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Abstract

Line source radiation problems have been previously characterized by numerical
integration of the antenna pattern to determine the radiated power and corresponding antenna
performance parameters. A new methodology based on autocorrelation principles is
presented. The new methodology enables determination of the radiated power without a
priori knowledge of the antenna pattern. The new methodology is applied to canonical line
source radiation problems. Closed form expressions for the radiated power are then
determined for a problem that heretofore has not been derived. The expressions are then
used to validate the veracity of the method by performing comparisons with canonical
results. Additionally, absolute limits on the performance of line source radiators are
presented. The limits are developed in conjunction with Heisenberg’s uncertainty principle
and the Chu limit. The limits facilitate a deeper understanding of the factors effecting
antenna performance and serve as the foundation for the development of the new

methodology.
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1. Introduction

The problem of characterizing line source radiation has been thoroughly examined
and documented in the annals of antenna theory. It is well known that the radiated power and
corresponding performance parameters for a line source radiator can be determined from the
generated pattern. The antenna pattern is obviously determined from the current distribution
that is present on the radiator. However, there are an abundance of antenna problems that do
not yield a closed form solution for the radiated power. As such, the radiated power must be
determined by numerically integrating the antenna pattern. Ancillary antenna performance
parameters can then be calculated once the radiated power has been determined. This thesis
presents a new methodology based on autocorrelation principles that eliminates the need to
have a priori knowledge of the antenna pattern to determine the radiated power. The new
methodology also enables the generation of closed-form solutions for the radiated power for
problems that heretofore were numerically integrated. Additionally, this thesis presents
absolute bounds on line source radiator design that have been developed using Heisenberg’s
uncertainty principle. The development of these bounds served as a foundation for the

ultimate development of the new autocorrelation principle methodology.

The thesis first presents a review of the conventional method for determining the
antenna pattern, radiated power, and corresponding antenna performance parameters.
Heisenberg’s uncertainty principle and the Chu limit are then applied to establish a complete
set of design limitations for line source radiators. The development of the new methodology

based on autocorrelation principles is then presented in detail. The new methodology is then



applied to two canonical line source radiation problems — the half wave dipole and the cosine
distribution. The results obtained for both of these problems are then compared to the results
obtained using the conventional method. The comparison demonstrates that the new
methodology accurately replicates the results obtained using the conventional approach.
Most notably, a closed form expression for the radiated power from a line source radiator
with a cosine current distribution is presented. A closed form solution for this problem has
not been previously presented in the open literature. Finally, conclusions based upon the

work presented in this thesis are made and recommendations for future work are presented.



2. Theory Development

This Chapter presents the development of a new methodology for evaluating antenna
performance using autocorrelation principles. First, the conventional method for evaluating
the performance of a line source radiator is presented. Second, the application of
Heisenberg’s uncertainty principle to the theory of antenna radiation is discussed. Third, the
detailed application of autocorrelation principles as a new method for evaluating line source
radiation is presented. The application of the new method will be presented in detail in

Chapter 3.
2.1.  Antenna Theory
The conventional method for evaluating the far-field performance of a line source

radiator begins by recalling the free space, integral definition of the magnetic vector potential

(Harrington 2001, 81),
A H e*jkl‘ T (v "\ ki1’ '
A:ET”J.J(r ) Sanl \VAS (2.1)
\Y

where J is the electric current density, k is the wave number (i.e. k = w\/ue), u is the

permeability, and r is the radial distance scalar.



The source position vector, r’, for a line source radiator that is collinear with the z-axis can

be defined as
(2.2)

The line source radiator is centered at the origin and the total length is defined as L. As such,

the electric current density can be defined as

’ ’ \A L [ L
J‘(r/): j(zré )= §(X )§(y )l(Z )az —ES z SE- 2.3)
0 otherwise

Additionally, the dot product between the field position unit vector, f, in spherical

coordinates and the source position vector given in Equation 2.2 can be written as
r-r'= (siné’cos¢ a, +singsinga, +cosd éz)- 7'a, =17'cosé. (2.4)

Equations 2.3 and 2.4 can be substituted into Equation 2.1 to yield the z-component of the
magnetic vector potential for a line source radiator centered at the origin and collinear with

the z-axis,

A =22 12z (2.5)

L2



In anticipation of the ensuing formulation, the current distribution, 1(z'), can then be

transformed into p-space using the relationship

g(p)= (2.6)

L

Equation 2.6 can be applied to Equation 2.5 to yield

p—"cos&

—jkr 7 ik
A =2 [g(pe"=""dp. 2.7)

CAr v

The transformation between u-space and &-space is defined as

u=u,cosd where u0=;—L=
T

L
=. (2.8)

Substituting Equation 2.8 into Equation 2.7 yields the final expression for the z-component

of the magnetic vector potential expressed in term of p-space and u-space,

A =2 [g(pe™dp. (2.9)

Examining Equation 2.9 enables the conclusion that Fourier transform principles can be used

to relate the current distribution in p-space to the radiation pattern in u-space. The



relationship between the current distribution and the radiation pattern function is then given

by
G(u)= Tg(p)e ™ dp. (2.10)

Therefore, the z-component of the magnetic vector potential can be written in terms of the

radiation pattern function,

A=), (2.11)

The power density for a z-directed magnetic vector potential is defined by
a)2 2
S, =—|A] sin*6. (2.12)
2n

Substituting Equation 2.11 into Equation 2.12 and cancelling terms yields the expression for

the power density expressed in terms of G(u) and siné,

S _k?[G(u)sin?@
" 20m)

(2.13)



The result shown in Equation 2.13 demonstrates the implicit assumption of g-symmetry for
the antenna pattern since the power density is not a function of the ¢-direction. The radiated

power can be determined by integrating the power density over 4 steradians,

2rr

Po = [[Sir7sin0dodg. (2.14)
00

Substituting Equation 2.13 into Equation 2.14 and performing the integration yields the

expression for the radiated power in terms of G(u),

V4

P., = (;’7)2 '([|G(u)|zsin39d0 . (2.15)

Obviously, Equation 2.8 can be applied to the radiation pattern function in u-space, G(u), to
obtain the radiation pattern in é-space, G(u,cosd). Equation 2.8 can be substituted into

Equation 2.15 to yield

Py =

= a7 G(u, cos8)’sin*@ de. (2.16)

O t—

For most current distributions, a closed-form result is not attainable using standard
integration techniques. Instead, the integral of Equation 2.16 is numerically evaluated to

determine the total radiated power. Once known, the total radiated power can be used to



determine other antenna performance parameters (e.g. directivity, radiation resistance, and

radiation efficiency).

