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ABSTRACT 

A p p r o ~ i ~ a t e  s o l u t i o n s  f o r  t h e  Navier-Stokes 

equa t ions  d e s c r i b i n g  f l u i d  f iow through a  r e c t a n g u l a r  

packing of sphe re s  w e r e  ob t a ined  f o r  Reynolds numbers of  

0.1, 1, 7 and 35. 

I n i t i a l  a t t emp t s  t o  s o l v e  t h e  Navier-Stokes 

equa t ions  w i t h  t h e  i n e r t i a  t e r m s  i n t a c t  w e r e  unsuccess fu l .  

However, t h e  methods used i n  t h e s e  s o l u t i o n  a t t empts  a r e  

g iven  i n  d e t a i l .  

The r e s u l t s  r e p o r t e d  a r e  based on an Oseen 

l i n e a r i z a t i o n  of t h e  f u l l  Navier-Stokes equa t ions .  The 

s o l u t i o n s  were approximated by t r i p l e  t r i gonome t r i c  series 

an6 t h e  unknown c o e f f i c i e n t s  eva lua t ed  u s ing  t h e  Galerkin  

method f o r  e r r o r  d i s t r i b u t i o n .  

Ve loc i ty  components and p r e s s u r e  i n  t h e  void  

space of  t h e  bed a r e  g iven  a s  e x p l i c i t  f u n c t i o n s  of t h e  

s ~ 3 a c i a l  coo rd ina t e s .  F r i c t i o n  f a c t o r s  f o r  t h e  packed bed 

and s n ~ e r f i c i a l  v e l o c i t y  w e r e  eva lua t ed  from t h e  v e l o c i t y  

f x n c t i o n s  and a r e  shown t o  ag ree  w i t h  t h e  exper imental  

obse rva t ions  of p rev ious  i n v e s t i g a t o r s .  

The v i s c o u s  and k i n e t i c  c o n t r i b u t i o n  t o  t h e  

energy d i s s i p a t i o n  a r e  p a r t i t i o n e d  u s i n g  f i r s t  p r i n c i p l e s  

of  t h e  mechanical  energy balance and evidence i s  given 

kha t  t h e  v i s cous  and k i n e t i c  e f f e c t s  determined by s e m i -  

c;;i?irical methods do no t  show t h e  a c t u a l  r e l a t i o n s h i p  



xiii 

between viscous and kinetic losses in the intermediate 

Reynolds number range. 

Based on friction factor and superficial 

velocity, the Oseen linearization is shown to be valid 

for packed flow at Reynolds numbers less than seven, and 

invalid for a Reynolds number of 35. 

Suggestions for future research are included. 



CRAPTER I 

I N T R O D U C T I O N  

I. PURPOSE OF THE STUDY 

F l u i d  f low p a s t  assernbiages of p a r t i c l e s  has  

a p p i i c a t i o n  t o  s e v e r a l  a r e a s  of i n t e r e s t  i n  a g r i c u l t u r a l  

eng inee r ing .  Two a r e a s  i n  p a r t i c u l a r  d e a l  wi th  t h e  flow 

of  wate r  through t h e  s o i l  and t h e  f low of a i r  through 

a g r i c x l t u r a l  2 roduc ts  i n  s t o r a g e  b ~ i l d i n g s .  Both of t h e s e  

a p p l i c a t i o n s  could be termed packed bed flow. I n  a d d i t i o n  

t o  ehe a p p l i c a t i o n s  i n  a g r i c u l t u r a l  eng inee r ing ,  packed 

bed flow p r i n c i p l e s  f i n d  common use  i n  chemical  and c i v i l  

The b a s i s  f o r  n e a r l y  a l l  eng inee r ing  c a l c u l a t i o n s  

f o r  packed bed problems have o r i g i n a t e d  from Darcy ' s  

law and/or pure ly  empi r i ca l  de t e rmina t ions ,  Recent t r e n d s  

i n  e n g i i ~ e e r i n g  a n a l y s i s  i n d i c a t e  an i n t e r e s t  i n  more 

a c c u r a t e  Zesign c r i t e r i a .  I n  r e l a t i o n  t o  packed bed flow 

t h i s  means knowing more about  t h e  i n t e r a c t i o n s  between t h e  

fim7 v a r i a b l e s  i n s i d e  t h e  bed,  o r  i n  p a r t i c u l a r ,  t h e  

2henomena occu r r ing  i n  t h e  neighborhood of  a  s i n g l e  p a r t i c l e  

w i t h i n  t h e  bed . 

Recent ly  Wright [ 5 8 ]  has  exper imenta l ly  i n v e s t i g a t e d  
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t h e  f l u i d  v e l o c i t i e s  n e a r  a  s i n g l e  p a r t i c l e  i n  a  packed bed 

and found t h a t  t h r e e  f low regimes e x i s t e d ;  l a m i n a r  f low f o r  

Reynolds numbers < 1, a  t r a n s i t i o n  f low a t  Reynolds hwnbers 

> 5 ,  and f u l l y  developed t u r b u l e n t  f low beg inn ing  a t  

Reynolds numbers > 120. 

The work o f  Wright  i s  s i g n i f i c a n t  i n  t h a t  r e l a t i v e  

t o  a  s i n g l e  p a r t i c l e  h e  ha s  shown t h e  n o n l i n e a r  e f f e c t s  

commonly observed on t h e  macro s c a l e  a t  i n t e r m e d i a t e  

Reynolds numbers i s  n o t  t h e  r e s u l t  o f  t u r b u l e n t  f low b u t  i s  

t h e  r e s u l t  o f  a  s t e a d y  s t a t e  phenomena. 

Ob ta in ing  an approximate  s o l u t i o n  t o  t h e  Navier-  

S tokes  e q u a t i o n s  i n  t h e  t r a n s i t i o n  zone and a n a l y t i c a l l y  

e v a l u a t i n g  t h e  packed bed f r i c t i o n  f a c t o r  i s  t h e  main 

t h r u s t  o f  t h i s  i n v e s t i g a t i o n .  

11. THE PROBLEM 

The problem w i t h  which t h i s  t h e s i s  i s  concerned 

i s  o b t a i n i n g  an  approximate  s o l u t i o n  t o  t h e  Navier-Stokes 

e q u a t i o n s ,  

d e s c r i b i n g  t h e  s t e a d y ,  i n c o ~ n p r e s s i b l e ,  i s o t h e r m a l  f low o f  a 

f l u i d  th rough  a  bed o f  s p h e r e s  packed i n  a  r e c t a n g u l a r  a r r a y .  



I n  E q u a t i o n  (1) , xi r e p r e s e n t s  t h e  x ,  y ,  and z 

c o o r d i n a t e s  r e s p e c t i v e l y  and vi r e p r e s e n t s  t h e  x ,  y ,  

and z v e l o c i t y  components r e s p e c t i v e l y .  The summation 

c o n v e n t i o n  u s e d  i n  E q u a t i o n  (1) i s  employed e x t e n s i v e l y  

t h r o u g h o u t  t h i s  p a p e r  as a  c o n v e n i e n t  way t o  e x p e d i t e  t h e  

p r e s e n t a t i o n  o f  l o n g  e q u a t i o n s .  L i k e  i n d i c e s  a p p e a r i n g  i n  

t h e  same t e r m  i n d i c a t e s  a  summation o v e r  t h e  r a n g e  o f  t h e  

l i k e  i n d i c e s .  

An i n f i n i t e  p a c k i n g  i s  assumed and e n t r a n c e  

e f f e c t s  are n e g l e c t e d ,  t h u s  t h e  problem can  b e  reduced  t o  

s o l v i n g  E q u a t i o n  (1) f o r  t h e  domain o f  a s i n g l e  p a r t i c l e .  

The geometry o f  t h e  problem i s  i l l u s t r a t e d  i n  F i g u r e  (1). 

The numbers i n  p a r e n t h e s i s  are t h e  r e c t a n g u l a r  c o o r d i n a t e s  

o f  t h e  s p h e r e  c e n t e r s .  The d i r e c t i o n  o f  t h e  b u l k  f l u i d  

f l o w  i s  t a k e n  t o  b e  t h e  p o s i t i v e  x  d i r e c t i o n .  The 
3 

s o l u t i o n  domain i s  e x t e r n a l  t o  t h e  s p h e r e s  and i n t e r n a l  t o  

t h e  cube  i n  F i g u r e  (1). 

Boundary c o n d i t i o n s  f o r  t h e  problem a r e :  

Sphere  Boundar ies :  v  = v  = v  = 0  
1 2 3 I ( 2 )  

av  a v  
P l a n e  x = O f +  1: v  = - -  3 - 2 - = O f  

1 1 ax ax ( 3 )  

1 v  = -  3 P l a n e  x  = 0 , '  1: - -  
2 2 ax  I ax - O f  

2 2 



Front View 
x3=0 

Side View 
x2=0 

Flow - I-_:. 3 

Coordinate Directions Rectangular Packing 

Figure 1. Geometrical Description of Solution Domain 



and $anes x = + 1: 
3 

and 

such  t h a t  p  - 
P- 1 

= Ap where Ap i s  t h e  c h a r a c t e r i s t i c  
1 

p r e s s u r e  d rop  a c r o s s  t h e  s o l u t i o n  domain i n  t h e  d i r e c t i o n  

o f  bu lk  f low.  S u b s c r i p t s  1 and - 1  refer t o  t h e  p l a n e s  

x = 1 and x = -1 r e s p e c t i v e l y ,  and S  i s  t h e  a r e a  of 
3 3 

t h a t  p o r t i o n  o f  t h e  r e s p e c t i v e  p l a n e s  t h a t  l i e  w i t h i n  t h e  

s o l u t i o n  domain. I n  a d d i t i o n  t o  t h e  boundary c o n d i t i o n s  

j u s t  p r e s c r i b e d ,  t h e  s o l u t i o n  must a l s o  s a t i s f y  t h e  symmetry 

c o n d i t i o n s  

and t h e  c o n t i n u i t y  e q u a t i o n  
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With t h e  boundary cond i t ions  and symmetry c o n d i t i o n s  

j u s t  d e s c r i b e d ,  t h e  problem could a l . t e r n a t i v e l y  be posed a s  

t h e  f low i n  a  squa re  p ipe  wi th  f r i c t i o n l e s s  w a l l s  f i l l e d  

wi th  an i n f i n i t e l y  long row of spheres  whose d iameter  i s  t h e  

same a s  t h e  i n s i d e  p ipe  dimensions.  The flow a t  t h e  p ipe  

s u r f a c e  would be f r i c t i o n l e s s  whi le  t h e  f low a t  t h e  sphe re  

s u r f a c e  must s a t i s f y  t h e  no-s l ip  c o n d i t i o n .  

The primary o b j e c t i v e s  of t h i s  problem w e r e  t o :  

( a )  Obtain  v e l o c i t y  and p r e s s u r e  d i s t r i b u t i o n s  

around t h e  s p h e r e s ,  and 

(b )  C a l c u l a t e  t h e  f r i c t i o n  f a c t o r  f o r  t h e  packed 

bed based on t h e  v e l o c i t y  p r o f i l e s .  

An approximate s o l u t i o n  of t h e  Navier-Stokes 

equa t ions  f o r  t h i s ,  t h e  most s imple  of a l l  packed bed 

geomet r ies  w i l l  by no means s o l v e  t h e  g e n e r a l  problems of 

packed bed flow b u t  w i l l  hope fu l ly  be a  s t e p  toward under- 

s t a n d i n g  t h e  phenomena of f l u i d  flow i n  more complicated 

geomet r ies .  



CIlAPTER I1 

LITERATURE REVIEW 

The l i t e r a t u r e  r e l e v a n t  t o  t h e  problem h a s  

n e c e s s a r i l y  d e v e l o p e d  on t w o  d i f f e r e n t  and q u i t e  u n r e l a t e d  

f r o n t s .  The f i r s t  concerns  t h e  concep t  of  d r a g  f o r c e  and. 

f r i c t i o n  f a c t o r s  deve loped  mos t ly  a l ong  e m p i r i c a l  l i n e s .  

The second d e a l s  w i t h  methods f o r  o b t a i n i n g  approximate  

s o l u t i o n s  t o  r e l a t e d  t y p e s  o f  boundary v a l u e  problems.  

