21) 

 

Indeed, including ψ in the water demand equation let us show the seasonality of 

agriculture water demand. The ψ calculation is explained in appendix C.  

 

 
Figure 0-2 Irrigation water demand timing during a water year.  
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3.2 Flood Damage 
	  

The flood damage cost function was retrieved from the study by Schmidt et al. 

(2013). The target location for the Boise River flood flow calculation in this study is 

Glenwood Bridge gaging station. They used a frequency curve averaging technique to 

approximate the recurrence of unregulated flows. The maximum Boise River flow at the 

Glenwood Bridge, which causes no flood damage downstream of Lucky Peak Dam, is 7,000 

cfs (cubic per seconds). Flows greater than 7,000 cfs are considered as unregulated flows 

(Schmidt et al., 2013). The flood damage cost is estimated as a function of discharge at the 

Glenwood Bridge gaging station within the 500-year flood plain of the Boise River. The 

unregulated flows between 7,000 and 35,000 csf caused flood damage worth in the range of 

$390K to $329M,	   which	   is	   calculated	   based	   on	   the	   population	   and	   the	   price	   level	   in	  

1994.	  Schmidt et al. (2013) applied a multiplier of 2.5 to the flood damage estimate in order 

to consider inflation and population increase.  Figure 0-3 shows the flood damage cost 

function that is derived based on the 2010 lower Basin population and prices (Schmidt et al., 

2013). 

 

 
Figure 0-3 Flood Damage Function (Schmidt et al., 2013). The function is fitted as  Φ = 𝑘𝑞!, 

where k=1.01. 
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 The flood damage parameter (k) is set to 1 in the empirical model. More accurate 

representation of the flood damages can be used in the next iteration of the model.   

 

3.3   Objective Function: Water Release Benefit 
	  

The benefit of releasing water is determined by subtraction of flood damage cost from 

the agricultural water revenue, which has been multiplied by the irrigation demand seasonal 

shifter (Eq. 21). This is considered for the whole year from t=0 to t=365 days. The water year 

starts on October 1st and ends on September 30th. Hence,  

 

[𝜓(𝑡)( −0.0036  𝑞(𝑡)+ 220)! !
! 𝑑𝑞(𝑡)]− 𝑞(𝑡)!!"#

! )  𝑑𝑡  (22) 

 

3.4  Water Inflow 
	  

The required input data for daily inflow into Lucky Peak Dam is obtained from 

Bureau of Reclamation (BOR, 2014). Data for Lucky Peak Dam inflow is available as daily 

average values (cubic feet per second) from 1985 (earliest available data) to 2013. The 

“Water Years” are from October 1st to September 30th. Daily inflow into the reservoir (in 

acre feet unit) over time is presented in Figure 0-4. Fitting these daily inflow values as 

polynomial curves for 27 years using ordinary least squares (OLS) method, we obtain 

average daily inflow for a representative water year. 𝑅 Squared (0.6) was used as the criteria 

for determining the best functional form. 

 

 𝜇 𝑡 = 1.0×10!!𝑡! − 1.0×10!!𝑡! + 0.0291𝑡! −  

2.9608  𝑡! + 98.847𝑡 + 232.43  . (23) 
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Figure 0-4 Daily inflow from 1985 to 2013. Data are fitted with a polynomial function. 

 

Figure 0-5 shows irrigation water demand timing and average water inflow during a 

water year. It illustrates the time lag between peak irrigation water demand and peak water 

inflow. 

  

 
Figure 0-5 Water demand timing and inflow.  
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Chapter 4:  Result and Discussion 
	  

The empirical model was solved using the non-linear programming optimization 

routine in GAMS (see appendix B) to derive the optimal water release during a water year. 

