2376

Evaluation of simple quantile estimation functions for modeling forest diameter distributions
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The method of percentiles usually involves simultaneously solving equations for probability distribution parameters as
functions of sample-based estimates of the appropriate quantiles. Eight simple distribution-free methods for estimating
quantiles from sample-based order statistics were evaluated empirically using even-aged Douglas-fir (Pseudotsuga menziesii
var. glauca (Beissn.) Franco) diameter distributions from the Inland Northwest. Two methods, calculated by weighting
adjacent order statistics, consistently gave the best results for both the Weibull and Johnson's Sg distributions. Certain
distributional shapes were also evaluated to determine if they influenced the quantile estimation method. Although some
influence was detected, the best methods were usually best across all categories.

NEWBERRY, J.D., MOORE, J.A., et ZHANG, L. 1993, Evaluation of simple quantile estimation functions for modeling forest
diameter distributions in even-aged stands of interior Douglas-fir. Can. J. For. Res. 23 : 2376-2382.

La méthode des percentiles est habituellement impliquée simultanément dans la solution d’équations pour des paramatres
de fonction de probabilités comme fonction des estimations échantillonnales des quantiles appropriés. Huit méthodes simples
de distribution pour I’estimation des quantiles en utilisant des statistiques d’ordre échantillonnales ont été évaluées empirique-
ment a partir des distributions de diametres de sapins de Douglas (Pseudotsuga menziesii var. glauca (Beissn.) Franco)
équienne du Nord-Ouest intérieur. Deux méthodes, calculées par les statistiques d’ordre adjacents pondérés ont donné les
meilleurs résultats, de fagon consistante, pour les deux distributions de Weibull et de Johnson Sg. Certaines formes de
distribution ont été aussi évaluées pour déterminer si elles influengaient la méthode d’estimation du quantile. Mé&me si une

cenaine influence a été détectée, les meilleures méthodes étaient généralement les meilleures, toute catégorie.

Introduction

Probability distributions are often used to describe the fre-
quency distribution of tree breast-height diameters in forest
stands. These distributions can take on a variety of shapes and
typically can be described as nonsymmetric (either positively
or negatively skewed). Although many different distribution
functions have been used, the Weibull and Johnson’s Sy dis-
tributions have probably received the most attention in the
forestry literature.

The method of percentiles or quantiles is one of several
methods used to estimate the parameters of these probability
distributions. Percentile parameter estimation involves solving
equations for the distribution parameters as functions of one
or more estimated quantiles, which can be derived as func-
tions of the sample-based order statistics. Several distribution-
free methods have been proposed for estimating the quantiles.
The purpose of this study was to compare and evaluate several
of these sample quantile estimators in the process of modeling
forest diameter distributions with either the Weibull or John-
son’s Sg distributions for even-aged Douglas-fir (Pseudotsuga
menziesii var. glauca (Beissn.) Franco) stands in the Inland
Northwest.

Quantile estimation functions
Let X be a continuous random variable and let x, x,, ...,
x, be a sample of size n from X. Let F(x) be the fraction of
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Xy, X3, -0 X, less than or equal to some value x. Further, let
X (13 X(2)» -0 X¢m) be the sample-based order statistics such that
X1y $x@ S ... Sx(y. Based on these assumptions, the sample-
based functions used to estimate the pth (0 < p < 1) quantile
are given in Table 1. The notation and naming conventions
used in Table | follow those in the UNIVARIATE procedure
(SAS Institute Inc. 1985) and Parrish (1990).

Most of the estimators, Yy, Y, Ys, Vs, ¥, and Y5 are based
on either x ;) and (or) x(;, ) where np=j + g, j and g are the
integer and decimal portions of np, respectively. The estimate
of ¥, for the pth quantile as discussed by Parzen (1979) is the
weighted average, based on g, of the order statistics on either
side of the point np. This method was used by Bailey et al.
(1981) in the process of estimating parameters of the Weibull
distribution for modeling diameter distributions of thinned
slash pine (Pinus elliottii Engelm.) plantations. Methods Y5,
Y3, Y, and Y; utilize a single order statistic as the quantile
estimate. The Y, method of estimating the pth quantile is the
order statistic closest to np. Method Y3, also discussed by
Parzen (1979) and used by Dubey (1967), can be described
as the smallest value of x such that F(x) 2 p. Method Y; can
generally be described as the smallest value of x such that
F(x) > p and method Y can generally be described as the larg-
est value of x such that F(x) £ p. Minor exceptions 10 these
descriptions of Y, and Y; do occur at the extremes of the
distribution. Zarnoch and Dell (1985) and Shiver (1988) esti-
mated parameters of the Weibull distribution for stand diam-
eter distributions using Y,. Cso6rgé and Révész (1978) and
David (1981) defined the pth quantile after Yy, Method ¥5's
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TaBLE . Quantile estimators of the pth quantile
from a sample of size n