I. FRICTION FACTOR 

The r e l a t i o n s h i p  between f r i c t i o n  f a c t o r  and 

Reynolds number h a s  been t h e  s u b j e c t  o f  much c o n t r o v e r s y  

s i n c e  1856 when Henry Darcy d i s c o v e r e d  t h e  l i n e a r  r e l a t i o n -  

s h i p  between v e l o c i t y  and p r e s s u r e  d rop  f o r  w a t e r  f l owing  

th rough  sand  beds .  Though a ve ry  c r u d e  approx imat ion  t o  

t h e  Navier-Stokes  e q u a t i o n s ,  Darcy ' s  e q u a t i o n  d e s c r i b e s  

bu lk  f low p r o p e r t i e s  q u i t e  w e l l  f o r  Reynolds rider ( N r ) < <  1. 

* 
The Reynolds n~umber ( N r )  i s  d e f i n e d  a s  V 2 ro/v 

* 
where V i s  a  r e p r e s e n t a t i v e  v e l o c i t y  f o r  t h e  f low sys tem,  

r t h e  p a r t i c l e  r a d i u s ,  and v  t h e  k i n e m a t i c  v i s c o s i t y .  
0 * 

F o r  packed bed f low V i s  commonly t a k e n  t o  b e  t h e  

volume f low r a t e  d i v i d e d  by t h e  c r o s s  s e c t i o n  o f  t h e  bed.  
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Cons ide rab l e  work ha s  been r e p o r t e d  (most o f  which 

i s  g i v e n  and/or  reviewed i n  [6]  , [8 ]  , [14] and [25 1 ) 

r e l a t i n g  t h e  f r i c t i o n  f a c t o r  and Nr i n  t h e  i n t e r m e d i a t e  

Nr range .  F r i c t i o n  f a c t o r s  have heen exp re s sed  i n  many 

ways b u t  each method has  a s  i t s  b a s i s  t h e  r a t i o  o f  t h e  

r a t e  a t  which t h e  sys tem i s  abso rb ing  e x t e r n a l  energy 

d i v i d e d  by t h e  k i n e t i c  energy  of  t h e  sys tem [ 5 ] .  The s e m i -  

e m p i r i c a l - a n a l y t i c  methods d e s c r i b e  t h e  r e s u l t s  of expe r imen ta l  

o b s e r v a t i o n s  b u t  do n o t  p rov ide  much i n s i g h t  i n t o  t h e  a c t u a l  

f low phenomena t h a t  produce t h e  expe r imen ta l  o b s e r v a t i o n s .  

Most o f  t h e  work ha s  been done w i t h o u t  c o n s i d e r i n g  per - se 

t h e  Navier-Stokes  e q u a t i o n s .  

The work of  Ergun [14] i s  g e n e r a l l y  accep t ed  a s  

t h e  most  r e l i a b l e  means t o  p r e s e n t  t h e  e m p i r i c a l  r e l a t i o n -  

s h i p s  between f r i c t i o n  f a c t o r  and Nr  . Ergun s u g g e s t s  

t h e  energy  l o s s  i n  a  packed bed i s  a  combinat ion o f  " v i s c o u s  

l o s s "  a n d n k i n e t i c  energy"  l o s s ;  t h e  former  b e i n g  predominate  

a t  low N r  , and t h e  l a t t e r  most s i g n i f i c a n t  a t  h igh  (Nr  = 

100)  Nr . The r e l a t i o n s h i p  

was d e r i v e d ,  w i t h  t h e  a i d  o f  e m p i r i c a l  d a t a  t o  e x p r e s s  t h e  

f r i c t i o n  f a c t o r  ( f k )  a s  a  f u n c t i o n  o f  Nr . I n  Equa t ion  

(9) E i s  t h e  p o r o s i t y  o f  t h e  packed bed.  T h i s  e q u a t i o n  

r e s u l t s  from t h e  combinat ion of  two d imens ion l e s s  groups  

which Ergun has  c a l l e d  t h e  " v i s c o u s  l o s s e s "  and t h e  " k i n e t i c  



energy  l o s s " .  The v i s c o u s  c o n t r i b u t i o n  i s  g i v e n  by 

and t h e  k i n e t i c  energy  l o s s  by 

It i s  s u g g e s t e d  t h a t  t h e  " v i s c o u s " 1 o s s  i s  t h e  r e s u l t  o f  
* * 2 

yV , and t h e  " k i n e t i c  energy  l o s s "  by pV . F i g u r e ( 2 )  

shows a  l o g a r i t h m i c  p l o t  o f  Equa t i on  ( 9 ) .  The l i n e a r  por -  

t i o n  r e p r e s e n t s  t h e  " v i s c o u s "  e z f e c t  and t h e  n o n l i n e a r  

p o r t i o n  t h e  " k i n e t i c  energy"  e f f e c t  a s  g i v e n  by Ergun. The 

c u r v e  r e p r e s e n t s  a  good c o r r e l a t i o n  f o r  e x p e r i m e n t a l  d a t a  

b u t  i t  i s  n o t  obv ious  t h a t  t h e  " v i s c o u s "  l o s s e s  shou ld  

c o n t i n u e  on i n  a  l i n e a r  manner a t  h i g h e r  Nr a s  i n d i c a t e d  

by Equa t i on  ( 9 ) .  

Irmay [25] h a s  r e l a t e d  terms such  a s  (10)  and (11) 

t o  t h e  Navier-Stokes  e q u a t i o n s  b u t  f u r t h e r  work by Bloomsburg 

[ 6 ]  i n d i c a t e s  t h e  r e l a t i o n s h i p  i s  n o t  s o  s t r a i g h t f o r w a r d  a s  

Irmay s u g g e s t s .  To unde r s t and  t h e  r e a l  c o n t r i b u t i o n  t o  

energy  l o s s  i n  a  packed bed one  needs  t o  look  a t  t h e  b a s i c  

hydrodynamic energy  e q u a t i o n .  

Cons ide r i ng  t h e  r e l a t i o n s h i p  o f  t h e  energy  e q u a t i o n  



Figure 2. Plot of Ergun's Equation 
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t o  t h e  Navier-Stokes  e q u a t i o n  p r o v i d e s  an  i n s i g h t  i n t o  t h e  

a c t u a l  k i n e t i c  and v i s c o u s  e f f e c t s .  The p o r t i o n  o f  t h e  

energy  e q u a t i o n  w i t h  which w e  a r e  i n t e r e s t e d  can  be  w r i t t e n  

a s  g i v e n  by L a n g l o i s  [ 3 9 1 .  T h i s  e q u a t i o n  d e s c r i b e s  t h e  

t o t a l  r a t e  of  energy  d i s s i p a t i o n  (Et)  t h roughou t  t h e  f low 

domain. T h i s  assumes t h e  absence  o f  body f o r c e s  and n e g l e c t s  

h e a t  s o u r c e s  and/or  s i n k s .  Thus t h e  e n t i r e  p r e s s u r e  d rop  

must  b e  m a n i f e s t  i n  Et . 
The stress t e n s o r  T i s  t a k e n  i n  t h i s  c a s e  t o  be 

i j r  

i n  r e c t a n g u l a r  c a r t e s i a n  c o o r d i n a t e s .  The c o n s t i t u a t i v e  

e q u a t i o n  r e l a t i n g  stress and v e l o c i t y  i n  a  v i s c o u s  incom- 

p r e s s i b l e  f l u i d  i s  [ 4O ]  

where A i j  i s  t h e  Kronecker d e l t a ,  and p  i s  t h e  p r e s s u r e  

a t  any p o i n t  i n  t h e  f l u i d .  

The i n t e g r a n d  i n  Equa t i on  (12)  c an  b e  w r i t t e n  

S u b s t i t u t i n g  Equa t i on  (13)  i n t o  ( 1 4 )  y i e l d s ,  



I f  t h e  i n d i c a t e d  d i f f e r e n t i a t i o n s  and summations i n  the  

i n t e g r a n d  o f  E q u a t i o n  (15)  a r e  c a r r i e d  o u t  and E q u a t i o n  (8) 

employed, the  second  t e r m  o f  E q u a t i o n  (15)  becomes 

as g i v e n  by Lamb [37]  , and t h e  f i r s t  t e r m  of  quat ti on (15)  

r e d u c e s  t o  

The b r a c k e t e d  t e r m s  i n  E q u a t i o n  (17)  are r e c ~ n i  zed as t h e  

th 
j - comlpnen t o f  t h e  r i g h  t hand s i d e  o f  Equa tio n  (1 ) . I n  

E q u a t i o n s  (15)  and (16)  , the v a r i a b l e s  x ,  y, and z c o r r e s -  

pond t o  x i ( i  = 1 , 2 , 3 )  and u,v,w c o r r e s p o n d  t o v . ( i  = I ,  
1 

2 , 3 )  . E q u a t i o n  (17) c a n  b e  w r i t t e n  



L e t t i n g  E q u a t i o n  (16)  he  r e p r e s e n t e d  by Ev and E q u a t i o n  

(18)  by Ek , t h e  t o t a l  ra te  of ene rgy  d i s s i p a t i o n ,  i s  

S i n c e  t h e  v i s c o s i t y  c o n t r i b u t e s  t o  Ev , t h e  

" v i s c o u s " d i s s i p a t i o n  c o u l d  be r e p r e s e n t e d  by Ev ' Ek 

c o n t a i n s  t h e  v e l o c i t y  t o  a t  l e a s t  t h e  second power and 

t h u s  c o u l d  r e p r e s e n t  t h e  " k i n e t i c "  e n e r g y  l o s s .  

F r i c t i o n  f a c t o r  as d e f i n e d  by B i r d  [ 5 ] )  i s  

where F  i s  t h e  d r a g  f o r c e ,  K a  r e p r e s e n t a t i v e  k i n e t i c  

ene rgy  p e r  u n i t  volume and S a  r e p r e s e n t a t i v e  a r e a .  The 

d r a g  f o r c e  c a n  be r e p r e s e n t e d  by t h e  p r o d u c t  o f  p r e s s u r e  

d r o p  and t h e  c r o s s  s e c t i o n a l  a r e a .  

S u b s t i t u t i n g  Equa t ion  (21)  i n t o  Equa t ion  (20)  r e s u l t s  i n  
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This is the same form, less some correlation parameters, 

used by Ergun and Irmay for friction factor. It is the 

ratio of the energy consumed to the kinetic energy of the 

system. 

The total rate of energy dissipation, Et can be 

expressed in terms of the drag force and a representative 

velocity [4] as 

If the representative elocity is taken as the superficial 

velocity in a packed bed, the friction factor of the bed 

can be expressed in terms of the energy integral (19) as 

To the writer's knowledge, this representation 

for packed bed friction factor has not been noted previously. 

The drag force on a packed bed is given by Irmay 

in the form 

where a and b are constants. For cases such as very 

slow flow around objects and laminar flow in ducts, Equation 

(24) can be brought into the form of Equation (25) with c2 
being negligible [ 4 ] .  However, on the basis of Equation (15), 



one canno t  conc lude  t h a t  a  s i m i l a r  s i t u a t i o n  e x i s t s  f o r  

i n t e r m e d i a t e  Nr , f o r  t h i s  would imply t h a t  

Al though Equa t ion  (25)  and i t s  f r i c t i o n  f a c t o r  c o u n t e r p a r t  

p rov ide  a  gcod c o r r e l a t i o n  f o r  e m p i r i c a l  d a t a  i n  t h e  i n t e r -  

med ia t e  Nr r a n g e ,  t h e  p a r t i c u l a r  behav io r  o f  v i s c o u s  and 

k i n e t i c  e f f e c t s  can be o b t a i n e d  o n l y  a f t e r  a  s o l u t i o n  t o  

Equa t ion  (1) i s  o b t a i n e d  and Equa t ion  (24)  a p p l i e d .  

A s imp le  example i s  g iven  i n  Appendix A f o r  t h e  

c a l c u l a t i o n  of t h e  f r i c t i o n  f a c t o r  f o r  l aminar  p i p e  f low 

u s i n g  t h e  energy i n t e g r a l  ( 2 4 ) .  

11. METHODS FOR SOLVING THE NAVIER-STOKES EQUATIONS 

Equa t ion  (1) i s  a  second o r d e r  n o n l i n e a r  p a r t i a l  

d i f f e r e n t i a l  e q u a t i o n .  I t  appea r s  u n l i k e l y  t h a t  an e x a c t  

s o l u t i o n  can be o b t a i n e d .  I n  t h e  p a s t ,  t h e  approach has  

been t o  approximate  t h e  s o l u t i o n  by v a r i o u s  numer ica l  

methods. 