Equation 2.13 can be used to determine the directivity (Stutzman and Thiele 2013,

52),

2 2 qin2
D=5t g2 =K |GS(;2 o, (217)

rad

rad

The current distribution for the line source radiator is assumed to be symmetric about the
feed point (i.e. z = 0). Therefore, the maximum directivity can be determined by

transforming Equation 2.17 into é-space using Equation 2.8 and then evaluating the result at

broadside (i.e. #=90°),

D - nk? |G(UOC050)|Z:90° _ 7k’ |G(0)|2 (2.18)

rad rad

Equation 2.8 is then evaluated at = 90° (i.e. u = 0) and applied to Equation 2.10. The result

can be substituted into Equation 2.18 to yield

2
Do = (’;Ljpi (2.19)
ﬂ —_




The radiation resistance, Ryaq, is simply defined in terms of the total radiated power and the
current at the feed point to the antenna (i.e. z = 0). Substituting Equation 2.6 evaluated at z =

p =0 yields

The radiation efficiency, &agq, is determined from the radiated power and the power dissipated
from the Ohmic resistance of the antenna, Ponm. The formulation for the radiation efficiency

is given by (Stutzman and Thiele 2013, 60),

& 4 =—"0 2.21
rad P +P ( )

rad ohm

The power dissipated from the Ohmic resistance of the antenna is determined from the
current distribution on the wire and the uniform wire resistance per unit length, Ry. The

equation to determine the dissipated power is given by (Stutzman and Thiele 2013, 59),
P == [17(2)dz. (2.22)

The results obtained using Equations 2.16 and 2.22 can then be substituted into Equation

2.20 to determine the radiation efficiency.
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2.2.  Heisenberg’s Uncertainty Principle

Heisenberg’s Uncertainty Principle is most often invoked in the field of quantum
mechanics. However, the Principle is simply a property of Fourier transforms and the
extension of this Principle to other disciplines can result in an increased and more complete
understanding of the physics of certain phenomena. In this case, Heisenberg’s Uncertainty
Principle is applied to the theory of antenna radiation. Three relationships are evaluated in
the context of Heisenberg’s Uncertainty Principle. Included are the relationship between
current distribution and antenna pattern, signal duration and bandwidth, and quality factor
and antenna size. Each of these relationships is discussed in detail in the following

subsections.

2.2.1. Current Distribution and Pattern. Two important relationships that will be used in
the derivations presented in this subsection, and the following subsections, are Parseval’s
Identity and Schwarz’s Inequality. These relationships, as applied to the current distribution

and antenna pattern, are presented as (Young and Wilson 2015),

0

Tlg(p)Izdp =$ [leu) du (2.23)

—00

and

ﬁ Pg(P)dg—(p)de < T p*g*(p)dp T{dg—(p)}zdp : (2.24)
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The normalized average power content, 12, of the current distribution is defined as

avg !

b= [17(2)dz= [g*(p)dp. (2.25)

As shown in Equation 2.25, Equation 2.6 can be substituted to yield an equivalent
formulation presented in terms of the current distribution in p-space, g(p). Equation 2.25

can then be rearranged and substituted into Equation 2.23 to yield the relationship between

Parseval’s Identity and the normalized average power content,

© © L2| 2
[la(p) dp = % [le(u) du=—2c. (2.26)

T

The variances of the square of the current distribution and the square of the antenna pattern

are respectively defined as
of = [p*g*(p)dp (2.27)
and

o, = [u’G*(u)du. (2.28)



12

These variances provide a quantification of the spread of g(p) and G(u). The first term on
the right hand side of the inequality in Equation 2.24 is the variance of the current

distribution, aﬁ. The second term of Equation 2.24 can be evaluated by first identifying the

Fourier transform pair for the derivative,

dg(p) . .
m < —juG(u). (2.29)

Parseval’s identity and Equation 2.29 can be applied to the second term of Equation 2.24,

© d ( )2 1 0 2
J'ﬂ dp:—J'usz(u)du:&. (2.30)
“l dp 2r =, 2
Substituting Equations 2.27 and 2.30 into Equation 2.24 yields
f pa(p)22(P)gy [ <2 o3
mpgpdp D—Zﬁ- :

Integrating the left hand side of Equation 2.31 by parts and substituting Equation 2.26

produces the result:

[]; pg(p)d%—g’)de { [p d@ﬁ(l@)dp}2 - {—% ng(p)dp}z {%}2 (2.32)

N |~
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Equation 2.32 can be substituted into Equation 2.31 to yield the relationship between the

variances associated with the current distribution and the antenna pattern,

%12
oo >—4 2.33
pOu = o (2.33)

The consequences of the result shown in Equation 2.33 are that a short antenna must produce

a wide beam and a narrow beam must be produced by a long antenna.

2.2.2. Signal Duration and Bandwidth. The Fourier transform and inverse Fourier
transform relationships between a time domain signal and the corresponding frequency

domain response are respectively given by (Couch 2013, 48),
W(f)=S{w(t)}= [w(te*"dt (2.34)
and

W(t):sl{w(f)}:jw(f)eimdf . (2.35)
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Parseval’s theorem can be applied to the time and frequency domain responses of the signal

to produce

T|W(t)|2°'t = TIW(f ) df =E, (2.36)

where E is the total normalized energy of w(t). The variances of the square of the time

domain signal and frequency domain response are respectively defined as

ol = thwz(t)dt (2.37)

—o0

and
ol = sz\Nz(f)df : (2.38)

In this case, o/ is a measure of the signal duration and o is a measure of the signal

bandwidth. ~ As previously presented for the antenna current distribution, Schwarz’s

Inequality can likewise be applied to the time domain signal,

[ j tw—dt} TtZWZdt T [‘Z—‘:’)Zdt . (2.39)
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The first term on the right hand side of the inequality in Equation 2.39 is the variance of the

time domain signal, . Parseval’s identity and the Fourier transform of the derivative can

be applied to the second term of Equation 2.39,

0 2 ®
j (‘Z_‘:’j dt = j f AW %df = o2, (2.40)

—00

Substituting Equations 2.37 and 2.40 into Equation 2.39 yields
{ | twd—\ivdt} <ol (2.41)

Integrating the left hand side of Equation 2.41 by parts and substituting Equation 2.36

produces the result:

 oaw, | [1rawr T [ 5, T

[w>rdt| =| > [t=dt| =|- [widt| =E. (2.42)
dt 27 dt i

Equation 2.42 can be substituted into Equation 2.41 to yield the relationship between the

signal duration and the bandwidth,

o0, >E. (2.43)



16

The consequences of the result shown in Equation 2.43 are that short signal durations must

be wideband and narrow band signals must be produced by long signal durations.