i =({-gxj) + gxijen

YZ = X(j) ifg < 0.5
=x¢+n if g 2 0.5

Y3=X(j) lfg=0
= X(j+D lfg >0

Yo = (1-Mxg + hxp.y

Ys = (xeh +2-"(;"n) ifg=0
=x,.nifg>0

Yo = x(p

Y = X(j+ 1)

s =035 +i-npxg + (05 -i+ np)xgeyy

NoOTE: x; is the jth order statistic: np = j + g and j = [ap)
(m+ Dp=k+hand k=|[(n+ 1)p) and i = (ap + 0.5),
where [a] is the greatest integer Sa.

estimate of the pth quantile is similar to Y; except that an
average of x(;, and x(;, ) is used when g = 0. This is the
definition used for the pth quantile in Conover (1980).

Methods Y, and Y; estimate the pth quantile as the weighted
average of adjacent order statistics as does ¥,. Method Y,
mentioned by Harrell and Davies (1982) as a “traditional”
quantile estimator, weights the order statistics around the
point (n + 1)p, while Yy weights the order statistics around
np +0.5. Parzen (1979) indicated that Y3 should provide good
quantile estimates under conditions of small sample sizes and
symmetric distributions.

Using the equations from Table |, seven of the eight quan-
tile functions can be ranked according to the relative value of
their estimates. It can be shown, for g=0,that ¥, =Y, =Y; =
Yo<VYs=VYg<YriforO<g<O05, that ,=Ys< Y, <Y<
Vi=Ys=VYyfor05<g<10,thatYg< Y, <Y,=Y;=¥s=
Y; € Y3 Method Y4 cannot be so easily characterized. In
addition to g, the ranking of Y, depends on p. In general, for
a given value of g, the value of Y, increases (or at least does
not decrease) as p increases.

Parrish (1990) compared 10 methods for estimating quan-
tiles for normal distributions, eight of which are evaluated in
this study. The best estimators were Yz and an estimator
(Parrish’s Yy) calculated as the weighted average of all sample
order statistics. This estimator has much greater computational
requirements than does Yg, and Parrish concluded this may
make Yg the most practical. We chose to evaluate only those
estimators that are relatively simple and easy to calculate.

Materials and methods

Data base description

The data used to evaluate the quantile estimation methods
were obtained from 92 installations established by the Inter-
mountain Forest Tree Nutrition Cooperative. The geographic
regions covered by these installations are central and north-
eastern Washington, northeastern Oregon, northern and central
Idaho, and western Montana. These installations were estab-
lished in even-aged and single-species Douglas-fir stands to
test effects of nitrogen fertilization regimes and represent a
broad range of second growth conditions. Most stands had
been thinned 5-12 years prior to installation establishment.
Each installation consists of six plots, two of which received
no fertilization treatments. Plot sizes ranged from 0.1 to

TABLE 2. Summary characteristics of the 92 managed
Douglas-fir installations from the Inland Northwest

DBH

distribution Minimum  Median Maximum
Mean (in.) 541 9.74 15.39
n 22 45.5 145
Coefficient of

variation (%) 11.9 26.5 52.1
Skewness -0.790 0.285 1.590
Kurtosis -1.210 =0.380 6.510

I - i
Note: Skewness = ———,  forj = 1,2,...n
B - % )?

Kurtosis = forj=1,2,...n

ns* -3
where s is the sample standand deviation, X is the sample mean, and n
is the sample size. :

0.2 acres (1 acre = 0.405 ha). The trees from the two control
plots were combined for the purposes of this analysis. All
trees were measured for diameter at 4.5 feet (1 ft = 0.305 m)
above ground level (DBH) to the nearest 0.01 inch, Table 2
summarizes some important characteristics of these installa-
tions, A more complete description of these data is given by
Moore and others (1983).