To t h e  w r i t e r ' s  knowledge, t h e r e  ha s  been on ly  one 

p r e v i o u s  a t t e m p t  t o  s o l v e  Equa t ion  (1) on t h e  mic roscop i c  

s c a l e  f o r  packed bed f low [501. To g a i n  some i n s i g h t  i n t o  



16 

the problem and to obtain an appreciation for the complex- 

ities involved, it is worthwhile to briefly review methods1 

that have been previously used to solve similar problems; 

similar in the sense that the problems all involve the flow 

of a fluid past a fixed obstacle. 

Circular Cylinder -- in an Unbounded Stream. For this 

problem Equation (1) reduces to two dimensions and the vel- 

ocities can be written in terms of a stream function that 

satisfies the continuity equation. By straightforward manip- 

ulations, the de2endence of the solution on pressure can be 

removed and the equations reduced to a single equation in 

terms of the strean function and Nr as shown by Allea 

[l! , Apeit [2] , and Rawayuti [32]. 

The solution to the two dimensional problem has 

been obtained using finite difference techniques by several 

iavestigators, the more noteworthy being reported by [l, 2, 

32 an< 331. All of these finite difference solutions 

ern2ioyed a conformal transformation of the solution domain. 

nk Ll,~s 2 elininated the problem of irregular boundaries. 

Bairstow [3], Kaplan [31]., Proudman [44], and 

Tornatika i533, have used asymptotic expansion techniques to 

obtain solutions in the lower ( Nr < 1) range. However, this 

~.cthod has met with little success in the intermediate Nr 

range. 

Recently VanDyke [55] has developed a series 

truncction method for sixplifying the Navier-Stokes equations. 



This work has been expanded and applied by Kao 1301 i n  the 

solution of supersonic blunt body problems, and by Underwood 

1541 for the cylinder problem. 

The successful application of the previously 

described methods is dependent upon the two dimensional 

character of the problem. In the case of the asymptotic 

methods, the results are restricted as well to low Nr . 
Axisymmetric Flow Past a Sphere. This problem is --- 

similar to the topic of this paper in that the particle in 

question is spherical and flow near the particle should 

exhibit some similarities. The axisymmetric character 

however renders the problem more amenable for analytical and 

numerical solutions. 

The first analytic solution was given by Stokes, 

as reported by Lamb 1361, for the limiting case of zero Nr 

Stokes made use of axial symmetry of the flow and neglected 

the entire left side of Equation (1). The Stokes solution 

is also symmetrical about a plane perpendicular to the 

direction of flow and passing through the sphere center. 

This flow regime is correct for very low Nr , however, it 

precludes the formation of eddies on the lee side of the 

sphere which have been observed experimentally at Nr > 5. 

Linearization of Equation (1) by replacing 
* * 

v. (avi/ax. ) with V. (avi/ax. ) , where V is a represen- 
I 3 3 3 j 
tative velocity, has resulted in analytical solutions for 
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the sphere problem by Goldstein [21] and Tomatika 1531 . 
These solutions are valid for Nr < 5 and show an eddy 

forming in the wake at Nr = 0.2.  The friction factor 

calculated from Tomatika's solution displays the nonlinearity 

observed experimentally. 

A modification of the method just described has 
* 

been devised by Carrier [lo] in which the V is not a 
j 

constant but a function of some parameter that is represen- 

tative of the particular problem being solved. For the Stokes 

solution the parameter was zero and for Tomatika's solution, 

it was one. However, Carrier has shown that in the latter 

solution, the parameter should not be one, but a number 

between 0 and 1. For the case of a sphere in an unbounded 

stream, he has analytically calculated the parameter to be 

0.43. The values for friction factor correspond closely to 

observed values for Nr < 20.  However, he does not present 

the associated velocity field. 

Equation (1) with the left side intact has been 

solved using finite differences by Jenson 1271 for Nr = 40. 

This solution agrees very closely with experimental data and 

is generally taken as the most accurate solution to date. 

Jenson used the axial symmetry of the flow to transform the 

solution domain and to reduce the original equations to a 

single equation independent of pressure. 
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I n  a l l  of  t h e  p r e v i o u s l y  mentioned s o l u t i o n s ,  t h e  

s u c c e s s  o f  t h e  methods w a s  depezden t  upon one  o r  more of  

t h e  f o l l o w i n g :  

(1) Axial  symmetry 

( 2 )  Two dimensions  

( 3 )  P r e v i o u s  s o l u t i o n s  

( 4 )  "Empi r i c a l "  convergence  pa r ame te r s  

( 5 )  Reduct ion t o  a t  most two dependent  v a r i a b l e s .  

More d i r e c t  methods u t i l i z i n g  l i t t l e  o r  no know- 

l e d g e  o f  p r e v i o u s  s o l u t i o n s  and t h a t  a r e  more a p p l i c a b l e  t o  

non-axisymrnetric f l ow  problems and problems of  more t h a n  two 

dependen t  v a r i a b l e s  a r e  d e s c r i b e d  n e x t .  

V a r i a t i o n a l  Method. A s o l u t i o n  t o  f l u i d  f l ow  

problems u s i n g  a v a r i a t i o n a l  p r i n c i p l e  h a s  been deve loped  by 

S l a t t e r y  [ 4 8 ] ,  and a p p l i e d  t o  f i n d  t h e  d r a g  c o e f f i c i e n t .  f o r  

f l ow  p a s t  a  s p h e r e  i n  an  unbounded s t r e a m  [ 4 9 ] .  The f r i c t i o n  

f a c t o r  a g r e e d  t o  w i t h i n  10% o f  J e n s o n ' s  s o l u t i o n .  V e l o c i t y  

p r o f i l e s  and o t h e r  d e t a i l s  were n o t  r e p o r t e d .  

I n  S l a t t e r y ' s  development ,  a  f u n c t i o n a l  was found 

f o r  which t h e  c o n t i n u i t y  e q u a t i o n  and t h e  Navier-Stokes  

e q u a t i o n s  were t h e  Euler-Lagrange e q u a t i o n s  f o r  t h e  v a r i a -  

t i o n a l  problem. The a p p l i c a t i o n  of t h i s  method c o n s i s t s  of  

choos ing  a  se t  o f  t r i a l  f u n c t i o n  @i whose sum 

n  
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satisfies the boundary conditions for the problem. The n 

unknown coefficients a are determined by requiring the i 

integral 

to assume a stationary value. of is the functional whose 
Euler-Lagrange equations are the differential Equations (1) 

and (8) . Unfortunately, Slattery was unable to determine 

whether the stationary value for I would be at a minimum 

or a maximum;thus it is impossible to determine if one 

approximation is better than another. 

Galerkin's Method. -- A technique known as the 

Galerkin method suggests a similar approach without recourse 

to the Lagrangian described in the variational method [29]. 

Galerkin's method was used by Snyder [50] to obtain 

a solution to (I), neglecting completely the inertia terms, 

describing flow through a packed bed of spheres. The results 

agreed closely with experimental work reported by [8], [14] 

and [41]. Initial attempts by Snyder to obtain a solution 

using Slattery's variational principle were unsuccessful. 

In Galerkin's method the solution to a differential 

equation 

is approximated by 



A 

where L is a differential operator and u is an approx- 

imation to u, and E~ the error of the approximation. The 

approximation consists of the sum of a linearly independent 

set of functions. 

The Qi 'S must be linearly independent and differentiable 

to the extent that all terms in the differential equations 

and boundary conditions can be obtained [28]. When the 

region of interest is finite,. the @ are ordinarily chosen 

as the n lowest order members of a polynomial or trigon- 

ometric series expansion in the independent variables. 

Symmetry considerations may often be used to eliminate 

unnecessary terms from such expansions. 

There is no general proof for the convergence of 
A 

u + u as n + for a wide class of differential operators. 

However, for several particular classes of operators conver- 

gence of the variational method has been showil [ 2 9 ] .  For 

differential operators in which an equivalent variational 

functional exists, the Galerkin method can be shown to yield 

identical results. Thus one could argue that because the 

variational method converges, the Galerkin scheme also 

converges. Unfortunately, for the differential equations 



2 2  

which form t h e  problem of t h i s  pape r ,  no such r e l a t i o n s h i p  

has  been proven.  However, on p h y s i c a l  grounds convergence 

i s  expec ted  i f  t h e  Qi a r e  t h e  f i r s t  n  members o f  a  s e t  

o f  f u n c t i o n s  which i s  complete  i n  t h e  s e n s e  t h a t  a s  n  -+ - 
any n o n t r i v i a l  f u n c t i o n  can be  r e p r e s e n t e d  e x a c t l y  i n  t h e  

r e g i o n  of i n t e r e s t .  For  a  one d imens iona l  sys tem t h e  set  of 

f u n c t i o n s  

@o = 1, Bi = c o s  ( ~ T I X )  

and 

are bo th  complete  [ 2 9 ] .  

A p r a c t i c a l  t es t  of t h e  convergence of G a l e r k i n ' s  

method can  be  made by comparing t h e  approximate  s o l u t i o n s  

o b t a i n e d  f o r  s u c c e s s i v e l y  l a r g e r  v a l u e s  o f  n  i n  Equa t ion  

( 3 1 ) .  

T h e o r e t i c a l l y  any complete  se t  of  f u n c t i o n s  may 

be u sed ,  however, it i s  conven i en t  t o  choose  an  expansion 

which i d e n t i c a l l y  s a t i s f i e s  e i t h e r  t h e  boundary c o n d i t i o n s  

o r  t h e  d i f f e r e n t i a l  e q u a t i o n s .  Th i s  u s u a l l y  e n a b l e s  one 

t o  o b t a i n  an  a c c u r a t e  approx imat ion  w i t h  fewer terms i n  t h e  

t r i a l  f u n c t i o n s .  



The unknown parameters, a , in Equation (31) i 

are determined by requiring the error of the approximation 

to be orthogonal to n functions, Y , over the domain 
j 

of interest. 

The Galerkin method requires the Y to be chosen from the 
j 

trial function set. 

If the trial functions satisfy the boundary con- 

ditions and not the differential equations, then is 
A 

the region interior to the boundary. For the case when u 

satisfies the differential equations but not the boundary 
A 

condition, R becomes the boundary. Should u satisfy 

neither the boundary conditions nor the differential equations, 

two relations like Equation (35)would be required; one for 

the boundary error, and one for the interior error. 

Different error distribution methods such as 

collocation and least squares, and their relation to the 

variational principle are discussed by Finlayson, et.al.[l8]. 

In numerical tests, it has been shown Galerkin's method gives 

the most accurate results with the fewest trial function 
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terms [19]. 

An intuitive examination of the Galerkin method 

for the solution of problems in solid mechanics is given in 

[13] and for several fluid mechanics problems by [47]. 

The mechanics for the use of Galerkin's method 

are illustrated in the form of a simple example in Appendix 

A. In this example the Navier-Stokes equations are solved 

for flow through a circular conduit. 

Of the methods surveyed for solving boundary value 

problems, Galerkin's method has particular appeal for the 

solution of this thesis problem. Several advantages are 

listed below. 

(1) The method can be applied directly without 

any previous knowledge of the solution exclusive of the 

boundary conditions. 

(2) Effective use can be made of obvious symmetry 

properties. 

(3) The variables in the differential equations 

can be represented as continuous functions of the spacial 

coordinates thus facilitating future differentiation and 

integration. 

(4) Though convergence of the process has not yet 

been proven, the solution (if it converges) will likely 

converge more rapidly than with a finite difference method. 

A finite difference method must converge at m points, while 

in the Galerkin method, only n a 's must converge and i 



usually n is much smaller than m, especially for a 

problem in three dimensions. 

(5) By judicious selection of trial functions, 

it is possible to exactly satisfy the boundary conditions 

everywhere. 

111. SOLUTION OF ALGEBRAIC EQUATIONS 

The orthogonality integrals of the Galerkin method 

produce a set of simultaneous algebraic equations to be solved 

for the unknown coefficients. These equations are linear in 

the case of linear differential Equations and nonlinear for 

nonlinear differential equations. 

Nearly all numerical schemes for solving sets of 

nonlinear algebraic equations are based on the Newton-Raphson 

method 1241.  

th The basic Newton-Raphson method gives the (r+l)- 

approximation to a single unknown as 

where X =1,2,...,n are the n unknowns, f is the 
j j 

vector representing the n function values of the original 

set of equations 



and J i s  t h e  i n v e r s e  o f  t h e  J a c o b i a n  Ma t r i x  . 