2.2.3. Quality Factor and Antenna Size. The Uncertainty Principle theory is completed
by considering the relationship between the minimum quality factor that can be obtained for
a lossless resonant antenna and for a given antenna size. The quality factor is determined
from the ratio of the energy stored in the nearfield of an antenna to the energy actually
radiated by the antenna (McLean 1996). The Chu limit specifies that the minimum quality
factor for an antenna can be determined by enclosing the antenna with a sphere of radius, a.

The radius of the sphere should be just large enough to encapsulate the antenna. The lower

bound quality factor, Q", for an electrically short linearly polarized antenna is given by

1 1

|b__ -
Q _ka+(ka)3'

(2.44)

The lower bound quality factor for an electrically small circularly polarized antenna is given

by

w_ 141 2
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Therefore, the antenna size can be used to determine the minimum quality factor of the
antenna using Equations 2.44 or 2.45 as appropriate. Based on the assumption of a second-
order response, the minimum quality factor can then be used to determine the upper bound on

the bandwidth of the signal (Couch 2013, 255),

Q=0gr=7"7 (2.46)

where f; is the center frequency and f; and f, are the 3 dB frequency limits that define the
bandwidth. Once the required bandwidth is known, the limit on signal duration can be
determined using the relationship defined in Subsection 2.2.2. Additionally, the size of the
antenna determines the beamwidth and the corresponding spatial resolution of the antenna
pattern, as described in Subsection 2.2.1. Therefore, the uncertainty principle relationships
along with the Chu limit enable the conclusion that a small antenna will result in a large
quality factor, a small bandwidth, long signal duration, a broad beam, and low spatial
resolution.  The application of Heisenberg’s uncertainty principle has enabled the

development of a set of performance limitations that are finite and absolute.

2.3.  Autocorrelation Principles

Autocorrelation principles can be applied to the problem of line source radiation to
develop a new method for calculating radiated power. The application of autocorrelation
principles results in an approach that does not depend on the radiation pattern to determine

the antenna performance parameters. The first subsection will present the derivation of the
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method for determining the radiated power. The second subsection will present the
derivations of additional antenna performance parameters (e.g. directivity, radiation
resistance, and radiation efficiency). This formulation is based on the theory presented in the
submitted (and accepted as of November 2015) paper to the IEEE Transactions on Antennas
and Propagation (Young and Wilson 2015). To the best of the author’s knowledge, this

formulation has not been presented in the open literature.

2.3.1. Radiated Power. The derivation of the new method for determining the radiated
power begins by converting the radiated power equation (Equation 2.16) into u-space by

applying the relationship given in Equation 2.8,

k2 Ug
= 167ng u()Gz(u)(ug ~u?)du. (2.47)
The following relationship can be defined:
F2(u)=G2(u)uZ —u?). (2.48)

Substituting Equation 2.48 into Equation 2.47 yields

_ K ufFZ(u)du (2.49)
" 16 5, ' '
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The pulse function of unity height and unity width can be defined as

<
o v )]t Misu (2.50)
2u, 0 otherwise

Substituting Equation 2.50 into Equation 2.49 and changing the limits of integration results

in the following expression for the radiated power,

Kn T2 2| U
= F<(u)l1°| — |du . 2.51
rad 167ZU3 _J;O ( ) 2U0 ( )
The following relationship can be defined:
H2(u)= Fz(u)nz[LJ. (2.52)
2u,

The relationship defined in Equation 2.52 can be substituted into Equation 2.51 to produce:

H?(u)du. (2.53)
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Then from Parseval’s ldentity,
Pas =25 | N*(P)dp, (2.54)

where H(u) and h(p) are Fourier Transform pairs. The autocorrelation function for the

continuous real-valued function h(p) is defined as

R.(p)= [h(z)h(z - p)dr. (2.55)

The autocorrelation function for a stationary process can be determined by evaluating

Equation 2.55at p =0,

R,(0)= [h(z)dr. (2.56)

k7R, (O)
= . 2.57
rad 8Ug ( )



The inverse Fourier transform of Equation 2.52 is shown as

A Fourier transform relationship exists between multiplication and convolution,

f*g=3"{FG}.

21

(2.58)

(2.59)

The relationship between the autocorrelation function and the inverse Fourier transform is

defined by the Wiener-Khinchin theorem,
R,(p)=3{F2()}.

Applying Equations 2.59 and 2.60 to Equation 2.58 yields
R.(P)=R((p)*R(p).

The autocorrelation function, R(p), is defined as

R (p)= Js(-)s(r - p)dr,

(2.60)

(2.61)

(2.62)
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where s(p) is the inverse Fourier transform of the pulse function. It can be shown that the

inverse Fourier transform of the pulse function presented in Equation 2.50 is written in terms

of the sinc function,

s(p):”—;S"L(“;p). (2.63)

It can also be shown that the autocorrelation function, R(p), can be determined by

substituting Equation 2.63 into Equation 2.62 and subsequently evaluating the integral to

yield

R.(p)= ! ). (2.64)

Equation 2.64 can be substituted into Equation 2.61,

R, (p)-R, )+ o 31eP) 2

Equation 2.65 can be expressed in terms of the convolution integral and evaluated at p = 0,