Methods
The three-parameter Weibull distribution (Weibull 1951)
has a probability density function (PDF) as follows:

1@ = [5)(_;_) exp[_[x - ”

fora € x < o

= 0 elsewhere

where x is the Weibull random variable, a is the location
parameter (a 2 0 and x 2 a), b is the scale parameter (b > 0),
and c is the shape parameter (¢ > 0). We used the method
proposed by Zanakis (1979) to estimate the three parameters
using percentiles. This method utilizes x(;), X2). and x, to
estimate the location parameter (a):

.
X¥m — XQ

a=
X + Xy — 2.\'(2,

if X2) = X)) < X(n) — X2y otherwise a = x(;). The scale param-

eter (b) is estimated from the relationship a + b = X¢;, where

Xg3 is the 63rd percentile of the Weibull distribution. The
shape parameter (c) is then estimated as

L[ - 097)
"ina - 0.17)

X97 - ﬁ

In| ——
where X, and X7 are the 17th and 97th percentiles, respec-
tively, of the Weibull distribution. Dubey (1967) showed the
17th and 97th percentiles provided the asymptotically most

efficient estimate of ¢. Shiver (1988) and Zarnoch and
Dell (1985) used this parameter estimation method in their
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TABLE 3. Avecrage differences among eight quantile estimation methods for the 17th,
50th, 63rd, 95th, and 97th percentiles for 92 managed Douglas-fir installations

Average difference for percentile (in.)

Difference 17 50 63 95 97

n-"r 0.019 46 -0.036 63 -0.013 37 0.013 59 -0.017 39
“-r -0.109 89 -0.036 63 -0.063 15 -0.274 46 -0.270 00
h-1Y -0.037 93 -0.071 63 -0.089 02 -0.581 52 -0.897 17
n-ys -0.109 89 -0.071 63 -0.063 15 -0.299 35 -0.27000
WW—Ye 0.11109 0.03543 0.082 72 0.21217 034076
i -1 -0.109 89 -0.107 28 -0.063 15 -0.324 35 -0.270 00
Nnh-Y -0.109 78 -0.071 63 -0.069 35 -0.282 17 -0.42511
-1 -0.129 35 0.000 GO -0.049 78 -0.288 04 -0.252 61
-V, -0.057 39 —-0.035 00 -0.075 65 -0.595 11 -0.87978
Y2- Vs -0.129 35 -0.035 00 -0.049 78 -0.31293 -0.252 61
Y2- Y 0.091 63 0.07207 0.096 09 0.198 59 0.358 15
-1 -0.129 35 -0.070 65 -0.049 78 -0.33793 -0.252 61
Y- Vs -0.129 24 -0.03500 -0.05598 -0.29576 -0.407 72
;- Y, 0.071 96 -0.03500 -0.025 87 -0.307 07 -0.627 17
i - Ys 0.000 00 -0.03500 0.000 00 -0.024 89 0.000 00
Vi - ¥ 0.22098 0.07207 0.145 87 0.486 63 0.61076
i-1 0.000 00 -0.070 65 0.000 00 -0.049 89 0.000 00
Vi - I3 0.000 11 -0.035 0 -0.006 20 -0.007 72 -0.155 11
Y- Ys -0.071 96 0.000 00 0.025 87 0.282 17 0.627 17
Yo - Ve 0.149 02 0.107 07 0.17174 0.79370 1.23793
Yo-Yq -0.071 96 -0.035 65 0.025 87 0.257 17 0.627 17
Yo - Yy -0.071 85 0.000 00 0.019 67 0.299 35 0.47207
Ys - Y5 0.22098 0.107 07 0.145 87 0.511352 0.610 76
Ys - 17 0.000 00 -0.035 65 0.000 00 —-0.025 00 0.000 0
Ys - Y3 0.000 11 0.000 00 ~-0.006 20 0.017 17 -0.155 11
Yo - 17 -0.220 98 -0.14272 —0.145 87 -0.536 52 -0.61076
Yo - Y5 -0.220 87 -0.107 07 -0.15207 -0.494 35 -0.765 87
Y7-Y 0.000 11 0.035 65 —-0.006 20 0.042 17 -0.155 11

evaluation of different estimation methods for the Weibull
distribution.