The r i g h t  s i d e  o f  Equa t ion  (36) i s  e v a l u a t e d  f o r  t h e  v a l u e s  

t h  of  t h e  unknowns o b t a i n e d  i n  t h e  r- app rox ima t ion ,  t h u s  

th approx imat ion  t o  t h e  s o l u t i o n  v e c t o r .  o b t a i n i n g  t h e  ( r+ i  ) - 

The b a s i c  Newton method h a s  two d i s a d v a n t a g e s .  

The J a c o b i a n  must be  e v a l u a t e d  and t h e  r e s u l t a n t  m a t r i x  i n -  

v e r t e d  f o r  each  i t e r a t i o n .  Even f o r  w e l l  behaved f u n c t i o n s ,  

f , t h e  amount o f  c a l c u l a t i o n  t o  e v a l u a t e  J a t  each  s t e p  
j 

i s  enormous. Unless  t h e  i n i t i a l  v a l u e s  f o r  Xi a r e  c l o s e  t o  

t h e  s o l u t i o n ,  t h e  p r o c e s s  is  q u i t e  l i k e l y  t o  d i v e r g e  [ 4 3 ] .  

A method h a s  been proposed by Broyden [7 ]  which overcomes,  

a t  least i n  p r i n c i p l e ,  t h e  main d i s a d v a n t a g e s  o f  t h e  b a s i c  

Newton-Raphson method. 

The improved method r e q u i r e s  o n l y  one  e v a l u a t i o n  

o f  t h e  J a c o b i a n  m a t r i x  [ 7 ] .  The i n v e r s e  J a c o b i a n  a t  s t e p  

r +  1 i s  approximated by a p p l y i n g  a  c o r r e c t i o n  t o  t h e  i n v e r s e  

J a c o b i a n  o b t a i n e d  i n  s t e p  r .  T h i s  s a v e s  n Z  e v a l u a t i o n s  

o f  t h e  f u n c t i o n  
f j  

a t  each  s t e p  t h u s  r e s u l t i n g  i n  con- 

s i d e r a b l e  s a v i n g  of  computa t ion  t i m e .  The d ive rgence  o f  

t h e  s o l u t i o n  is p reven t ed  by a p p r o p r i a t e  s e l e c t i o n  o f  a 
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convergence parameter t . For Broyden's method Equation (36) 
I 

is rewritten. 

(r ) where t is a constant multiplier at each step chosen by 

k) an iteration process. The parameter t is chosen such 

that the norm of 

inclusion of the parameter, t does not guarantee converge 

but only prevents divergence. The values of t are calcu- 

lated from the relationship 

where 0 is the function of t 

and Titk-l) is the norm of fj(tk-,) and T(0) is the norm 

cf fj(C). During these sub-iterations, the functions f 
j 

are depexdent on t. The initial value of t, to , is 

taken to loz 1 and then Equation (41) is satisfied m times 
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( r u n t i l  t h e  n o r m o f  fCr"' i s  s m a l l e r  t h a n  t h e  n o r m o f  f  . 
The d e t a i l s  o f  t h e  development o f  Equa t ion  ( 4 1 ) a r e  g iven  i n  

171. 

S i m i l a r  methods f o r  s o l v i n g  sets of  n o n l i n e a r  

a l g e b r a i c  e q u a t i o n s  a r e  g i v e n  by Kinzer  [34] and F r e u d e n s t e i n  

[20 ] ,  b u t  t h e i r  methods have n o t  been submi t t ed  t o  numer ica l  

t e s t .  

For  a  n o n l i n e a r  sys tem of  e q u a t i o n s  it i s  q u i t e  

p r o b a b l e  t h a t  s e v e r a l  r e a l  s o l u t i o n s  e x i s t .  P h y s i c a l  con- 

s i d e r a t i o n s  must  be  used t o  de t e rmine  whether  t h e  s o l u t i o n  

o b t a i n e d  i s  t h e  a c t u a l  s o l u t i o n  one  s e e k s  [51] .  

The s u c c e s s  o f  any a l g o r i t h m  f o r  s o l v i n g  n o n l i n e a r  

s e t s  o f  e q u a t i o n s  i s  dependent  upon a  good i n i t i a l  approxima- 

t i o n ;  good i n  t h e  s e n s e  t h a t  t h e  e s t i m a t e  b e  s u f f i c i e n t l y  

c l o s e  t o  t h e  s o l u t i o n  f o r  t h e  p r o c e s s  t o  converge  [ 4 3 ] .  



CHAPTER 111 

PROCEDURE 

This Chapter is divided into two parts. The 

first section describes several methods used in an attempt 

.to obtain solutions to Equation (1) for the intermediate. 

Nr range. These methods proved to be uniformly inadequate 

except for the case of very low Nr . Although these were 

in general unsuccessful, they merit discussion for the 

benefit of future research. 

The second section concerns the solution of 

Equation (1) using a linear approximation for the inertia 

terms. 

I. GENERAL APPROACH 

It is possible to write Equation (1) in the 

dimensionless form 

where the starred variables represent a dimensionless 

quantity and 
Nr = 2ro c / v  . 
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W r i t i n g  t h e  Navier-Stokes  e q u a t i o n  i n  dimen- 

s i o n l e s s  form p r e s e n t s  an  awkward s i t u a t i o n  f o r  t h i s  

problem because  t h e  v e l o c i t y  V is  n o t  known a  p r i o r i ,  i n  

f a c t  i t  i s  i n  a  s e n s e  an  unknown w e  a r e  s eek ing .  One cou ld  

t a k e  t h e  v e l o c i t y  f o r  a  g iven  p r e s s u r e  d r o p  from exper-  

i m e n t a l  d a t a  b u t  a  more r e a l i s t i c  approach i s  t o  l e a v e  t h e  

e q u a t i o n s  i n  d imens iona l  form and o b t a i n  s o l u t i o n s  a t  v a r -  

i o u s  Reynolds Numbers by v a r y i n g  t h e  p r e s s u r e  d rop .  

The methodology fo l lowed  i n  t h i s  s e c t i o n  c o n s i s t e d  

o f  t h e  fo l l owing :  

(1) S e l e c t  t r i a l  f u n c t i o n s  f o r  t h e  t h r e e  v e l o c i t y  

components and p r e s s u r e .  

( 2 )  S u b s t i t u t e  t h e  t r i a l  f u n c t i o n s  i n t o  t h e  

d i f f e r e n t i a l  Equat io i l s  (1) and ( 8 ) .  

( 3 )  M u l t i p l y  t h e  approx imate  d i f f e r e n t i a l  

equations;  by a p p r o p r i 2 t e  G a l e r k i n  we igh t  f u n c t i o n s  and 

i n t e g r a t e  t h e  p r o d u c t .  

( 4 )  So lve  t h e  r e s u l t i n g  sys tem o f  a l g e b r a i c  

e q u a t i o n s  f o r  t h e  unknown c o e f f i c i e n t s .  

(5)  S u b s t i t u t e  t h e  c o e f f i c i e n t s  i n t o  t h e  t r i a l  

f u n c t i o n s  and c a l c u l a t e  t h e  s u p e r f i c i a l  v e l o c i t y  and t h e  

f r i c t i o n  f a c t o r  of  t h e  packed bed.  The f r i c t i o n  f a c t o r  

was c a l c u l a t e d  u s i n g  Equa t ion  ( 2 4 )  and t h e  s u p e r f i c i a l  

v e l o c i t y  by t h e  i n t e g r a l  



11, APPLICATION OF GALERKIN'S METHOD 

S e l e c t i o n  - o f  -- t h e  T r i a l  F u n c t i o n .  - I n  t h e  a p p l i c a -  

t i o n  o f  G a l e r k i n ' s  method it i s  d e s i r a b l e  t o  c h o o s e  t r i a l  

f u n c t i o n s  t h a t  s a t i s f y  t h e  maximum number o f  d i f f e r e n t i a l  

e q u a t i o n s  and boundary  c o n d i t i o n s .  F o r  t h i s  p a r t i c u l a r  

p rob lem it w a s  i m p o s s i b l e  t o  f i n d  t r i a l  f u n c t i o n s  f o r  v e l o c i t y  

t h a t  e v e n  s a t i s f i e d  a l l  t h e  boundary  c o n d i t i o n s .  

S i n c e  t h e  d i f f e r e n t i a l  e q u a t i o n s  are dea l t  w i t h  

s e p a r a t e l y  i n  t h i s  s e c t i o n ,  it i s  a d v a n t a g e o u s  t o  d r o p  t h e  

summation c o n v e n t i o n  and  u s e  i n s t e a d  x ,  y ,  and  z for  

t h e  c o o r d i n a t e  d i r e c t i o n s  and  u ,  v ,  a n d  w a s  t h e  res- 

p e c t i v e  c o o r d i n a t e  v e l o c i t y  components .  

T r i a l  f u n c t i o n s  fo r  v e l o c i t y  t h a t  s a t i s f y  t h e  

boundary  c o n d i t i o n s  ( 3 )  and ( 4 )  and  t h e  symmetry c o n d i t i o n s  

(6) and ( 7 )  were c h o o s e n  a s  

u  = [ s i n  ( ( a i + l )  n x )  c o s  ( (Bi+l)  rry) (A  c o s  ( y  . rrz) + 
j 1 

v = [COG ( ( a i + l )  T X )  s i n ( ( b  . + l )  n y )  ( B .  cos (y inz )  + 
7 3 



and 

(aiox) cos (Biny) (C  cos (ynz) + 
j 

ck sin ( (yi+l) nz) ) = L ' w i  

In Equations (45-47) N is the number of terms in the trial 

functions. The coefficient subscripts j and k have the 

value (2i-1) and (2i) respectively. The parameters a i 

Bit yi , are particular sets of integers for each value 

of i. Equations (45) , (46) , and (47) fail to satisfy the 

boundary condition on the surface of the spheres. It is 

necessary to find a multiplying function, X , such that 

on the sphere surface. This function must be zero on the 

sphere surface and have partial derivatives that vanish on 

the planes x, y = * 1. Since the derivatives such as 

av/ax must vanish on the external boundaries the aA/ax 

must also vanish because 



and v  + 0  a t  t h e  e x t e r n a l  boundary.  W e  s e e k  a  f u n c t i o n  

t h e n  t h a t  i s  z e r o  on t h e  s p h e r e  s u r f a c e s  and c o n s t a n t  n e a r l y  

everywhere e l s e .  A f u n c t i o n  t h a t  rneets t h i s  r equ i rement  

where (xq.  Yqr  zq) i s  t h e  c o o r d i n a t e  o f  t h e  qe s p h e r e  

o f  t h e  M s p h e r e s  n e a r e s t  t h e  domain o f  t h e  s o l u t i o n .  The 

pa r ame te r ,  R , i s  an i n t e g e r  whose v a l u e  de t e rmines  how 

c l o s e l y  t h e  m u l t i p l y i n g  f u n c t i o n  meets  t h e  r equ i r emen t s  o f  

t h e  problem. E i g h t  s p h e r e s ,  p a r t  of  each  which a r e  i n  

t h e  s o l u t i o n  domain were used i n  Equa t ion  ( 5 0 ) .  More 

s p h e r e s  c o u l d  have  been used  b u t  t h e  computer t ime nece s sa ry  

t o  e v a l u a t e  t h e  f u n c t i o n  and i t s  d e r i v a t i v e s  i n c r e a s e s  

approx imate ly  i n  p r o p o r t i o n  t o  M* . D i f f e r e n t  v a l u e s  o f  

R between 2  and 24 were t r i e d .  Ra the r  e r r a t i c  r e s u l t s  

were o b t a i n e d  w i t h  low v a l u e s  of R.  The v a l u e s  f o r  t h e  

d e r i v a t i v e  o f  (50)  on t h e  e x t e r n a l  bounda r i e s  were n o t  con- 

s i s t e n t  f o r  R < 12 .  Values  o f  R between 1 2  and 24 

d i d  n o t  show any s i g n i f i c a n t  d i f f e r e n c e  a l t hough  f o r  low 

o r d e r  t r i a l  f u n c t i o n s  t h e  h i g h e r  v a l u e s  gave s l i g h t l y  b e t t e r  

v a l u e s  f o r  s u p e r f i c i a l .  v e l o c i t i e s .  The v a l u e  of  R = 20 

was used  t h roughou t  t h e  major  p a r t  of  t h e  c a l c u l a t i o n s .  