Rh(o)=“—°T Rf(r)Mdf. (2.66)
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Substituting Equation 2.48 into Equation 2.60 yields
R,(p)=3{G2(u)uZ -u?)}. (2.67)
Distributing terms and applying inverse Fourier transform identities to Equation 2.67 yields
R,(p)=u23 {62 (u)}- 3 {u?G?(u)}. (2.68)
The Wiener-Khinchin theorem given in Equation 2.60 and the inverse Fourier transform

identity for the second derivative can be applied to Equation 2.68. The result is the

relationship between the autocorrelation function of the current distribution and the

autocorrelation function, R, (p), as defined by the Helmholtz operator,

Rf(p){d—zwé}Rg(p)- (2.69)

For completeness, the autocorrelation function for the current distribution can be calculated

by applying the definition given in Equation 2.55,

0

Ry(p)= [9(r)g(z - p)dz. (2.70)

—00
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Therefore, the radiated power can be calculated by first determining the autocorrelation of
the current distribution using Equation 2.70. Second, calculation of the autocorrelation
function, R, (p) is accomplished by applying the Helmholtz operator to the autocorrelation
of the current distribution as defined in Equation 2.69. Third, the stationary autocorrelation
function, Rh(O), is determined by performing the integral given in Equation 2.66. Finally,
the radiated power can be determined by substituting the result obtained using Equation 2.66

into Equation 2.57. The four equations necessary for determining the radiated power are

summarized in order of application:

R,(p)= [a(r)g(z - p)dz; 2.71)
d> 5 .
Rf(p){d—pﬁuJRg(p), (2.72)
Rh(O)Zu—"T Rf(T)Mdr; (2.73)
T U,z
and
kanh(O)

2.74
rad 8U g, ( )
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Per the preceding equations, it is clearly seen that P_, is calculated directly from g(p)

without the corresponding calculation of G(u). This comment speaks to the robustness of

the theory. Furthermore, the preceding four equations constitute a new theory for radiated

power calculations as first presented by Young and Wilson (Young and Wilson 2015).

2.3.2. Performance Parameters. Expressions for the directivity, maximum directivity,
radiation resistance, and radiation efficiency can be cast in terms of the autocorrelation
functions presented in the preceding subsection. As presented in Section 2.1, the directivity
is given by Equation 2.17. Substituting the expression for the radiated power given by

Equation 2.74 into Equation 2.17 yields

UiG(u)’sin?e

°TTR0)

(2.75)

Evaluating Equation 2.75 at broadside (i.e. &= 90°) yields the expression for the maximum

directivity,

3 2
Dmax = UO
w,(0)

. (2.76)

Tg(p)dp
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The radiation resistance was previously defined in Equation 2.20. Substituting Equation 2.74

into Equation 2.20 and cancelling terms yields

Rearranging Equation 2.6, substituting the result into Equation 2.22, and changing the limits

of integration yields

R
Pon = =7 [ g*(p)dp. (2.78)

Evaluating Equation 2.71 at p = 0 yields

R,(0)= [g*(z)dr. (2.79)

Since the current distribution is zero beyond the extents of the wire, Equation 2.79 can be

substituted into Equation 2.78,

p, = Ry(0) (2.80)

ohm
L
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Substituting Equations 2.74 and 2.80 into Equation 2.21 yields the following expression for

the radiation efficiency:

(2.81)

Equation 2.8 can be rearranged and the result substituted into Equation 2.81. Cancelling
terms after the substitution yields and rearranging the result yields two equivalent

expressions for the radiation efficiency,

_ R, (0) _ 1 282
Erad 2R, (O)+ ZUORWLRg (0) 1. ZUORWLF\)g (0) ' (2.82)
7R, (0)

Equation 2.82 clearly demonstrates that the radiation efficiency is maximized when

1R, (0)>> 2u,R LR, (0).
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3. Theory Application and Validation

This Chapter presents the application of the theory presented in Section 2.3 to two
well known current distributions (i.e. the half-wave dipole distribution and the cosine
distribution). The radiated power, radiation resistance, radiation efficiency, and directivity
are determined for each case. Additionally, the electrically short and electrically long
approximations for the cosine distribution are presented. The results of the applied theory
are compared with the results determined from the conventional method presented in Section

2.1, which will serve to validate the theory.

3.1. Half-Wave Dipole Distribution

The theory presented in Section 2.3 is applied to the half-wave dipole current
distribution and is subsequently validated using the conventional method. Application of the
theory is demonstrated through a presentation of the detailed derivations. The conventional

method, previously presented in Section 2.1, is then used to validate the results.

3.1.1. Theory Application. The half-wave dipole distribution includes the explicit

assumption that the length of the antenna is exactly one half wavelength of the radiated field,

N |

3.1)
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Additionally, the electrical length of the antenna is defined by Equation 2.8, which can be
applied to Equation 3.1,

1
=3 (3.2)

The current distribution for the half-wave dipole can be defined by

I_cos 12 —£< Z <L
1(z)=1"""{L 2= 772, (3.3)
0 otherwise

Applying the conversion from z-space to p-space, given by Equation 2.6, to Equation 3.3

yields the current distribution in p-space,

ImLcos(gj -T<ps<rxm

g(p)=1 27 (3.4)
0 otherwise
The leading coefficient in Equation 3.4 can be defined as
I,L
A =-". (3.5)
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Equation 3.5 can then be applied to Equation 3.4 to yield

a(p)= A“Cos(gj TrEpsT (3.6)

0 otherwise

The autocorrelation of g(p) can be determined using Equation 2.71. Substituting

Equation 3.6 into Equation 2.71 and applying the appropriate limits of integration yields
R,(p)= I A2 cos(%j cos(%jdr. (3.7)

The autocorrelation function is determined using the piecewise definition of the current

distribution. Therefore, Equation 3.7 can be written as

)cos(r_p)dr 0<p<2r . (3.8)

0 otherwise
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The integrals contained in Equation 3.8 can be performed once for a general set of integration

limits, [a,b],
" r r—p
_[ a2 z -
Rg(p)__é[An cos(z}cos( 5 jdr.
The product-to-sum trigonometric identity can be recalled:

_ cos(6 - @) +cos(6 + ¢)
cos(8)cos(¢) = ; :

Equation 3.10 can be applied to Equation 3.9,

Rg(p)=%

D ey T

Performing the integration in Equation 3.11 yields

R,(p)= AﬁBCOS(Sj + %sin(r —gﬂz .