The PDF of the Johnson's Sg distribution (Johnson 1949)
can be expressed as

(3 A
S = Vr lx-eE+A-x

Bax R G

fore <x<e+ A

= 0 elsewhere

where x is the Sy random variable, A and 8 > 0, —o0 < £ < oo,
and -eo < ¥ < oo, The choice of percentiles for estimating the
parameters of the Sg distribution is not clear. Typically, the
two shape parameters (yand 8) have been estimated following
independent estimates of the minimum (€) and range (A)
parameters (sce for example, Knoebel and Burkhart (1991)
and Newberry and Burk (1985)). Both of these studies used
the 50th and 95th percentiles to estimate the two shape param-
eters using the following system of equations:

Zso =7+ 8Xso
295 = '? + SXI)S

where X5, and X5 are the 50th and 95th percentiles, respec-
tively, from the S distribution and Zs, and Zgg are the 50th

and 95th percentiles, respectively, from the standard normal
distribution. Knoebel and Burkhart (1991) used x(;, - 0.5 and
Xgy — Xy + L.5toindependently estimate the minimum and
range, respectively. We, therefore, chose the 50th and 95th
percentiles to estimale the two shape parameters given
Knoebel and Burkhart’s estimates of the minimum and range.

The first step in our analysis was to estimate the 17th, 50th,
63rd, 95th, and 97th percentiles for each of the 92 installa-
tions using each of the eight sample quantile functions. For
each percentile and installation, pairwise differences and pair-
wise absolute differences were calculated among all eight
quantile estimates. These differences were averaged over all
92 installations for comparison and evaluation.

Next, using the appropriate percentiles and estimates for
the minimum and range as discussed above, we estimated the
parameters of both the Weibull and Sy distributions for each
installation by the method of percentiles. The predicted cumu-
lative distribution function (CDF using the parameters esti-
mated by the method of percentiles) was then compared with
the empirical CDF at each sample diameter for cach installa-
tion. Our definition of the empirical CDF was

i -
F‘(."(,’)) = —
n -+ -

. for 1 €i<n

_ |-

w

where F* is the empirical CDF and ;) is the ith order statistic
from a sample of size n. This definition was recommended
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TABLE 4. Average absolute differences among eight quantile estimation methods for the
17th, 50th, 63rd, 95th, and 97th percentiles for 92 managed Douglas-fir installations in
the Inland Northwest

Average absolute difference for percentile (in.)

Difference 17 50 63 95 97
- 0.060 98 0.036 63 0.036 41 0.109 89 0.126 74
I -1 0.109 89 0.036 63 0.063 15 0.274 46 0.270 00
h-Vv 0.037 93 0.071 63 0.089 02 0.581 52 0.897 17
W — Ys 0.109 89 0.071 63 0.063 15 0.299 35 0.270 00
i - Vs 0.111 09 0.03543 0.082 72 0.21217 0.340 76
i - 1 0.109 89 0.107 28 0.063 15 0.324 35 0.270 00 -
Y, - Y 0.109 78 0.071 63 0.069 35 0.28217 042511
Y 2-1 0.129 35 0.000 00 0.049 78 0.288 04 0.252 61
2 -Y 0.075 65 0.035 00 0.075 65 0.59511 0.879 78
r-¥s 0.129 35 0.035 00 0.049 78 0.31293 0.252 61
Y»-Y 0.091 63 0.072 07 0.096 09 0.198 59 0358 15
-1 0.129 35 0.070 65 0.049 78 0.33793 0.252 61
Y- Y 0.129 24 0.035 00 0.055 98 0.295 76 0.407 72
Y3 - Ys 0.080 22 0.035 00 0.040 87 0.307 07 0.628 04
i - Ys 0.000 00 0.03500 0.000 00 0.024 89 0.000 00
Ys — Ys 0.22098 0.07207 0.145 87 0.486 63 0.610 76
s -1 0.000 00 0.070 65 0.000 00 0.049 89 0.000 00
i-Ys 0.049 46 0.035 00 0.032 28 0.172 28 0.298 15
Ys - Y 0.080 22 0.000 00 0.040 87 0.282 17 0.628 04
Yo - Y 0.149 02 0.107 07 0.171 74 0.793°70 1.237 93
Yo- Y, 0.080 22 0.035 65 0.040 87 0.262 17 0.628 04
Yi- W 0.071 85 0.000 00 0.019 67 0.299 35 0.472 07
Ys — Yo 0.220 98 0.107 07 0.145 87 0.511 52 0.610 76
s - 1, 0.000 00 0.035 65 0.000 00 0.025 00 0.000 00
Ys — Y3 0.049 46 0.000 00 0.032 28 0.147 39 0.298 15
Yo - V7 0.220 98 0.14272 0.145 87 0.536 52 0.610 76
Yo - Y3 0.220 87 0.107 07 0.15207 0.494 35 0.765 87
»- Vs 0.049 46 0.035 65 0.032 28 0.172 39 0.298 15