F i g u r e ( 3 ) i l l u s t r a t e s  t h e  performance of X f o r  R = 20 and 

M = 8 .  
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I n c o r p o r a t i n g  t h e  m u l t i p l y i n g  f u n c t i o n  i n t o  t h e  

v e l o c i t y  t r i a l  f u n c t i o n s  g i v e s  

and 

which s a t i s f y  a l l  of t h e  boundary c o n d i t i o n s  as w e l l  a s  t h e  

symmetry p r o p e r t i e s  of t h e  problem. 

The t r i a l  f u n c t i o n  chosen f o r  p r e s s u r e  was 

*p ( 1 - z )  + [cos ( a i rx )  c o s  (Biny)  (D s i n (  ( y i+ l )  r z )  + P  = - 2 j 
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which satisfies boundary condition (5) for pressure. The 

pressure trial function provides a pressure that is inde- 

pendent of x and y at the planes z = + 1. This would 

be a likely situation at very low Nr but would not allow 

u and v velocity components at the planes z = t 1 for 

intermediate Nr . The magnitude of u and v thus in a 

sense measure the departure from very slow flow (Nr << 1). 

If one considers the solution [ 2 7 ]  for a sphere in 

an unbounded stream the radial velocity component at the 

hemispherical plane perpendicular to the direction of bulk 

flow is a measure of the departure from very slow flow. ASS- 

uming a'linear relationship for Jenson's stream function 

between each grid point, the values shown in Table 1 are 

obtained at two selected grid points. The points selected 

are those points in the Jenson grid that lie in the solution 

domain of the packed bed problem. 

TABLE 1 

RADIAL AND TANGENTIAL VELOCITY COMPONENT FOR 
* 

Nr = 40 BASED ON JENSON'S [ 2 4 ]  SOLUTION 

Distance From Radial 
Sphere Surface Velocity 

Tangential 
Velocity 

*All tabled values are dimensionless 



The v a l u e s  shown i n  Table  1 i n d i c a t e  an average  

r e l a t i v e  e r r o r  of  less t h a n  1% i s  in t roduced  by n e g l e c t i n g  

t h e  r a d i a l  v e l o c i t y  component. Based on t h i s ,  t h e  assump- 

t i o n  t h a t  p r e s s u r e  i s  independent  of x  and y  a t  t h e  

p l a n e s  z = + 1 i s  r e l a t i v e l y  a c c u r a t e .  

One cou ld  c o n s t r u c t  a  f u n c t i o n  P ( x , ~ ) / ~ , ~  such 

t h a t  c o n d i t i o n  ( 5 )  i s  f u l f i l l e d ;  however, it i s  u n l i k e l y  

t h a t  it would come any c l o s e r  t o  t h e  a c t u a l  c o n d i t i o n  a t '  

t h e  boundary t h a n  Equat ion (52)  . 

The Approximate D i f f e r e n t i a l  Equati ,ons.  S u b s t i t u -  - - 

t i n g  Equa t ions  (51)  and (52)  i n t o  Equat ion (1) and ( 8 )  y i e l d s  

t h e  fo l l owing  

x component of  t h e  Navier-Stokes equa t ion  



y component of the Navier-Stokes equation 

z component of the Navier-Stokes equation 



and the continuity equation. 

The amount by which the trial functions fail to satisfy the 

differential equations is E~ , E E v W 
and E 

C 

Galerkin's method requires these errors to be orthogonal to 

j (the number of unknown coefficients) weighting functions 

choosen from the trial function set. Applying this principle 

~17~ Y j  dzdydx = 0 
0 0 - 5  

dzdydx 

~ J J E ~  Y j  dzdydx = O 
0 0 - 5 
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For each of the variables u, v, w, and p there 

are 2N unknown coefficients, or a total of 8N unknowns, 

where N is the number of terms in the trial functions. In 

Equation (57) there must then be 2N Y 's . 
j 

The Galerkin weight functions choosen from the 

trial function set were 

Y = [cos(a .TX) + sin(a..~x) ] cos ( 8  . ~ y )  cos(y.~z) . (58) 
j I I I I 

This two-term function was choosen because it seemed reason- 

able to pick a function that was neither odd nor even. This 

eliminates the possibility of some integrals vanishing, 

thereby introducing a null vector in the coefficient matrix. 

The derivatives of the multiplying function, A , 
were calculated by subroutine WEIGHT in Appendix B. The 

trigonometric portion of the trial functions were evaluated 

by subroutine TRIFUN. 

Evaluation -- of the Integrals. Elaborate schemes 

have been developed by Stroud [521 and Miller [42] for the 

evaluation of multiple integrals. However, Cranley and 

Patterson [12] have shown that repeated application of single 

Gaussian Quadrature is superior to the more elaborate formulas. 

The advantage of the Gaussian 'method was apparent if the 

integrands were trigonometric functions of the type contained 

the trial functions for velocity and pressure. 

Snyder [46] did considerable numerical research 
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concerned with the evaluation of triple integrals of trigon- 

ometric functions where the domain of integration was external 

to spheres and internal to surrounding plane surfaces. He 

found that accuracy improved by less than 5% when the order 

of Gaussianquadrature was increased from 5 to 12. 

Subroutine TRIPIN listed in Appendix B was written 

to evaluate the integrals (57) using the Gaussian method. 

Several test integrations were performed and the approximate 

solutions were compared with exact values for the test 

integrals. All of the integrals (57) were evaluated using 

the 6 point Gaussian formula. It is desirable to keep the 

order of quadrature as low as possible (maintaining reasonable 

accuracy) since CPU time increases approximately as q3 

where q is the order of quadrature. 

Because of x, y symmetry, the integration domain 

can be reduced to 0,l for x and y. The limits of inte- 

gration for z were 2 1 with compensation being made for 

the spheres. Details are given in Appendix A. 

111. SOLUTION OF THE NONLINEAR ALGEBRAIC EQUATION 

Upon integration of Equations (57) a system of 

8N nonlinear algebraic equations containing 8N unknowns 

was obtained. Following the integration, subroutine 

FIXJAC ordered the variables in the following manner. 



C CCik a j k  ci A j - C a'' i k  A .  1 + c dik Di 



In Equations (59-62) R = 2N+1, m = 4N+1, n = 3 ( 2 ~ )  ' + 1, 

and r = n+2N. The Ai, Bit Ci, and Di are the unknown 

coefficients in the trial functions for velocity and pressure 

as given previously. 

Tn Equations (59-61) the double summation corres- 

ponds to the double sum terms in Equations (53-55). The 

a ijt bijt etc. are the integration results of terms in 

Equations (52-54) such as OuiYj and a/ax (QviY j) respec- 

tively. The primed coefficients in the first double summa- 

tion refer to a derivative with respect to x , primed 

coefficients in the second double summation refer to a 

derivative with respect to y and in the third double 

summation, a derivative with respect to z .  The double 

primed coefficients correspond to the integration of terms 

in Equations (53-55) in which the Laplacian appears. 

Arranging the integrals (57) in the form (59-62) 

poses the problem in a manner that is ammenable for'computer 

programming. 

Broyden's Method. The method of Broyden was used 

in an attempt to solve the set of Equations (59-62). The 

program STEP 1 MAIN was the controlling program with subrou- 
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tines FUNVAL, JACOB, NORM, VECTOR and ORDER performing the 

operations of function evaluation, Jacobian approximation, 

norm evaluation, simultaneous linear equation solution and 

bookkeeping respectively. A complete description of the 

programs is listed in Appendix B. 

The relationship between Nr and pressure calcu- 

lated from Ergun's friction factor is shown in Figure (4). 

Initial solutions were attempted for a two-term trial function 

2 
with Ap = ,00135 dynes/cm which corresponds to a Nr of 

0.1. This relatively low Nr was selected as a starting 

point because it appeared desirable to minimize the effect 

of the inertia terms. 

The original estimate for the solution vector 

(Ait Bit Cit Di i=1,2, ..., 2N) was obtained by solving the 

matrix equation 

where [ Q ]  is the coefficient matrix obtained from the 

integrals (57) with all cross-product coefficients set equal 

to zero. The RHS vector is zero except for the components 
j 

RHSit RHSi+lt..., RHS where i=4N+1 and j=6N. The non- 
j 

zero portion results from the integral of Ap/2 in Equation 

(55) 

The Jacobian Matrix was approximated by 



Reynolds Number (Nr) 

Figure 4. Reynolds Number - Pressure Drop Relationship 
Determined from Ergun's Dimensionless Friction 

Factor 



f .  (Xi + hi) - f .  ( X . )  
3 3 1 

h 2 

(it  j=1 ,2 , .  . . ,8N independen t l y )  

(64)  

w i t h  hi = X./1000. A f t e r  t h e  i n i t i a l  c r e a t i o n  o f  t h e  
1 

J acob i an  (Equation (64)  ) t h e  i n v e r s e  was c o r r e c t e d  a t  

e ach  s t e p  by t h e  Householder  Formula (Broyden [ 7 ] )  

where J i s  t h e  i n v e r s e  J a c o b i a n  m a t r i x  and X and f a r e  

column v e c t o r s  of l e n g t h  8N. 

Although t h e  s o l u t i o n  remained bounded ( t  guaran teed  

t h i s ;  see Equa t ion  ( 4 1 )  ) ,  it dici n o t  converge;  t h e  

c r i t e r i a  f o r  convergence  b e i n g  norm fi + 0 a s  r g e t s  

l a r g e .  F i g u r e  (5)shows t h e  performance o f  norm f f o r  a 
j 

two-term s o l u t i o n  f o r  Nr = .1 and hi = X i / l O O O .  Three  

and f o u r  term s o l u t i o n s  were t r i e d  f o r  
Nr = .1 b u t  t h e  

method was u n s u c c e s s f u l  i n  each  c a s e .  A two-term s o l u t i o n  



1 2 3 4 5 6 7 

I t e r a t i o n  Number 

F i g u r e  5.  R e l a t i o n s h i p  Between F'unction Norm and I t e r a t i o n  

Number 



f o r  Nr = . O 1  converged a f t e r  f i v e  i t e r a t i o n s .  T h i s  

s o l u t i o n  v e c t o r  i s  shown i n  Tab le  2 .  

An a t t e m p t  was made t o  b u i l d  a  h i g h e r  Nr 

s o l u t i o n  from t h e  r e s u l t s  o f  s u c c e s s i v e l y  l a r g e r  lower Nr 

s o l u t i o n s ,  t h e  s t a r t i n g  p o i n t  b e i n g  t h e  s o l u t i o n  o b t a i n e d  

f o r  Nr = 0.01.  The s o l u t i o n  v e c t o r  f o r  Nr = 0 .01  was 

used a s  an  i n i t i a l  e s t i m a t e  f o r  a  two-term s o l u t i o n  a t  - 
Nr - 

0.05 and Nr = 0 . 1 .  The method f a i l e d  t o  converge  i n  b o t h  

c a s e s .  I n  f a c t  t h e  norm r e d u c t i o n  f o r  Nr = 0 . 1  was much 

s l ower  t h a n  t h e  p r e v i o u s  a t t e m p t  a t  Nr = 0 . 1 .  T h i s  would 

i n d i c a t e  t h e  i n i t i a l  e s t i m a t e ,  n e g l e c t i n g  i n e r t i a ,  p rov ided  

a  b e t t e r  approximation.  t o  t h e  s o l u t i o n  v e c t o r  t h a n  u s i n g  

t h e  f u l l  s o l u t i o n  from a  lower  Nr . 

The i n i t i a l  v a l u e  f o r  hi was t h a t  recommended 

by Broyden. A v a l u e  of  Xi/500 was a l s o  t r i e d  b u t  t h e  

r e s u l t s  were n e a r l y  i d e n t i c a l .  T h i s  i n d i c a t e s  t h a t  t h e  

r e a s o n  f o r  t h e  method n o t  conve rg ing  i s  a  r e s u l t  o f  something 

u n r e l a t e d  t o  t h e  method used t o  approx imate  t h e  J a c o b i a n .  

I t  was a p p a r e n t  t h a t  s o l u t i o n s  cou ld  n o t  be  

o b t a i n e d ,  e x c e p t  f o r  Nr << 1, u s i n g  modi f i ed  Newton-Raphson 

methods. At tempts  t o  s o l v e  t h e  n o n l i n e a r  a l g e b r a i c  e q u a t i o n s  

were abandoned a t  t h i s  p o i n t .  