Aot

(3.9)

(3.10)

(3.11)

(3.12)
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Applying Equation 3.12 to Equation 3.8 yields

p+z
Aﬁ[gcos(gj+%sm( —gﬂ -27<p<0
T p) 1. p ”
Aﬁ[—cos(—)+—sm(r——ﬂ 0<p<2r (3.13)
2 \2) 2 2)], .
0 otherwise

Evaluating Equation 3.13 at the limits of integration yields the autocorrelation function of

a(p),

Ai[(Z”; J cos(gj —sin(gﬂ —27<p<0
Ai[(z”; p)cos@}sm(gﬂ 0<p<2r (3.14)
0 otherwise

The autocorrelation function can be validated by numerically integrating Equation 3.7 and

comparing the results to the closed form solution presented in Equation 3.14.

The

comparison between the two methods for determining the autocorrelation function is shown

in Figure 3.1. The current distribution for the half-wave dipole is also shown in Figure 3.1

for reference. Clearly, Figure 3.1 substantiates the validity of Equation 3.14.
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Figure 3.1. Half-Wave Dipole Current Distribution and Autocorrelation Function

The autocorrelation function, R,(p), is determined by applying the Helmholtz

operator to the autocorrelation of g(p), as previously shown in Equation 2.72. Equation 3.2

can be substituted into Equation 2.72,

R, <p>=[d—i+1}Rg<p>. (315)
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Substituting Equation 3.14 for — 2z < p <0 into Equation 3.15 yields

R (p)= Aﬁ{ d22 +1}{(2”2+ p)cos(gj—sin(gﬂ. (3.16)

dp® 4

Performing the derivatives in Equation 3.16, and cancelling and combining terms yields
2
Rf(p):—%sinigj for —27<p<0. (3.17)

Similarly, substituting Equation 3.14 for 0 < p <27 into Equation 3.15 yields

R,(p)= Af{ d’ +1}{(2ﬂ_ p)cos(gjﬂin(gﬂ. (3.18)

2

Performing the derivatives in Equation 3.18 and cancelling and combining terms yields

2
R, (p):%sin(gj for 0<p<2r. (3.19)
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Equations 3.17 and 3.19 can be combined since sin(p/2) is an odd function,

ﬁsin M
2 2

0 otherwise

j -2 < p£27r. (3.20)

The stationary autocorrelation function, R, (O) is defined by Equation 2.73. Equation

3.20 can be substituted into Equation 2.73 and the appropriate limits of integration applied,

Rh(o)zﬂ zj sin@jmdr. (3.21)

Uy?

Additionally, substituting Equation 3.2 into Equation 3.21 and simplifying yields

27 T

2 27 sin(rj
R,(0)=2 | sin(@)—zdr. (3.22)

-2

It can be shown that the integrand of Equation 3.22 is an even function. Therefore, Equation

3.22 can be alternatively written as

, 2,,sinz(fj
R (0)=Pn [—22/q,, (3.23)

2 T
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The power-reduction trigonometric identity can be recalled:

sin’(@) = 1‘%5(2‘9) . (3.24)
Applying Equation 3.24 to Equation 3.23 yields
R,(0)= %Tl“’fos(f)dr. (3.25)
The modified cosine integral is defined as (Abramowitz and Stegun 1972, 231),
Cin(x)= El_cfos(r)dz . (3.26)

Applying Equation 3.26 to Equation 3.25 yields

R,(0)= Ai{cm(z”)} (3:27)
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The radiated power can be determined using Equation 2.74. Substituting Equation

3.27 into Equation 2.74 yields

P k?A’n |:Cin(272'):| . (3.28)

S T 27
Equation 3.5 can be rearranged and combined with the result of Equation 2.8,
kA2 =ull’. (3.29)

Substituting Equation 3.29 into Equation 3.28 yields

rad

_lin {Cin(Zn)} (3.30)
8u, 27 | '

The electric length of the antenna, given in Equation 3.2, can be substituted into Equation

3.30,

Py = 1 [Cin(z;r)} (3.31)
4 27

The intrinsic impedance of free space can be approximated as

n~1207 Q. (3.32)
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Additionally, the modified cosine integral evaluated at 2z can be shown to equal

(Abramowitz and Stegun 1972, 242),

Cin(27)~ 2.4377. (3.33)

Substituting Equations 3.32 and 3.33 into Equation 3.31 yields the following result:

P4 ~36.612. (3.34)

This is the well-known result found in common literature (Stutzman and Thiele 2013, 156).

Even so, it was derived using a completely different method using autocorrelation concepts.

The maximum directivity can be determined using Equation 2.76. Substituting

Equations 3.2, 3.6, and 3.27 into Equation 2.76 and cancelling terms yields

2
1 T p
D,.. =————||cos| — |dp| . 3.35
e 4Cin(2;z)_[, (2) P (3.39)
Performing the integration in Equation 3.35 yields
D 4 (3.36)

™~ Cin(2r)
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Substituting Equation 3.33 into Equation 3.36 yields the following result for the maximum

directivity:

D, ~164. (3.37)

Again, this is the well-known result of the half-wave dipole (Stutzman and Thiele
2013, 75). The radiation resistance is determined by Equation 2.77. Substituting Equations

3.2, 3.6, 3.27, and 3.32 into Equation 2.77 and cancelling terms yields

R,.s = 30Cin(27). (3.38)

Substituting Equation 3.33 into Equation 3.38 yields the following results for the radiation

resistance:

R, ~73.13Q, (3.39)

as it should be (Stutzman and Thiele 2013, 156). The radiation efficiency is determined by
Equation 2.82. Substituting Equations 3.2, 3.8, and 3.27 into Equation 2.82 and cancelling

terms yields

Erad = : nCIn(Zﬂ-) ' (340)
nCin(27)+ 2R, L
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Since nCin(Z;z)>> 27R,L for most metal antennas operating in the X-band or below,

3.1.2. Radiated Power Comparison. The result for the radiated power given in Equation
3.34 can be verified using the conventional method for calculating the radiated power
presented in Section 2.1. The pattern function can be determined by substituting Equation

3.6 into Equation 2.10,
Gu)= ]:An cos(gjejp”dp . (3.41)
Euler’s formula can be applied to Equation 3.41,
G(u)= A ]{ejp(ui) + ejp[u;qdp . (3.42)