Figure 0-1 presents the water inflow (blue curve) and the optimized path of water release (red 

curve). The results show that the water inflow and the optimal water release start to rise in 

the beginning of the water year (October 1st) and show a small peak at late-October. From 

mid-November to the end of March, there is no release of water from the reservoir. The 

reason is that there is no agricultural water demand during this period and the water volume 

in the reservoir in that period is far below the maximum reservoir capacity is because of 

relatively low inflow (very low flood risk). From April until mid-May, inflow and release 

curves are identical and rising.  In other words, the amount of released water is equal to the 

amount of inflow. From the beginning of June until the end of July, the two curves follow 

different paths as water release peaks to satisfy high irrigation demand. The optimal release 

increases to 17,000 (acre feet / day) in June. Beginning in August, the release and the inflow 

curves become identical again until the end of the water year. 

 

 
Figure 0-1 Water inflow and optimized water release path during one water year. 

 

Figure 0-2 shows the reservoir water level during a water year, according to equation 

3. From the middle of November to the end of March, water releases are zero and then 
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gradually increase. Water accumulated during this period is used for irrigation during the 

high irrigation demand season (June, July). The reservoir water level in Figure 0-2 

corresponds to the optimal water release path shown in Figure 0-1. The water level in the 

reservoir is constant when inflow and outflow are equal (April-May and August-October). 

The water level increases during the time when water release is zero (mid-November to the 

end of March), and decreases during the release peak time (mid-May to the end of July).  

 

 
Figure 0-2 Reservoir water level during one water year. 

 

The optimal water release results can be compared to the rule curves provided in 

Schmidt et al. (2013). Rule curves are used for the operation of a reservoir system (Ngo, 

2006) in terms of water release timing and magnitude. Schmidt et al. (2013) used the Boise 

Basin reservoir system rule curves (Figure 4-3) to minimize flood damage given precipitation 

forecast. They illustrated the rule curves to show how flood control reservoirs are managed. 

For a given time and a corresponding forecast amount of cumulative inflow (runoff volume 

forecast from date through July 31st), the rule curves in Figure 0-3 indicate the minimum 

required space in the reservoir in order to accommodate future inflow and prevent potential 

floods. For example on April 1st, with 2 million acre feet of cumulative expected inflow; at 

least 600,000 acre feet space in the reservoir is needed.   
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Figure 0-3 Boise Basin reservoir system flood control rule curves (Schmidt et al., 2013) 

 

In order to compare our results with these rule curves, first runoff volume forecast 

(date through July 31st) are obtained (Figure 4-4). Runoff volume forecast values are 

measured as the area under the inflow curve (Figure	  0-‐4) from each day through July 31st.  
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Figure 0-4 Runoff volume forecast (Date through July 31) 

 

 Then the required space for each cumulative forecast value over time using the rule curves in 

Figure	  0-‐3 is tracked using cumulative inflow in figure 4.4. The obtained minimum required 

space over time is shown as the red line in Figure 0-5. The blue line in Figure	  0-‐5 shows 

space availability in the reservoir according to solutions from the optimization model. These 

space values over time are obtained by subtracting the simulated reservoir water level (figure 

4-2) from the reservoir capacity at each time during the year. 
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Figure 0-5 Reservoir space from the optimization model and minimum required space from 

the rule curves throughout a year. 

 

Given the runoff forecast and the time of the year, the operating rule curves define the 

minimum required space to prevent flood throughout the year (the red curve in Figure 0-5). 

However, the optimization model seeks to find an optimum water release considering both 

agricultural water demand and flood control (the blue curve).  

 

3.5 Climate Change Scenario 
	  

Idaho has seen significant temperature increases, especially in the past few decades. 

From 1971-2005, the average annual observed temperature in the Snake River Plain, located 

in southern Idaho, has increased by 1.4 degrees Celsius based on the data from 10 climate 

stations. Statistically, the increasing temperature trends are most significant in the months of 

January, March, and April (Hoekema and Sridhar, 2011).  

Early runoff in response to warmer temperatures will have implications for 

agricultural production and water management. Winter precipitation is composed of more 

rain and less snow, which causes declining snowpack every year. Peak stream flows are 

occurring earlier in the year, which will consequently reduce summer flows. Peak spring 

runoff is occurring anywhere between a few days to 25-30 days earlier throughout the 

western US (Stewart, Cayan and Dettinger, 2004).  
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For the sake of sensitivity analysis, the effect of earlier runoff on optimal water 

release is examined.  This study considers a 20-day shift in precipitation patterns.  Figure 0-6 

shows inflow data and the estimated expected inflow curve for the scenario with runoff 

occurring 20 days earlier compared to the regular inflow shown in Figure 0-4. 