A scheme was deve loped  t h a t  t r e a t e d  t h e  n o n l i n e a r  

t e r m s  a s  a  lump sum, dependent  a t  i t e r a t i o n  (r+l) on t h e  

s o l u t i o n  v e c t o r  e v a l u a t e d  a t  i t e r a t i o n  ( r ) .  T h i s  method 



was termed "the aggregate iteration method". 

TABLE 2 

COEFFICIENTS FOR TWO-TEN4 SOLUTION AT Nr=.Ol 

USING BROYDEN' S METHOD 

 BY *i Bi C. 1 Di 

The Aggregate Iteration Method. The original - 
nonlinear system (Equations (59-62) ) was written in the 

form 

where [Q]  is the coefficient matrix of the linear portion 

of the Equations (59-62), [RHSi] , the right hand vector 

defined previously and [NLiI the nonlinear portion of 

Equations (59-62) evaluated for an approximate [Xi] . 
Solving Equation (66) for Xi yields 

from which one can write the iterative relationship 



An i n i t i a l  e s t i m a t e  f o r  NLi was ze ro .  T h i s  e l i m i n a t e s  t h e  

n o n l i n e a r  c o n t r i b u t i o n  t o  ( 6 8 )  and a l l o w s  t h e  d e t e r m i n a t i o n  

o f  a  new e s t i m a t e  o f  Xi . The most r e c e n t  v a l u e  f o r  t h e  

s o l u t i o n  v e c t o r  'ij was t hen  used t o  e v a l u a t e  t h e  n o n l i n e a r  

p o r t i o n  o f  Equa t i ons  (53-57) t h u s  o b t a i n i n g  a  new v a l u e  f o r  

NLi. S i n c e  t h e  c o e f f i c i e n t  m a t r i x  f o r  t h i s  i t e r a t i o n  p r o c e s s  

i s  independen t  o f  t h e  v a l u e s  u sed  f o r  t h e  s o l u t i o n  v e c t o r ,  

t h e  m a t r i x  [Q] need be e v a l u a t e d  and i n v e r t e d  o n l y  once.  

Convergence o f  t h e  p r o c e s s  was assumed i f  norm Xi 
(r.t.1) - 

'i ( )  -t o a s  r g e t s  l a r g e .  

The l a r g e s t  Reynolds number f o r  which convergence  

cou ld  be  o b t a i n e d  was 0 .1 .  A s i x  t e r m  t r i a l  f u n c t i o n  was 

used  i n  a l l  c a s e s .  Var ious  Nr between 0 . 1  and 10  were 

t r i e d ,  b u t  i n  e v e r y  c a s e  t h e  s o l u t i o n  d i v e r g e d  r a p i d l y .  

Tab l e  3 l i s ts  t h e  s o l u t i o n  v e c t o r  f o r  t h e  s i x  t e r m  s o l u t i o n  

A t  each  i t e r a t i o n  s t e p  t h e  s u p e r f i c i a l  v e l o c i t y  

was c a l c u l a t e d .  The e f f e c t  o f  i t e r a t i e n  number on t h e  

s u p e r f i c i a l  v e l o c i t y  i s  shown i n  F i g u r e  ( 6 ) .  

The Modif ied  Aggregate  Method. I n  o r d e r  t o  - 
ex t end  t h e  i t e r a t i o n  scheme t o  h i g h e r  Nr  , a  d ive rgence  

pa ramete r  was added t o  Equa t ion  ( 6 7 ) ,  g i v i n g  t h e  e q u a t i o n  
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TABLE 3 

C O E F F I C I E N T S  F O R  T H E  S I X  TERM S O L U T I O N  F O R  N r = O . l  

U S I N G  T H E  AGGREGATE I T E R A T I O N  METHOD 



The parameter t was intended to perform the same function 

as the t in Broyden's method. The application of this 

method consisted of selecting a value for t, (0 < to < l), 

such that Equation (69) converged. t was then incremented 

and the process of Equation (69) repeated until convergence 

was obtained. The iteration steps were continued until t 

reached a final value of 1. 

Solutions at Nr of 1 1 0  and 60 were attempted. 

The maximum value of to for initial convergence was .2,  

.08, and .01, respectively. During the early stages of the 

computation, the method converged for each Nr . However, 

in each case the solution diverged before t had reached a 

value of 1. The value of to was used as the increment in 

all cases, thus 

It might be possible for t to reach the value of 1 by 

taking smaller increments. However, this does not appear to 

be a practical approach from the standpoint of computation 

time. Each iteration at any level of t took 1.5 minutes 

of IBM 360-67 CPU time. If one considers building a solution 

from t = .08 in increments of At = .O1 the computation 

time becomes unreasonable. 
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These initial attempts to solve the Navier-Stokes 

equations with the inertia terms intact indicates the need 

for considerable numerical research. A given set of non- 

linear algebraic equations has properties unique to it and 

methods that can be successfully employed for one set are 

not necessarily adaptable to other sets. In the absence of 

a reliable algorithm for solving large sets of nonlinear 

algebraic equations, it appears that a more fruitful area of 

investigation would be the solution of a linearized version 

of Equation (1). 

IV. THE LINEARIZED NAVIER-STOKES EQUATIONS 

The Oseen linearization [ 3 6 ]  has been a popular 

method for studying viscous flow in the intermediate Nr 

range. The left side of Equation (1) is replaced by 

* 
where V is a representative velocity and x, is the 

* 
coordinate direction of V . This substitution reduces 

the Navier-Stokes equAtions to a linear system yet in some 

sense accounts for the effect of the nonlinear terms. 

Solutions for a sphere in an unbounded stream based on this 

linearization show the formation of eddies and the associated 

non-symmetric pressure distribution [ 5 3 ] .  
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For  packed b e d  f l ow  a  r e p r e s e n t a t i v e  v e l o c i t y  i s  

the s u p e r f i c i a l  v e l o c i t y  d i s c u s s e d  p r e v i o u s l y .  One 

cou ld  a c t u a l l y  choose  t h e  r e p r e s e n t a t i v e  v e l o c i t y  t o  be any 
- 

dec ima l  o r  i n t e g e r  p r o d u c t  o f  V , b u t  t h e  o n l y  v e l o c i t y  
- 

t h a t  makes s e n s e  p h y s i c a l l y  i s  V . Using t h i s  v e l o c i t y  

would accoun t  f o r  t h e  "mean" c o n t r i b u t i o n  o f  t h e  i n e r t i a  

terms i n  t h e  d i r e c t i o n  of  t h e  b u l k  f low;  "mean" i n  t h e  s e n s e  

t h a t  t h e  v e l o c i t y  u sed  i n  e x p r e s s i o n  (71)  i s  t h e  a v e r a g e .  

v e l o c i t y  i n  t h e  f low domain. 

* 
With V r e p l a c i n g  V i n  e x p r e s s i o n  (71)  , t h e  

removal  of  t h e  i n e r t i a  terms o f  (1) i n  l i e u  o f  (71)  p r o v i d e s  

t h e  l i n e a r  sys tem,  

The Approximate D i f f e r e n t i a l  Equa t i ons .  The t r i a l  

f u n c t i o n s  chosen f o r  t h e  s o l u t i o n  of Equa t ion  (1) a r e  a p p l i -  

c a b l e  f o r  Equa t ion  (72) s i n c e  t h e  boundary c o n d i t i o n s  and 

symmetry have n o t  been changed.  S u b s t i t u t i n g  t h e  t r i a l  

f u n c t i o n s  (51 and 5 2 )  i n t o  (8) and (72)  r e s u l t s  i n  t h e  

l i n e a r  sys tem 



and 

T h i s  method o f  approach r e q u i r e s  p r e v i o u s  
- 

knowledge of V. W e  do  n o t  i n  f a c t  know before-hand 

b e c a u s e  it i s  t o  be c a l c u l a t e d  from t h e  s o l u t i o n  v e c t o r .  
- 

N e v e r t h e l e s s  i t  i s  wor thwhi le  t o  s u b s t i t u t e  v a l u e s  o f  V 

i n t o  (73-76) and p roceed  w i t h  t h e  s o l u t i o n .  T h i s  w i l l  

i n d i c a t e  t h e  v a l i d i t y  of  (72)  f o r  packed bed f low.  The 
- 

problem o f  s o l v i n g  (72)  w i t h o u t  p r i o r  knowledge o f  V 

w i l l  be  d e a l t  w i t h  l a t e r .  
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The o r t b g o n a l i t y  i n t e g r a l s  f o r  e r r o r  d i s t r i b u t i o n  

become 

and 



The G a l e r k i n  we igh t  f u n c t i o n  Y , was t h e  s a n e  
j 

as g i v e n  p r e v i o u s l y  i n  Equat2on (58) .  The i n t e g r a l s  (77) 

were e v a l u a t e d  by s u b r o u t i n e  TRTPIN u s i n g  s i x  p o i n t  Gauss ian  

Q u a d r a t u r e .  STEP 2 MAIN PRGM i n  Appendix B was t h e  con- 

t r o l l i n g  program f o r  t h e  l i n e a r i z e d  s o l u t i o n .  

S i n c e  each  o f  t h e  m u i f  mvi , e t c . ,  c o n t a i n  2N 

unknown c o e f f i c i e n t s ,  t h e  sys tem (77)  r e p r e s e n t s  8N s imul-  

t aneous  l i n e a r  e q u a t i o n s .  The sys tem can be w r i t t e n  i n  t h e  

m a t r i x  form 

[Q*] [ X i ]  = [.HSi] 

* 
Q ] i s  t h e  m a t r i x  o f  t h e  c o e f f i c i e n t s  o b t a i n e d  by i n t e g r a -  

t i n g  (77)  , [Xi] t h e  s o l u t i o n  v e c t o r ,  and [RHSi] a  

v e c t o r  c o n t a i n i n g  t h e  c o n t r i b u t i o n  o f  

a s  d e f i n e d  p r e v i o u s l y  on page 4 4 .  

- 
E x t e n t  of  t h e  S o l u t i o n .  Va lues  o f  h p  and V -- 

co r r e spond ing  t o  Nr o f  app rox ima te ly  0 .1 ,  1, 7  and 35 were 

t a k e n  from F i g u r e  ( 4 )  and s u b s t i t u t e d  i n t o  Equa t ions  (73-75) .  

These p a r t i c u l a r  v a l u e s  f o r  Nr were s e l e c t e d  because  t h e y  

r e p r e s e n t  t h r e e  Nr t h a t  l i e  w i t h i n  t h e  r ange  of v a l i d i t y  

f o r  Oseen f low and one (Nr  = 35) t h a t  i s  c o n s i d e r a b l y  o u t s i d e  



t h i s  r ange .  

S o l u t i o n s  were o b t a i n e d  f o r  t r i a l  f u n c t i o n s  con- 

t a i n i n g  2 ,  4 ,  6 ,  7 ,  and 8  t e r m s .  For  e ach  Nr and o r d e r  

o f  t r i a l  f u n c t i o n ,  t h e  s u p e r f i c i a l  v e l o c i t y  was c a l c u l a t e d  

u s i n g  

C' = 1 2 f f wdzdydx 
- 0  0 - r  

and t h e  f r i c t i o n  f a c t o r  was de te rmined  u s i n g  a  modi f i ed  

form o f  Equa t ion  ( 2 4 ) .  S i n c e  t h e  i n e r t i a  terms a r e  be ing  

approximated by ( 7 1 ) ,  t h e  k i n e t i c  energy  i n t e g r a l  must 

r e f l e c t  t h i s  approx imat ion .  S u b s t i t u t i n g  (71)  i n t o  

e x p r e s s i o n  (18)  r e s u l t s  i n  

T h i s  v a l u e  f o r  Ek was used i n  Equa t ion  (24)  t o  

c a l c u l a t e  t h e '  f r i c t i o n  f a c t o r .  

S o l v i n g  t h e  L inea r  System ( 7 8 ) .  For  l a r g e  v a l u e s  

o f  N ,  t h e  s o l u t i o n  proved i n t r a c t a b l e .  S e v e r a l  m a t r i x  

i n v e r s i o n  and s u b s t i t u t i o n  methods w e r e  t r i e d  and a r e  de s -  

c r i b e d  v e r y  b r i e f l y .  I n  t h e  absence  o f  p r a c t i c a l  methods 

f o r  c a l c u l a t i n g  e r r o r  bounds,  t h e  r e l a t i v e  s u c c e s s  o f  each  

method was measured by t h e  magnitude o f  t h e  m a t r i x  e l emen t s  

o b t a i n e d  from t h e  p r o d u c t  o f  t h e  o r i g i n a l  m a t r i x  and i t s  i n v e r s e .  