Performing the integration in Equation 3.42 yields

Gu)= + . (3.43)



41

Evaluating Equation 3.43 at the limits of integration, factoring terms, and simplifying is
demonstrated by

= + , (3.44)
oy G e e
2 2 2 2

A | e R W W
—m — — 3.45
CW=Z 11t 11| (3.45)
U+-— U—-= U+=— UuU-—=
2 2 2 2

and

2 11 (3.46)

Euler’s formula can be applied to Equation 3.46,

G(u):Amcos(ﬂu)( 4 j

3.47
1—4u? (347)
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The transformation between u and & can be recalled:

U =u,cos(d). (3.48)
For a half-wave dipole, Equation 3.48 simplifies to

u= %005(6’). (3.49)

Substituting Equation 3.49 into Equation 3.47 yields

-2tz )

The radiated power can be determined by substituting Equation 3.50 into Equation 2.16,

. 16A% cos® (72[ cos(@)}
déo

5in(0) (3:51)
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Factoring terms in Equation 3.51 yields

o . j0052(7;008(6’)]
2 sin(g)

de. (3.52)

Equations 3.2 and 3.5 can be substituted into Equation 3.52 and the result simplified,

cos’ (72[ cos(e)}

P, =121 do. 3.53
rad oo 47r-([ sin(0) (3:53)
Substituting Equation 3.32 into Equation 3.53 yields
B cosz(z cos(e)j
P =3017 do (3.54)

sin(@)

0

Equation 3.54 can be numerically integrated to yield the radiated power,

P., ~3012(1.219). (3.55)

The radiated power using the conventional method is then determined to be

Prad ~ 366'51 ' (356)
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The radiated power determined using the applied theory and the conventional method agree,
as demonstrated by comparing the results shown in Equations 3.32 and 3.56. Additionally,
the results for the maximum directivity and radiation resistance, respectively shown in
Equations 3.37 and 3.39, agree with the results presented in canonical antenna theory texts
(Stutzman and Thiele 2013, 156). Therefore, the theory developed in Chapter 2 applied to

the half-wave dipole distribution accurately produces the expected results.

3.2.  Cosine Distribution

The theory presented in Section 2.3 is applied to the cosine current distribution and is
subsequently validated using the conventional method. Application of the theory is
demonstrated through a presentation of the detailed derivations. The conventional method,
previously presented in Section 2.1, is then used to validate the results. Further validation of
the results is achieved by determining the electrically long and electrically short

approximations from the newly derived equations.

3.2.1. Theory Application. The cosine distribution removes the restriction, used for the
half-wave dipole distribution, that the electrical length of the antenna is identically one-half.
As a result, changes in the applied theory derivations are not manifested until the application

of the Helmholtz operator to determine the autocorrelation function, R, (p). It can easily be

shown that the autocorrelation function of g(p) for the cosine distribution is the same as that
obtained for the half-wave dipole distribution. Therefore, the autocorrelation function of

9(p) previously presented in Equation 3.14 can simply be restated:
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Arﬁ[(Z”; p)cos(g)—sin(gﬂ -27<p<0
R,(p)= A;{(Zﬂ_ p)cos(ﬁ}rsin(ﬁﬂ 0<p<2r . (3.57)
2 2 2
0 otherwise

The autocorrelation function, R,(p), is determined by applying the Helmholtz

operator to the autocorrelation of g(p), as previously shown in Equation 2.71. Substituting

Equation 3.57 for —27 < p <0 into Equation 2.71 yields

oAk [E e (], e

Performing the derivatives in Equation 3.58, and cancelling and combining terms yields

R (p)=-

=,
1
I

_l’_

c

o N
~
«,

S
VR
N o
N—
+
TN
N
|

c

o N
e~
VR

2”2+ pjcos(gﬂ for —27< p<0.(3.59)

Similarly, substituting Equation 3.57 for 0 < p <27 into Equation 2.72 yields

R,(p)= A,i[%+u§}{(2”2_ p)COS(EjHin(gH- (3.60)
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Performing the derivatives in Equation 3.60 and cancelling and combining terms yields

Rf(p)zA;K%+uéjsin(gj—g—u(fj(hz_ pjcos(gj} for ~27.< p<0. (361)

Since sin(p/2) is an odd function and cos(p/2) is an even function, Equations 3.59 and 3.61

can be combined to yield

R (p)= AS{(%ug}’"{@]_&_ugj(ZHT_'p'jcos(gj] TETSPE2T (369

0 otherwise

The stationary autocorrelation function, R,(0), is defined by Equation 2.73

Substituting Equation 3.62 into Equation 2.73 and applying the appropriate limits of

integration yields

AnUg TKLUSJSM{HJ_[L%J[MJCOS[EHMM (3.63)
T 5. |\4 2 4 2 2 Up?

Ry (0) =




Distributing terms in Equation 3.63 yields

The terms in the integrand are all even functions.

equivalently written as

Cancelling terms in Equation 3.66 yields

(5]
il

1(1 )
+=| =—Uj,
| 2\4

ol

47

(3.64)

Therefore, Equation 3.64 can be

sin(u,7)

T

sin(u,7)

jsin(uor)_

(3.65)

(3.66)
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The following product-to-sum trigonometric identities can be recalled:

sin(@)sin(g) = cos(6 - ¢); cos(0+¢) ; and (3.67)

cos(@)sin(g) = sin(¢9+¢);sin(¢9—¢). (3.68)

Substituting Equations 3.67 and 3.68 into Equation 3.66 and cancelling terms yields

) 2n sin(r@+u0D—sin(r@—u0D
ij _ﬂ[l_ugj dr. (3.69)
T 0
1

2
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The portion of the integrand with the cosine terms in Equation 3.69 can be manipulated,

gt ) |
(5 gf‘”(f@”oﬁ:‘”(f(l‘“°D

(3.70)

The modified cosine integral was previously defined in Equation 3.26. The sine integral is

defined as (Abramowitz and Stegun 1972, 231),

Si(x)

Il
O ) <
<2
>
—_
!
~
o
!