 

 
Figure 0-6 Lagged inflow curve (20 days). 

 

The model is resolved with an updated inflow curve shown in Figure 0-6. The result 

is shown in Figure 0-7. 
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Figure 0-7 Derived water inflow and water release path for climate change scenario. 

 

The optimal water release is altered as a result of earlier runoff. Specifically, early 

runoff reduces the water release peak in June from 17,000 acre feet in the regular model to 

15,000 acre feet in the lagged model. We also have a shorter period where the least amount 

of water storage begins three months later in mid February.  

Figure 0-8 shows how reservoir storage varies throughout the water year as a result of 

the earlier runoff. Compared to the baseline results in Figure 0-2, the reservoir water level 

starts to rise three months later (in February). However, the highest reservoir water level 

occurs almost at the same time (end of March) and the reservoir water level trajectory is 

qualitatively similar to baseline results.  
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Figure 0-8 Reservoir water level for climate change scenario 
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Chapter 5:  Conclusion 
	  
 In this study an optimization model is used to examine the optimum amount of water 

release (q) throughout a representative water year for a multipurpose reservoir. Disregarding 

risk and uncertainty, the optimal solution prescribes a water release amount throughout the 

year, which satisfies irrigation water demand and leaves enough reservoir space for flood 

control. The analytic model derives and solves a differential equation, which balances the 

benefits from releasing water for irrigation and maintaining sufficient reservoir space for 

flood control during critical times of the year. For simplicity, the irrigation water demand is 

assumed to be a linear function and the flood damage cost is also illustrated as a simple 

quadratic function with respect to the water release. For more complicated functions, we 

would need to solve different differential equations with a higher order of complexity 

possibly using numerical methods. For example, exponential functions for irrigation water 

demand and/or flood damages could be investigated in future studies.  

 The water release solution in our model, as shown in Eq. 19, is a function of water 

inflow as well as coefficients in the linear water demand function and the quadratic flood 

damage cost.  It can be seen in Eq. 20 that there is not a simple relation between q and other 

coefficients describing flood damage and water demand.  

 The empirical dynamic model is applied to Lucky Peak Dam as an illustration of the 

method. Following the analytical model, the irrigation water demand function is expressed in 

linear form. Flood damage is also expressed as an increasing linear function. The solution 

suggests releasing water in spring when the reservoir acquires the maximum amount of 

annual inflow. This result was expected because flood prevention is one of the primary 

purposes of Lucky Peak Dam’s operation. From the middle of November to the end of 

March, water release decreases and the reservoir fills up to accumulate water for irrigation 

during summer months. These results are in contrast with the release implied by the rule 

curves.  The reason for such a contrast is that the optimization model in this study is based on 

deterministic inflow. Stochasticity of inflow throughout the season is not taken into account. 

In practice, the decisions for reservoir operations are made in a stochastic environment where 

actual inflow during a water year deviates from predicted values. This thesis assumes perfect 

knowledge of future inflow. This knowledge allows the empirical model to operate on the 

edge, meaning that as long as future inflow is known, release can be equal to future inflow 
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while keeping the reservoir full with no flood risk. The reason is that the inflow curve in this 

empirical analysis does not represent the extreme inflow values. Stochastic dynamic 

programming can be used to extend the model into stochastic context. 

  Climate changes in the form of an earlier runoff reduced the water release peak in 

June and resulted in a shorter empty reservoir season starting three months later in mid 

February. It implies that the agricultural benefits are affected adversely by early runoffs 

because of the water shortage (smaller peak) in high water demand months.   

This study is not meant to provide either policy or scientific recommendations for 

reservoir management as far as flood control and irrigation water supply. Instead, the purpose 

of this work is to provide a preliminary analytical framework and spur further work.  

Numerous limitations in this study render the analysis inapplicable for practical purposes.  