by Hoaglin et al. (1983) since it closely approximates the
median of the distribution of X; for any continuous distribu-
tion where X, is the random variable associated with x ;. The
1/3 in the numerator and denominator is used to ensurc that
X(m is not considered the largest population value. The differ-
ence between the estimated cumulative probabilities of the
empirical and predicted distribution functions was calculated
at each sample diameter observation in an installation. The
average difference, average absolute difference, and maximum
difference were then determined for each installation. These
differences were averaged over all installations to determine
which quantile estimation method had the least error.

We divided the installations into three categories and repeated
the comparisons of the empirical and predicted distribution
functions in an attempt to assess whether certain distributional
shapes affect the choice of the quantile estimation function.
To this end, installations were categorized by the amount and
direction of distribution skewness. We used the skewness
classes of less than —0.20, —0.20 to 0.20, and greater than
0.20. Although the choice of these classes is somewhat arbi-
trary, it does separate the more highly negatively skewed
distributions from the more highly positively skewed distri-
butions and provides at least 10 installations in each category.

Results

The 17th, 50th, 63rd, 95th, and 97th percentiles were esti-
mated using each of the eight quantile functions. Tables 3 and
4 show the pairwise differences and pairwise absolute differ-

ences, respectively, among the eight quantile estimates aver-
aged over all 92 installations for each percentile. As we would
expect from our earlier analytical evaluations of the functions
in Table 1, most of the average differences (relative to the
absolute differences) are in a particular direction (bias). The
differences among methods are, in general, greatest in the tails
of the distributions. Method Yy estimates are most different
from the other methods for all five percentiles. For the 17th
percentile, the largest difference is 0.22 inches (1 inch =
2.54 cm) between Yy and Y;, Y5, and Y;. Methods Yy and
Y; have the largest difference of 0.14 inches for the S0th
percentile. For the 63rd, 95th, and 97th percentiles, Y, and
Y¢ have the largest differences of 0.17, 0.79, and 1.24 inches,
respectively.

For estimating the median, Y, and Y; provide the same
estimate in all cases. This follows since ¥, and Y; equal x ;)
for g = 0 (n even) and x;,,, for g = 0.5 (n odd). Methods
Y4, Vs, and Yy which give identical estimates of the median are
the only methods, out of the eight evaluated, which produce
median estimates consistent with the traditional definition.

Methods Y3, Y5, and Y, yield the same estimates for the
17th, 63rd, and 97th percentiles since g # 0 for these percen-
tiles and number of sample observations. This implies these
three methods will lead to the same parameter estimates for
the Weibull distribution using the method of percentiles.
However, estimates of the 50th and 951h percentiles are dif-
ferent among methods Y3, Y5, and ¥ and result in different
parameter estimates for the Sy distributions.
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FiG. 1. Average differences (a), average absolute differences (b), and average maximum differences (¢) between the empirical and predicted
Weibull distribution functions for eight quantile estimation methods. Lines between points are used for ease of interpretation and do not indicate

trends between points.

After the percentiles were estimated by each of the eight
methods for each installation, the parameters of the Weibull
and Sy distributions were estimated using the method of per-
centiles as outlined previously. The empirical cumulative dis-
tribution function F'(x) was compared with the predicted
cumulative distribution function at each sample diameter for
all installations. Average differences, average absolute differ-
ences, and average maximum differences were determined
over all installations. Figures 1 and 2 provide the results of
the comparisons for the Weibull and Sy distributions, respec-
tively. These tables include comparisons for all 92 installa-
tions: 10 installations with negatively skewed distributions,

33 approximately symmetric distributions, and 49 installa-
tions with positively skewed distributions.