Applying Equations 3.26 and 3.71 to Equation 3.70 yields

o fofafion) o)
el o)
Aol

(3.71)

(3.72)
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Performing the remaining integral in Equation 3.72 yields

s ofef o) ol
oSl )] |

2z

%&uojco{r@—UOD‘@‘”‘JC"S(’@*“°mo

The result of the integral in Equation 3.73 can be evaluated at the limits of integration and the

result simplified,

o fofof o) el
oS Lo ol )| o

— U, [1+ cos(2u, )]

Equation 3.74 can be evaluated at u, =1/2 and the half-wave dipole result, previously

presented in Equation 3.27, is achieved:

R, (0)= Ai[cm(z;;)] (3.75)
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The radiated power can be determined using Equation 2.74. Substituting Equation

3.74 into Equation 2.74 yields

ol ol )
ool ol )] o

— U, [1+cos(27u, )]

Finally, Equation 3.29 can be substituted into Equation 3.76 to produce:

[ oo
R L ST B

— U, [1+ cos(27u, )]

To the best of the author’s knowledge this result has not been reported in the open
literature. The maximum directivity can be determined using Equation 2.76. Substituting

Equation 3.6 into Equation 2.76 yields

2

Us to(p
nRh<o>"’*“_ff°S(E)"p ’

D (3.78)

max
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where Rh(O) is given in closed-form by Equation 3.74. Performing the integration in

Equation 3.78 yields the expression for the maximum directivity,

b _ 16ugA;

iy (O) . (3.79)

For completeness, the radiation resistance is determined by Equation 2.77. Substituting

Equation 3.6 into Equation 2.77 yields

R = R0 (3.80)

The ability to calculate P D

rad !

and R, in closed-form using the developed

max !
autocorrelation approach clearly demonstrate the robustness of the theory presented in

Chapter 2.

3.2.2. Radiated Power Comparison. The result for the radiated power given in Equation
3.77 can be verified using the conventional method for calculating the radiated power
presented in Section 2.1. The pattern function for the cosine distribution is the same as that

obtained for the half-wave dipole distribution, previously given in Equation 3.47,

G(u)=A, cos(nu)(l_iu2 j : (3.81)
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Substituting Equation 3.48 into Equation 3.81 yields the pattern function in &-space,

G(#)= A, cos(au, cos(&))(l_ 4u24<f:osz (6’)} (3.82)

The radiated power can be determined by substituting Equation 3.82 into Equation 2.16,

VA

2
4 .
Praa = m7) IAf] cos” (7, 005(9))[ T 207 cos? (G)J sin®(9)d@. (3.83)
0

Substituting Equation 3.5 into Equation 3.83 and simplifying yields

b < MaUE oot cos(0) 4| sin’(0)a0 3.84
rad_m.!cos Mo SN T " auz cos?(@)) " ' (369

Equation 3.84 can be integrated numerically for various values of the electric length,

U,. The results of the numerical integration can be compared to the analytical results

obtained using Equation 3.77, which is shown in Figure 3.2. The comparison between the
two methods is exact, which demonstrates successful validation of the theory and the specific
result given in Equation 3.78. Figures 3.3 and 3.4 also show the electrically short and
electrically long approximations for the radiated power. These approximations are presented

in detail in the following subsections.
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1600
1400 __ Exact Solution
< 1200 - e Numerical Solution

!

Radiated Power, P

Electric Length, u

Figure 3.2. Radiated Power Comparison for the Cosine Current Distribution

3.2.3. Electrically Long Approximation. The electrically long approximation for the
directivity can be determined by first evaluating Equation 3.74 when u, >>1. The modified
cosine integral approaches zero for both negative and positive large arguments. The sine
integral approaches /2 for a positive large argument and —7z/2 for a negative large

argument. Applying these approximations to Equation 3.74 yields

R, (0)~ ﬁ{- ﬂz(%—ugj—uo[l+ COS(ZﬂUO)]}. (3.85)

T



Additionally, neglecting the constant compared to u; yields
2
R,(0)~ 2 {z2u? —u,[L+ cos(2au, ).
T

Finally, applying the approximation the u’ >> u, to Equation 3.86 yields
R,(0)~ 7zA2uZ for u, >>1.
Equation 3.87 can be substituted into Equation 3.79 and terms cancelled,

D zﬁuo for u, >>1.

max 2
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(3.86)

(3.87)

(3.88)

Substituting the definition for the electrical length into Equation 3.88 and simplifying yields

D ~16215 for Lss1.
A A

(3.89)

The result shown in Equation 3.89 agrees with published results (Stutzman and Thiele 2013,

138), which further validates the veracity of the analytical result.
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The electrically long approximation for the radiated power can be determined by

substituting Equation 3.87 into Equation 2.74, which yields

P = — 1 (aA2UZ). (3.90)

Substituting Equation 3.29 into Equation 3.90 yields

2
znl
I:)rad ~ 8 l"IO'

(3.91)

Substituting the intrinsic impedance of free space, 7 ~1207 Q, into Equation 3.91 yields

P, ~167%12u,. (3.92)

The result of Equation 3.92 can be compared to the exact solution for the radiated power,
which is shown in Figure 3.3. The comparison shown in Figure 3.3 demonstrates that the
electrically long approximation derived using the new theory accurately predicts the

asymptotic behavior of the exact solution.
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Exact Solution
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!
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800 —
600 —
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Electric Length, u

Figure 3.3. Electrically Long Comparison for the Cosine Current Distribution

3.2.4. Electrically Short Approximation. The electrically short approximation for the
directivity and radiation resistance can be determined by evaluating Equation 3.74 when

U, <<1. Rearranging Equation 3.74 yields

(% + ugj[Cin(fz + 22, ) - Cin(z — 27, )|

Rh(o)=%2 —ﬁ(%—uéj[Si(;rJrZ;zuo)—Si(ﬂ—Z;zuo)] . (3.93)

— U, [1+ cos(27u, )]
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Examining Equation 3.93 reveals that the evaluation requires an approximation for the
modified cosine and sine integrals for small variations centered on the point, z. The
approximation can be obtained by developing the Taylor series expansion approximations for

both integrals. The Taylor series expansion is defined as
£(x)= f(a)+ F(a)x —a)+fT(a)(x _ay +fT(6‘)(x Caf . (3.94)

The definition of the sine integral previously presented in Equation 3.71 can be recalled:

Si(x)= [ sin(z) 4, (3.95)
o T
The derivatives of the sine integral are straightforward to calculate:
f'(x)= S'”X(X) : (3.96)
y Xcos(x)—sin(x) cos(x) sin(x
f (X): ( )2 ( ): ( )_ (2 ); (397)
X X X
and
£7(x) = - sin(x) 2co§(x) 23|rl(x) | (3.98)

X X X
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Evaluating Equations 3.96, 3.97, and 3.98 at x = z yields

f'(z)=0, (3.99)
f'(z)= 1 (3.100)
T
and
f"(z)= % (3.101)
T

Substituting Equations 3.99, 3.100, and 3.101 into Equation 3.94, and expanding and

collecting terms yields the approximation for the sine integral,

Si(x) = Si(z)+ 12 — = xP 22X, (3.102)
37 2r

The definition of the modified cosine integral was previously presented in Equation 3.26:

Cin(x)= fl_c—os(f)dr. (3.103)
0 T
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The derivatives of the modified cosine integral are

f !(X) — 1- COS(X) - i — COS(X) , (3104)
X X X
£7(x) _iz_ - xsin(x)z— cos(x) _ _iz N sin(x) N COSSX)’ (3.105)
X X X X X
and
f m(X) — 33 + COS(X) _ ZSInZ(X) — 2C0§(X) i (3106)
X X X X

Evaluating Equations 3.104, 3.105, and 3.106 at x = 7 yields

f'(z)= 2 (3.107)
T
f"(r)= —%, (3.108)
T
and
f"(z)= is 1 (3.109)
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Substituting Equations 3.107, 3.108, and 3.109 into Equation 3.94 and expanding and

collecting terms yields the approximation for the modified cosine integral,

Cin(x)zCin(zz)+( 2 —i)x3—(%—3)x2+(g—zjx—l—;+%2. (3.110)

3 6rx Vs 2 7T 2

The following relationships can be developed for use in the Taylor series expansions:

(7 + 22U, )— (7 — 270, ) = 47U, ; (3.111)
(7 +2nu, ) — (7 - 22u, )’ =87°u,; (3.112)

and
(7 +2mu,) — (7 - 27u,)’ =167°u +127°y, . (3.113)

Also, the small argument approximation for the cosine function is given by

cos(x) zl—%. (3.114)
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Substituting Equations 3.102 and 3.110 through 3.114 into Equation 3.93 and distributing

and cancelling terms yields
R,(0)~ . (3.115)

Distributing terms in Equation 3.115 and ignoring terms higher than the 3" order yields
R, (0)~ %{%ug +2U, —%ﬁug +8us —%ﬂzug —2U, + 27z2u§} : (3.116)
Cancelling terms in Equation 3.116 yields
R,(0)~ A—i[% ug’j for u, <<1. (3.117)

Equation 3.117 can be substituted into Equation 3.79 to yield

16uA2 [ A2 (32 )]
D, ~—0tn| Bn 52 2] (3.118)
0

max
Vs 7 3
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Cancelling terms in Equation 3.118 yields

D zg for u, <<1. (3.119)

max

Substituting Equation 3.117 into Equation 3.80 yields

2
Riag ® —1— i(gug}. (3.120)
4u A, 7

Cancelling terms in Equation 3.120 yields

Rradzg—nué for u, <<1. (3.121)
7T

Substituting the intrinsic impedance of free space, 7 =120z Q, into Equation 3.121 yields
R, ~320u’ for u,<<1. (3.122)

The results shown in Equations 3.119 and 3.122 agree with published results (Stutzman and

Thiele 2013, 90), which again validates the accuracy of the analytical result.
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The electrically short approximation for the radiated power can be determined by substituting

Equation 3.117 into Equation 2.74, which yields

o . k%7{fﬁi[§3ugj}. (3.123)

p o202 (3.124)
3

Substituting the intrinsic impedance of free space, 7 ~1207z Q, into Equation 3.124 yields
P, ~160u?. (3.125)

The result of Equation 3.125 can be compared to the exact solution for the radiated power,
which is shown in Figure 3.4. The comparison shown in Figure 3.4 demonstrates that the

new theory accurately predicts the electrically short behavior of the exact solution.
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Figure 3.4. Electrically Short Comparison for the Cosine Current Distribution
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4, Conclusions and Recommendations

This thesis first reviewed the conventional method for evaluating antenna
performance by integrating the antenna pattern to determine the radiated power.
Heisenberg’s uncertainty principle and the Chu limit were applied to establish a complete set
of limitations for line source radiator design and performance. The approach used to develop
this set of limitations was then used to develop a new methodology for evaluating antenna
performance. Specifically, autocorrelation principles were applied to develop a
straightforward method for determining the radiated power of a line source radiator. The
new methodology enables calculating the radiated power without a priori knowledge of the
radiated pattern and without the necessity to perform numerical integration. The new
methodology was then applied to two canonical current distributions — the half wave dipole
and the cosine distribution. The results obtained by applying the methodology to both
current distributions demonstrated exact agreement with the results obtained using the
conventional method. Additionally, electrically short and electrically long approximations
for the cosine distribution were calculated based on the result of the new methodology.
Again, these results exhibited exact agreement with the results presented in canonical
antenna theory texts. Most importantly, a heretofore underived closed form expression for
the radiated power for the cosine distribution was derived and presented. Obtaining this new

result demonstrates the potential power of the autocorrelation-based approach.
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The results obtained using this new methodology present significant opportunities for
reevaluating existing antenna radiation problems and for examining new unexplored
problems. Recommendations for future work include applying the new methodology to other
canonical line source radiation problems (i.e. cosine-squared, triangular, uniform, generalized
dipole, and cosine-on-a-pedestal distributions). The results obtained from these applications
will serve to further verify the new methodology. Additionally, co-lineal arrays can be
evaluated using the same approach by incorporating discrete summations to the new
methodology. The same approach can then be extended to antenna arrays with other array
weights (e.g. Chebyshev, Taylor, etc.). Additionally, the methodology could be extended to
planar apertures (e.g. circular apertures, rectangular apertures, etc.). Finally, the analysis
presented in this thesis assumed boresight radiation. Extensions to off-boresight radiation
and scanning beam problems will hopefully demonstrate the robustness of the new

methodology.
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