However, the framework presented here can serve as a starting point for future modeling of 

joint reservoir management for flood control and irrigation water supply 

It is important to keep in mind that the rule curves in Schmidt et al. (2013) are for the 

Boise reservoir system including Anderson Ranch, Arrowrock, and Lucky Peak Dam. The 

total space capacity for this system is 949,700 acre Feet, while the maximum capacity of 

Lucky Peak Dam, the only dam used in our empirical model, is 307,000 acre Feet (BOR,	  

2014). Furthermore, the inflow data also differs across the two reservoir systems.  

It is also important to emphasize that the optimization model reflects runoff data for 

the past 27 years and uses a representative expected annual inflow. At this point the empirical 

optimization model does not consider runoff variability or uncertainty. Instead, the optimal 

water release schedule is obtained only for the expected future inflow. On the other hand, 

Figure 4-3 provides rule curves for a range of future runoff forecast values at any time of the 

year. Future extension of this work should consider stochasticity of runoff as a significant 

factor in balancing flood management and irrigation demand.  

Although our model assumes a perfect knowledge of runoff, unexpected inflow is one 

phenomenon that is likely to be encountered during winter and spring. One major problem 

that leads to the unexpected inflow is climate change, which affects water resource 

management in a broad variety of ways. Global warming and corresponding changes in 

runoff can have a significant effect on water management.  
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 Another limitation in this study is considering a low value crop water demand instead 

of the aggregate water demand. For illustrative purpose, the water demand function is limited 

to a low value crop water demand. Obviously, regarding aggregate water demand in the 

empirical model would yield to more accurate optimal water release result.  

 Finally, for simplicity, flood damage function was considered as a rough 

approximation of what it is in practice.  

 On the basis of this study, the following items can be pursued as natural extensions of 

this work: 

1. Develop an empirical model for Boise Reservoir System to include other reservoirs in 

addition to Lucky Peak.  

2. Develop a stochastic optimization model for daily operation by adding a stochastic 

component to the inflow. 

3. Expand the intra-seasonal analysis model developed in this study to be inter-seasonal. 

In such a case, planted crop acreage will be a choice variable.  

4. Calculate aggregate water demand as the horizontal summation of water demand-

price for high value and low value crops, apply the aggregate water demand in the objective 

function of an empirical model and derive an optimal water release, which accounts for water 

demand for both low and high value crops. 
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 Appendix A 
 

We derive a solution 𝑗(𝑡, 𝑠) for Eq.6 which satisfies the partial differential equation, 

 

𝑗 𝑡, 𝑠 =   !
!
   2𝑏𝑠 − 2𝑎𝜇𝑠 − 4𝑘𝜇𝑠 + !

!" !!!! !!!!!
( 2𝑏 − 2 𝑎 + 2𝑘 𝜇 ! − 4(𝑏! − 𝐶! +

4𝑐𝑘 − 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠!"# + 2𝑎 𝑐 − 𝜃!𝑠 + 𝜃!𝑠 + 𝜃!𝑠!"#))
!
! − !!!

! !!!!
+ 𝐶2 . 

 

To prove this solution, we consider the PDE (Eq.6) and its derivatives with respect to t and s, 

 

          𝑗! =

  !
!
  (2𝑏 − 2𝑎𝜇 − 4𝑘𝜇 +

2𝑏 − 2 𝑎 + 2𝑘 𝜇 ! − 4(𝑏! − 𝐶1+ 4𝑐𝑘 − 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠!"# + 2𝑎(𝑐 − 𝜃!𝑠 + 𝜃!𝑠 +
𝜃!𝑠 + 𝜃!𝑠!"#))

!/!

) 

, 

 

and 

 

𝑗! = − !!
!!!!!

  . 

 

Our PDE is 

 

      −𝑗! =   
!!
!
     !!!  !  !

!  !  !!

!
+ 𝑏     !!!     !  !

!  !  !!
   + 𝑐  −   𝑘       !!!  !  !

!  !  !!
  
!
+ 𝐽!     𝜇 −   !!!     !  !

!  !  !!
     +

+𝜃!𝑠   𝑠!"# − s + 𝜃!  𝑠 . 