(a) Compact Method, The original matrix was 

factored into an upper and lower triangular matrix such 

that 

where [GI and [HI are lower and upper triangular 

matrices respectively. Since the triangular character of 

the matrices must be retained when inverted, the inverse of 
* 

Q .can be written 

A recurrent system of linear equations can be obtained from 

(83) and the elements of [Q*-'1 obtained without actually 

inverting [GI and [HI. Details are given by Waugh and 

Dwyer [56]. 

(b) Grahm-Sclmidt Orthogonalization Method. The 

method consists of transforming the columns of the coeffic- 

ient matrix into a set of orthogonal vectors using Grahm- 

Schmidt Orthogonalization. Making use of the identity 

for orthogonal matrices, the inverse is obtained immediately 

as the transpose of the orthogonal matrix. Complete details 

are given by Rust, et.al. [46]. 

(c) Least Squares Method. The solution of the 
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original system (82) is posed as the norm minimization of 

[Q*] [ni - RHSi I 
The original matrix was transformed to an upper diagonal 

form using a Householder transformation and the resulting 

system solved by back substitution. A detailed description 

of the method is presented by Golub [ 2 2 ] .  

(d) Faddeev's Method for Eigenvalue Problems. This 

method was developed to obtain the coefficients for the 

characteristic equation of a matrix. It providestas an 

intermediate step, the inverse of a matrix. The inverse of 
* 

an nxn matrix Q is given by 

where 

gl = trace H1 , 

= [Q*] [HI - gl g2 = - 1 2 trace H, , 

H, = [Q*] [". - g2 bij I g, = - 1 3 trace H~ 

(86 )  
and finally 
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James, et.al, 1261 provides a detailed description for the 

application of the method. 

(e) Substitution Methods. Large systems of linear 

equations are frequently solved by iterative methods [171. 

The advantage of these methods being that round-off errors 

do not accumulate as they do in matrix inversion. The 

method of simple iteration as well as Gauss Side1 was tried 

but neither method would converge. Thenecessary adsufficient 

condition for convergence is that all the proper numbers of 

the matrix have modulus < 1. Because of the computational 

difficulties involved, this condition was not tested; however, 

the sufficient condition, ( I Q * ~  < 1 , was not satisfied. For 

a five term solution (the level at which the iteration program 

was tested) Y Q * ~  = 3.097968. Theoretically, any non-conver- 

gent system can be brought to a convergent form by a suitable 

transformation, but this was not attempted. 

Of the matrix inversion methods tested,the most 

successful results were obtained with the Grahm-Schmidt 

Orthogonalization method. The computer program as given 

by Rust, et.al. required fast core storage large enough to acc- 

ommodate two matrices the size of the coefficient matrix. 

Most of the computations were done on an IBM 360-50 with 98K 

of fast core, which limited the size of the coefficient matrix. 

A method similar to that given by Rust, et.al, but requiring 

only half the amount of fast core storage has been recently 

developed by Dr. T. Tseng of the Dalhousie University 
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Mathematics  Department.  T h i s  method was used i n  the form of  

s u b r o u t i n e  SSLEQD f o r  a l l  t h e  m a t r i x  i n v e r s i o n s  r e l a t e d  t o  

t h e  r e s u l t s  r e p o r t e d  i n  t h e  f o l l o w i n g  c h a p t e r .  None o f  t h e  

m a t r i x  i n v e r s i o n  methods used  would p r o v i d e  an  a c c u r a t e  

i n v e r s e  f o r  m a t r i c e s  l a r g e r  t h a n  70x70, and a s  a  r e s u l t  

t r i a l  f u n c t i o n s  c o n t a i n i n g  more t h a n  e i g h t  t e rms  cou ld  n o t  

be  s u c c e s s f u l l y  employed. 

C o r r e c t i o n  -- t o  an  Approximate I n v e r s e .  The h i g h e r  

o r d e r  m a t r i x  i n v e r s i o n s  w e r e  c o r r e c t e d  u s i n g  a method g iven  

by Faddeeva [15] . I f  an  approx imate  i n v e r s e  
A. 

i s  o b t a i n e d  
* 

f o r  a  m a t r i x  [Q 1, t h e n  a c o r r e c t e d  i n v e r s e  i s  g iven  by 

and f i n a l l y  An = A n- 1 n- 1 

S u b r o u t i n e  INVCOR i n  

p r o c e s s  ( 8 6 ) .  

T h i s  c o r r e c t i o n  scheme was i n e f f e c t i v e  f o r  t r i a l  

f u n c t i o n s  c o n t a i n i n g  e i g h t  o r  more terms. I n  o r d e r  f o r  t h e  

i n v e r s e  c o r r e c t i o n  t o  work it i s  n e c e s s a r y  t h a t  

For  t h e  e i g h t  t e r m  s o l u t i o n  t h i s  norm was 4.72145. 

Round-off e r r o r s  were beg inn ing  t o  a f f e c t  t h e  

i n v e r s e  i n  t h e  seven  t e r m  s o l u t i o n .  A f t e r  r e p e a t e d  a p p l i c a -  
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tions of (86) residual of the order of l o - '  were remr\ining 

in the identity matrix. For the seven term solution even 
* 

though 111 - Q Aoll < 1 I the method (86)would not reduce 

the residuals lower than . 

Solution of -- the Linearized Equations Without Prior 

Knowledge -- of the Superficial Velocity. The previous dis- 

cussions concerning the solution of Equation (72) have 

assumed a known value for the superficial velocity. The' 

problem remains, to find a method by which the Oseen 

linearization can be applied to Equation (1) without previous 
- 

knowledge of V . 

If V is replaced by v ( ~ )  in Equations (73-75), 

the solution vector and thus the velocity components become 

a function of . With this substitution the iteration 

formula 

can be written. If the initial value for V(I) is assumed 

to be zero, an initial solution is obtained that neglects 

the inertia terms. Substituting the value of w(o) in 
- 

Equation (87) provides a new approximation for V, the 

actual superficial velocity. Assuming Equation (72) is 

valid, one would expect that as v(') -t V, ~ v ( ~ ) - v ( ~ - ~  '1 -t 0. 



An initial v a l u e  of Y -'o' = 0 was s u b s t i t u t e d  i n  

Equations (73-75) and Equa t ion  (871 a p p l i e d  t o  o b t a i n  2 ,  4 ,  

6 ,  7 and 8 term solutions f o r  Nr - 0.1, 1, 7 and 35. The  

r e s u l t s  o f  t h e s e  s o l u t i o n s  a r e  g iven  i n  t h e  f o l l o w i n g  c h a p t e r .  



CHAPTER IV 

RESULTS 

The results are presented in four parts with a 

discussion following each section. The first three sections 

are concerned with the solution of Equation (72) and detail 

the results of 

(1) effect of the number of terms in the trial 

functions on superficial velocity, 

(2) velocity profiles at selected planes, and 

(3) friction factor evaluations. 

The final section illustrates the response of the superficial 

velocity when Equation (87) is applied. 

I. SUPERFICIAL VELOCITY 

The solution vectors representing approximate 

solutions for Equation (72) were used to calculate the 

superficial velocity at Nr = 0.1, 1, 7 and 35. The effect 

on V of increasing the order of the trial functions is 

shown in Figures (7) and (8). The broken lines represent 

the value of superficial velocity observed by Carman [8], 

Ergun [14] and others. The solution vectors for each 

plotted point are listed in Appendix C. 
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Number of Terms in the Trial Functions 

Figure 7. Velocity - Trial Function Relationship for Reynolds 
Numbers of 0.11 and 0.82 



Number of Terms in the Trial Functions 

Figure 8. Velocity - Trial Function Relationship for Reynolds 
Numbers of 7.1 and 35 



Discussion. Although a sufficient number of terns 

could not be attained to show convergence, the higher order 

trial functions provided a more accurate superficial velocity. 

The eight term solution for Nr = 35 shows a tendency to 

stabilize, however, nothing positive can be stated on the 

basis of only one observation. 

The results of the eight term solution should be 

viewed as very crude approximations because of the errors' in 

the inverse of the eight term coefficient matrix. As re- 

ported previously, these errors were large enough to cause 

~IQ*Q*- - &i jll = 4.72145. This error would represent an 

average per element contribution to the identity matrix of 

about 0.07, which is larger in magnitude than some of the 

superficial velocities being calculated. However, this 

error cannot be related to the solution vector because the 

solution vector depends upon the inverse and not the identity 

matrix. 

Discounting the matrix inversion errors, the eight 

term solution would be expected to differ from experimentally 

th observed superficial velocity because only the zero- and 

first order effects are represented. The eight term solution 

would correspond to an analogous one dimensional situation in 

which a function was approxima.ted using only the first - two 

terms of a Fourier Series. Trial functions with fewer than 

th eight terms would not even contain all of the zero- and 

first ,order effects. 



70 

The solutions w e  not uniqne for a given nmber 

of terms in the trial funct2ons. There are many different 

th combinations of zero- and first order contributions for 

trial functions containing fewer than eight terms. It is 

possible that quite different results would be obtained if 

th different zero- and first order terms had been used. For 

a given number of terms, there probably exists an optimum 

choice of indices, however no attempt was made to find this 

optimum. 

11. VELOCITY PROFILES 

Figures (9-18) illustrate the velocity profiles 

for the seven term solution. The z planes selected were 

chosen because they represent sections of the domain where 

certain flow phenomena would be expected. 

The seven term solution was displayed because it 

was the highest order solution for which an accurate solu- 

tion vector was obtained. 

The most distinctive velocity in packed bed flow 

is the component in the direction of the bulk flow. Thus 

most of the profiles are z component velocities. Pressure 

and x component velocities are displayed for only Nr = 7 

at the planes z = - 0.5, 0, and + 0.5. 

Discussion. The cross sections are probably better 

viewed on a qualitative basis since the solution at a partic- 



u l a r  p o i n t  would b e  expected t o  be i n  e r r o r  because t h e  

s o l u t i o n  was ob ta ined  u s i n g  volumetri'c r a t h e r  t han  p o i n t  

w i s e  e r r o r  d i s t r i b u t i o n .  

( a )  z Ve loc i ty  Component. The corresponding 

p r o f i l e s  a r e  ve ry  s i m i l a r  f o r  a l l  Reynolds Numbers. Although 

t h e  shape of t h e  p r o f i l e s  a r e  s i m i l a r ,  t h e  magnitude of t h e  

v e l o c i t i e s  i n c r e a s e  p r o p o r t i o n a t e l y  w i t h  i n c r e a s i n g  N . r 

A t  as11 Reynolds Numbers and each z p lane  t h e r e  i s  a co re  

of  r e l a t i v e l y  s t r o n g  v e l o c i t y  i n  t h e  c e n t e r  of t h e  bed wi th  

lower v e l o c i t i e s  nea re r  t h e  sphe re  s u r f a c e s ,  and ze ro  v e l o c i t y  

on t h e  sphere  s u r f a c e s .  The v e l o c i t y  g r a d i e n t s  tend t o  be 

much l a r g e r  nea r  t h e  sphere  s u r f a c e s .  

The h i g h e s t  co re  v e l o c i t i e s  t end  t o  be  a t  c r o s s  

s e c t i o n s  having t h e  l e a s t  a r e a  pe rpend icu la r  t o  t h e  d i r e c -  

t i o n  o f  flow. 

A t  t h e  p l ane  z = - 0 . 5  a  smal l  a r e a  of  n e g a t i v e  

v e l o c i t y  can be no ted .  This  r e g i o n  of r e v e r s e  flow i s  

n e a r l y  t h e  same a t  a l l  Nr excep t  t h e  e x t e n t  o f  t h e  

nega t ive  v e l o c i t i e s  i s  sma l l e r  a t  Nr = 0 . 1 ,  and t h e  in t en -  

s i t y  of t h e  r e v e r s e  f low i s  p r o p o r t i o n a t e l y  l a r g e r  a t  h ighe r  

Nr . The r e g i o n  of nega t ive  v e l o c i t i e s  ex tends  a t  l e a s t  t o  

t h e  p l a n e  z = 0 , which i s  t h e  c e n t e r  of t h e  bed. However, 

t h e  s t r e n g t h  of t h e  r e v e r s e  f low i s  much lower a t  t h e  p l ane  

z = 0 ,  and d i s a p p e a r s  complete ly  a t  t h e  p l ane  z = + 0.5.  