Weibull distribution

In general, methods Yy and Y, have the smallest average
differences across all four categories of comparison. Method
Y¢ has the smallest average differences when the empirical
distributions are approximately symmetric. The quantile
methods with the largest average differences are usually the
identical estimators; Y5, Y5, and Y5, although they perform
somewhat better with the positively skewed distributions. All
methods except Y, show less bias associated with the estima-
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FiG. 2. Average differences (a), average absolute differences (b), and average maximum differences (c) between the empirical and predicted
Su distribution functions for eight quantile estimation methods. Lines between points are used for ease of interpretation and do not indicate

trends between points.

tion of skewed distributions. In general, the methods that
average adjacent order statistics, Y|, ¥, and ¥, have the least
average absolute differences between the empirical and pre-
dicted Weibull cumulative probability distributions. Method
¥g has the smallest average absolute difference across all
categories. Methods Y and Y, perform well except for the
negatively skewed situations. Method Y, has the largest
average absolute differences. All estimators, on average,
perform the poorest with the negatively skewed distributions
for absolute differences.

For average maximum differences, Y, and Yy again provide
the smallest values across most categories of comparison.

Method Y5 also has small average maximum differences in all
categories except when the distributions are approximately
symmetric. Methods Y, and Y4 have the largest differences
across most categories. As with the absolute differences, the
maximum differences decrease from the negatively skewed
to the positively skewed distributions.

Method Y, consistently had the smallest values across all
types of differences and categories evaluated of the methods
that always averaged adjacent order statistics. Method Yy per-
formed as well as Y, except for larger average differences.
Method Y, was quite inconsistent. Method Y, consistently had
the smallest differences and Yq had the largest differences for
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those methods utilizing only one order statistic. In general,
shape of the distribution did not greatly affect the ranking of
the quantile estimation methods for the Weibull distribution.

Sg distribution

Methods Y, Y5, and Y; have the smallest average differ-
ences between the empirical and predicted Si cumulative
distribution functions for the eight quantile estimation
methods. The three methods performed poorly with positively
skewed distributions.

The largest average differences were obtained with ¥, and
Y. Recall that percentiles used to estimate the Sy parameters
in this study do not lead to identical distributions for methods
Y1, ¥s, and Y;. All methods had more bias with the symmetric
distributions than with either negatively or positively skewed
distributions. Methods Y), >, and Y have the smallest average
absolute differences with Yy being the most consistent across
all categories. Methods Y, and Y, have larger differences with
the negatively skewed distributions as well as Y, with the
symmetric distributions. The largest average absolute differ-
ences were associated with methods Y, and Y3, although Y,
does quite well with negatively skewed distributions. Methods
Y), Y, and Yy were best with respect to average maximum
differences. Again there was at least one category where the
performance of each of these methods declined. Methods Y,
and Y; produced the largest average absolute differences. As
with the Weibull distribution the estimators performed better
with the symmetric and positively skewed distributions.

For the Sy distribution, ¥, outperforms the other methods.
Methods Y, and Yy also have smaller differcnces. Similar 10
its performance with the Weibull, Y, has larger average dif-
ferences than most of the other methods. Method ¥, did poorly
for the average maximum differences. Methods Y, and Y, had
the poorest performances for the Sy distribution. Similar to
the results for the Weibull, the selection of the best quantile
estimation method did not vary greatly with empirical dis-
tributional shapes; however, results were more variable for
the Sy distribution. Usually, the best overall methods had at
least one category with pcorer than average differences.

Discussion and conclusions

The quantile estimation methods that performed best in this
evaluation were those that, in some manner, averaged two
adjacent order statistics. Methods Y, and Yy performed quite
well for both the Weibull and Sg distributions. Method Y;
almost always had larger average differcnces than did Y;. The
results for ¥, were slightly more variable across the categories
evaluated than Y. As we discussed earlier, Y3 is consistent
with the traditional definition of the median; Y is not. Parzen
(1979) suggested Yy should work well for symmetric distri-
butions and Parrish (1990) lends evidence to this assertion.
Our evaluation suggests both methods work well for nonsym-
metric situations.

With the exception of average maximum differences for the
Sy distribution, method Y, performed best of the methods
using one order statistic in their calculation. However, results
for Y, were more highly influenced by distribution shape cat-
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cgories. Method Yy did not perform as well with the Weibull
distribution as with the Sy distribution.

Our results show Y| and Yy are the best methods evaluated
for estimating quantiles from our sample-based order statis-
tics. It is our hope these results will be tested on other popu-
lations and the theoretical properties of these estimators will
be evaluated for the types of distributions commonly found
in forestry. We see no reason, however, why our results should
not apply to situations with similar distributions.
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