 

The right hand side of the PDE is 

 

−(!
!
+ k)  (!!"!!

!!!!
)! + 𝑏 !!"!!

!!!!
+ 𝑐 + 𝐽𝑠   𝜇 − !!"!!

!!!!
+ 𝜃! 𝑠!"# − 𝑠 + 𝜃!𝑠, 
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= 𝑐 + 𝜃!𝑠 + 𝜃! 𝑠!"# − 𝑠 +    !
!!!!

𝑏[𝑏 + !
!
(−2𝑏 + 2𝑎𝜇 + 4𝑘𝜇 − (2𝑏 − 2 𝑎 + 2𝑘 𝜇)! −

4(𝑏! − 𝐶1+ 4𝑐𝑘 − 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠!"# + 2𝑎 𝑐 − 𝜃!𝑠 + 𝜃!𝑠 + 𝜃!𝑠!"# ) !/!)]+
!

!!!! ! − !
!
− 𝑘 [𝑏 + !

!
(−2𝑏 + 2𝑎𝜇 + 4𝑘𝜇 −   { 2𝑏 − 2 𝑎 + 2𝑘 𝜇 ! − 4 𝑏! − 𝐶1+

4𝑐𝑘 − 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠!"# + 2𝑎 𝑐 − 𝜃!𝑠 + 𝜃!𝑠 + 𝜃!𝑠!"# }
!
!)]! + !

!
2𝑏 − 2𝑎𝜇 −

4𝑘𝜇 + {(2𝑏 − 2 𝑎 + 2𝑘 𝜇)! − 4(𝑏! − 𝐶1+ 4𝑐𝑘 − 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠!"# +

2𝑎 𝑐 − 𝜃!𝑠 + 𝜃!𝑠 + 𝜃!𝑠!"# )}!/! (𝜇 −
!

!!!!
   𝑏 + !

!
(−2𝑏 + 2𝑎𝜇 + 4𝑘𝜇 − 2𝑏 −

2 𝑎 + 2𝑘 𝜇 ! − 4 𝑏! − 𝐶1+ 4𝑐𝑘 − 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠!"# + 2𝑎 𝑐 − 𝜃!𝑠 + 𝜃!𝑠 +

𝜃!𝑠!"#
!
!) ).  

 

Now we consider A as 

 

(2𝑏 − 2 𝑎 + 2𝑘 𝜇)! − 4 𝑏! − 𝐶1+ 4𝑐𝑘 − 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠!"# + 2𝑎 𝑐 − 𝜃!𝑠 +

𝜃!𝑠 + 𝜃!𝑠!"# .  

 

The right hand side of the PDE is then written as 

 

𝑐 + 𝜃!𝑠 + 𝜃! 𝑠!"# − 𝑠 + 

 

  
1

𝑎 + 2𝑘 𝑏 𝑏 +
1
2 −2𝑏 + 2𝑎𝜇 + 4𝑘𝜇 − 𝐴

!
! + 

 
1

𝑎 + 2𝑘 ! −
𝑎
2 − 𝑘 [𝑏 +

1
2 (−2𝑏 + 2𝑎𝜇 + 4𝑘𝜇 −   𝐴

!
!)]! + 

 
!
!
2𝑏 − 2𝑎𝜇 − 4𝑘𝜇 + 𝐴

!
! (𝜇 − !

!!!!
   𝑏 + !

!
−2𝑏 + 2𝑎𝜇 + 4𝑘𝜇 − 𝐴

!
! ) . 

 

Simplifying each line, we have 
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𝑐 + 𝜃!𝑠 + 𝜃! 𝑠!"# − 𝑠 + 

 

𝑏(− 𝐴 + 2   𝑎 + 2𝑘   𝜇)
2(𝑎 + 2𝑘) + 

 

−
𝐴 − 2 𝑎 + 2𝑘 𝜇

!

8 𝑎 + 2𝑘 + 

 

𝐴( 𝐴 + 2 𝑏 − 𝑎 + 2𝑘 𝜇 )
4(𝑎 + 2𝑘)   

  

which is equal to 

 

𝑐 + 𝜃!𝑠 + 𝜃! 𝑠!"# − 𝑠 + !(! !!!   !!!!   !)
!(!!!!)

− !!!(!!!!)!
!

!(!!!!)
 + !( !!! !! !!!! ! )

!(!!!!)
= 

 

𝑐 + 𝜃!𝑠 + 𝜃! 𝑠!"# − 𝑠 + !!! !!!! !  (!!!!(!!!!)!)
!(!!!!)

 = 

 

𝑐 + !
!(!!!!)

+ 𝑏𝜇 − !
!
𝑎 + 2𝑘 𝜇! − 𝜃!𝑠 + 𝜃!𝑠+𝜃!𝑠!"# . 

 

Substituting A, we have 

 

𝑐 + 𝑏𝜇 − !
!
𝑎 + 2𝑘 𝜇! − 𝜃!𝑠 + 𝜃!𝑠 + 𝜃!𝑠!"# +

!
! !!!!

2𝑏 − 2 𝑎 + 2𝑘 𝜇 ! − 4 𝑏! −

𝐶1+ 4𝑐𝑘 − 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠 + 4𝑘𝜃!𝑠!"# + 2𝑎 𝑐 − 𝜃!𝑠 + 𝜃!𝑠 + 𝜃!𝑠!"# = !!
!!!!!

 , 

 

which is equal to the left hand side of the PDE, −𝑗! . So the solution 𝑗(𝑡, 𝑠)  is proven. 

 

  



	   32	  

Appendix B 
	  
The non-linear programming model involved 4 equations used for both regular and climate 

change scenarios, and included the following assumptions and definitions. 
 

Equations 

 

1. agricultural demands 

2. reservoir water level  

3. reservoir capacity 

4. benefits  

 

The interpretation of the above equations is as follow: 

 

Equation 1: Agricultural demand is considered as a linear function of t and water release in t. 

b(t) is the intercept and changes in respect to time and indicates how the water demand 

changes during the seasons (see water demand discussion in section 0). 

 

Equation 2: Reservoir water level in every day (t) is the reservoir water level and the inflow 

in previous day (t-1) minus water release and flood in t-1. The order of t (days) is considered 

greater than 1.  

 

Equation 3: The reservoir capacity is always a fixed value equal to 307,000. 

 

Equation 4: The net benefit of water release is derived by the subtraction of flood damage in t 

from the ag demand value which is the area under agriculture water demand function from 

day 1 (Oct. 1st ) to day 360 (Sept. 30th). 
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Appendix C  
	  
The function (ψ) for seasonality of irrigation water demand is expressed as follows: 

 

ts is start date of irrigation.  Assuming water year calendar starting from Oct 1, beginning of 

irrigation season is assumed at day 180 

tm is peak irrigation, when irrigation reaches its peak in days starting from Oct 1st = 270. 

t1 is the last day of irrigation = 360. 

 

Variables: 

 

 a1 is the quadratic parameter. 

 a2 is the linear parameter. 

 a3 is the intercept. 

 

Equations: 

 

Equation1 = 𝑎2 = −2𝑎1𝑡𝑚. 

Equation 2 =  𝑎1𝑡𝑠   𝑡𝑠 + 𝑎2 + 𝑎3 = 0  . 

Equation 3 = !!!!
!

!
+ !!!!!

!
+ 𝑎3𝑡1− !!!"!

!
− !!!"!

!
− 𝑎3𝑡𝑠 = 1. 

 

The GAMS programming required for deriving the equation (ψ) in Figure 0-‐2 has been 

written based on the following principles; the water demand timing is assumed to follow a 

quadratic shape with roots 180 and 360, which indicate the starting date and ending date of 

water demand timing, respectively. In addition, the derivative of the equation is zero in day 

270, which is assumed to have the peak demand for irrigation water. The area under the 

quadratic equation curve is assumed to be equal to one, which implies that this representation 

distributes the original value of the intercept, obtained from irrigation water demand 

functions in Schmidt et.al. (2013), across the irrigation season. The scale parameter for the 

equation (ψ) in Figure 0-2 is obtained by solving the system of three equations for the three 

unknown parameters. 