I f  one uses  t h e  c r o s s  s e c t i o n  a t  z  = - 1 . 0  in 



Figure 9. z Velocity Component for 
Nr 

= 0.11 at the Planes 

z = - 1.0 and z = - 0 . 5  
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Figure 10. z Velocity Component for Nr = 0.11 of the Planes 

z = 0 and z = + 0 . 5  



F i g u r e  11. z V e l o c i t y  Coxnponent f o r  N r  = 0 . 8 2  a t  t h e  P l a n e s  

z = -1 .0  and  z = - 0 . 5  



I I 
I I 
\ / 
\ - - (-) 

/ 
/ - - - - - -  - - _ -  

-_  
\ 

/- 
- - 

\ ----- / /  - 
/ \ 

/ 

Lines of Constant .------- - -. 
/ 

/ 
\ 

( - )  I 
I 

4 1 
I 

F i g u r e  t he  Planes 



L i n e s  of C o n s t a n t  

F i g u r e  13 .  z V e l o c i t y  Component f o r  N = 7 . 1  a t  t h e  P l a n e s  
r 

z = -1 .0  and z = -0.5 



Figure 14. z Velocity Component for N = 7.1 at the Planes r 
z = 0 and z = +0.5  
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Figure 15. z Velocity Component for Nr = 35 at the Planes 

z = -1.0 and z = -0.5 



F i g u r e  1 6 .  z V e l o c i t y  Component f o r  N = 35 a t  t h e  P l a n e s  r 
z = 0 and z = 4-0.5 



L i n e s  o f  

~ i g u r e  17 .  x V e l o c i t y  Component and P r e s s u r e  f o r  N =7 a t  t h e  
r 

P l a n e  z = -0.5 
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Figure 19; x Velocity Component and Pressure for N . r = 7 at 

the Plane z = +0.5 
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F i g u r e  (9 ) a n  approx imate  f l ow  r a t e  o f  0 . 0 0 0 7  crn /sec can  

be  o b t a i n e d  by f i n d i n g  the a v e r a g e  v e l o c i t y  and m u l t i p l y i n g  

it by t h e  c r o s s  s e c t i o n  a r e a  o f  t h e  f l ow  ( 4 - r ) .  Exper i -  

men t a l  s u p e r f i c i a l  v e l o c i t y  p r o v i d e s  a volume f l ow  r a t e  of  

0.005 cm3/sec th rough  t h e  bed.  The d i s c r e p a n c y  between 

t h e s e  two f low rates i n d i c a t e  t h e  p r o f i l e  a t  z = - 1 .0  i s  

n o t  a c c u r a t e .  More i m p o r t a n t ,  t h e  e r r o r  i s  o c c u r r i n g  a t  

one  o f  t h e  bounda r i e s  and means t h a t  t h e  s o l u t i o n  does  n o t  

s a t i s f y  a c o n d i t i o n  t h a t  w e  know p h y s i c a l l y  e x i s t s .  For  a  

s u f f i c i e n t l y  h i g h  o r d e r  s o l u t i o n  a  boundary c o n d i t i o n  shou ld  

b e  approached t h a t  p r o v i d e s  a  f low r a t e  comparable t o  e x p e r i -  

men t a l  v a l u e s .  T h i s  t r e n d  i s  i n d i c a t e d  i n  F i g u r e s  ( 7 ) a n d ( 8 ) .  

(b)  P r e s s u r e  and x  V e l o c i t y  P r o f i l e s .  Many more 

p r o f i l e s  cou ld  have  been d i s p l a y e d  b u t  t h e  ones  p r e s e n t e d  

a r e  s u f f i c i e n t  t o  i l l u s t r a t e  s e v e r a l  f e a t u r e s  o f  t h e  s o l u -  

t i o n .  

The p r e s s u r e  d i s t r i b u t i o n  a t  t h e  p l a n e  z = - 1 .0  

i n d i c a t e s  a  s i t u a t i o n  i n  which t h e  f l ow  i s  d i v e r g i n g .  T h i s  

i s  a  r e a s o n a b l e  c o n d i t i o n  because  t h e  b u l k  f l ow  i s  i n  t h e  

d i r e c t i o n  o f  i n c r e a s i n g  c r o s s  s e c t i o n a l  f l ow  a r e a  and t h e  

v e l o c i t y  i n  t h e  z d i r e c t i o n  must be  d e c r e a s i n g .  

A t  t h e  p l a n e  z = 0  t h e  p r e s s u r e  g r a d i e n t s  a r e  

v e r y  s m a l l  and i n d i c a t e  most of t h e  f l ow  shou ld  b e  i n  t h e  

z d i r e c t i o n .  The x v e l o c i t y  components i n d i c a t e  t h a t  t h e  

f low i s  s t i l l  d i v e r g i n g ,  which i s  compa t ib l e  w i t h  t h e  p r e s s u r e  
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d i s t r i , b u t i . o n  b u t  t h e  v e 1 o c i t i . e ~  a r e  h i g h e r  t h a n  would be  

expec ted .  

The p r e s s u r e  g r a d i e n t  ha s  r e v e r s e d  a t  t h e  p l ane  

z = + 0 .5  and i l l u s t r a t e s  t h e  f low i s  converg ing  a s  t h e  

c r o s s  s e c t i o n a l  f low a r e a  d e c r e a s e s .  

I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  i n  t h e  c o r e  of 

h igh  z v e l o c i t i e s  t h e  p r e s s u r e  g r a d i e n t  i s  always p o s i t i v e  

p r o g r e s s i n g  from p l a n e s  z = -0 .5  t o  z = +0.5. I n  t h e  

a r e a s  where z v e l o c i t y  was shown t o  be  n e g a t i v e ,  t h e  same 

comparison w i l l  i l l u s t r a t e  a  n e g a t i v e  p r e s s u r e  g r a d i e n t .  

For f low p a s t  a  sphe re  i n  an  unbounded s t r e a m ,  t h e  

p r e s s u r e  becomes n e g a t i v e  a t  t h e  s e p a r a t i o n  p o i n t .  Th i s  

c o n d i t i o n  i s  n o t  o b s e r v a b l e  i n  F i g u r e s  (17-19) because  none 

o f  t h e  p l o t t e d  p o i n t s  f a l l  d i r e c t l y  on t h e  sphe re  s u r f a c e s .  

I t  i s  d o u b t f u l  t h a t  any p r e s s u r e  s i m u l a r i t i e s  ex i s t  between 

t h e  two problems because t h e  p r e s s u r e  d r o p  and recovery  f o r  

t h e  unbounded problem i s  c l o s e l y  r e l a t e d  t o  t h e  wake i n f l o w  

downstream from t h e  s p h e r e .  I n  t h e  packed bed problem t h i s  

i n f l o w  would n o t  e x i s t  because  of t h e  absence  of  a  wake 

a r e a .  

111. FRICTION FACTOR CALCULATIONS 

The f r i c t i o n  f a c t o r  - Reynolds number r e l a t i o n s h i p  

o b t a i n e d  from Equat ion (24) i s  shown i n  F i g u r e  ( 2 0 ) .  The 

c o n t r i b u t i o n  from k i n e t i c  energy l o s s  o n l y  i s  i l l u s t r a t e d  



2  10-I  1 1 0  l o 2  

Nr/ (I-€) 

F i g u r e  20 .  F r i c t i o n  F a c t o r  C a l c u l a t e d  by E q u a t i o n  ( 2 4 )  



F i g u r e  21 .  R e l a t i o n  Between R e y n o l d s  Number and  t h e  K i n e t i c  

Ene rgy  C o n t r i b u t i o n  t o  F r i c t i o n  F a c t o r  
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i n  ? i p r e  C 2 l )  . The ' r i s  modified i n  b o t h  fL9ures t o  

col?loxri wzth Er2un ' s  p r e s e n t a t i o n .  

Discussion. With t h e  except ion  of t h e  e i g h t  term 

s o l u t i o n ,  each o r d e r  of t r i a l  f unc t ion  used produced a  

f r i c t i o n  f a c t o r  curve t h a t  had a lmost  i d e n t i c a l  s l o p e  a s  

t h e  exper i ixenta i  curve f o r  va lues  of N r ( - )  C 10. These 

curves  a r e  d i s p l a c e d  vary ing  amounts depending upon t h e  

ozder  of t h e  t r i a l  func t ions  used.  The seven term s o l u t i o n  

i s  t h e  most a c c u r a t e ,  g i v i n g  r e s u l t s  a lmost  i d e n t i c a l  t o  

t h e  exper imental  obse rva t ions  of  Carman [8 ]  , Corne l l  [11] , 

and Ergun i141  . 

The f a c t  t h a t  t h e  e i g h t  term s o l u t i o n  i s  incons i s -  

t e n t  i s  n o t  s u r p r i s i n g  i n  view of  t h e  e r r o r s  d i scus sed  

p rev ious ly .  E r r o r s  i n  t h e  t r i a l  f u n c t i o n  c o e f f i c i e n t s  a r e  

g r e a t l y  ampl i f i ed  i n  f r i c t i o n  f a c t o r  c a l c u l a t i o n s  because 

t h e  c o e f f i c i e n t s  e n t e r  t h e s e  c a l c u l a t i o n s  i n  powers of two 

and t h r e e .  This  means t h e  e r r o r s  in t roduced  a r e  a t  l e a s t  

two o r  t h r e e  t imes  l a r g e r  t han  t h e  e r r o r  i n  c a l c u l a t i o n s  

such a s  s u p e r f i c i a l  v e l o c i t y  which use  on ly  t h e  f i r s t  

power of t h e  c o e f f i c i e n t s .  

The f r i c t i o n  f a c t o r  curves  tend  t o  become nonl inear  

fox NT > 1. However, t h e  n o n l i n e a r i t y  a t  Nr > 10 r e s u l t s  
A. 

i x  f r i c t i o n  f a c t o r s  cons iderab ly  g r e a t e r  than  those  observed 

sxner i rnental ly .  This  i s  probably t h e  r e s u l t  of t h e  l i n e a r -  

i z a t i o n  (71) becoming i n v a l i d  a t  h igh Nr . For t h e  sphere  

i n  an unbounded s t ream,  Oseen f low a l s o  produced f r i c t i o n  
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f a c t o r s  a t  Nr > 1 t h q t  Were t o o  1q rge  CTomatika I533 and 

C a r r i e r  1101 ) . The friction f a c t o r  I101 a t  N = 20 was i n  r 

error by a  f a c t o r  of  two which i s  c l o s e  t o  t h e  d i s c r e p a n c y  

a t  Nr = 2 0  shown i n  F i g u r e  (20) . 

Although t h e  k i n e t i c  energy  c o n t r i b u t i o n  t o  t h e  

f r i c t i o n  f a c t o r  h a s  n o t  s t a b i l i z e d  t h e r e  a r e  two impor t an t  

s i m i l a r i t i e s  i n  t h e  r e s u l t s  f o r  e ach  o r d e r  of  t r i a l  func- 

t i o n  shown i n  F i g u r e  ( 2 1 ) .  

For  Nr < 10 t h e  f r i c t i o n  f a c t o r  i s  n o t  c o n s t a n t  

b u t  i n c r e a s e s  about  40% o v e r  a  t w o  c y c l e  i n t e r v a l  of Reynolds 

Number. 

The second impor t an t  f e a t u r e  is  t h e  s m a l l  magni- 

t u d e  o f  t h e  k i n e t i c  energy  c o n t r i b u t i o n .  For  a l l  Nr 

shown t h e  k i n e t i c  energy  l o s s  i s  n e g l i g i b l e  compared w i t h  

t h e  l o s s  due t o  t h e  v i s c o u s  t e rm  (Ev)  i n  Equat ion ( 2 4 ) ,  

and much s m a l l e r  t h a n  t h e  " k i n e t i c  energy"  p o r t i o n  o f  

Equa t ion  ( 9 ) .  T h i s  i n d i c a t e s  t h e  t e rms  i n  which t h e  v i s -  

c o s i t y  appear  a r e  c a u s i n g  a  s i g n i f i c a n t  p o r t i o n  o f  t h e  

n o n l i n e a r  e f f e c t  shown i n  F i g u r e  ( 2 0 ) .  

I V .  ITERATIVE SOLUTION USING EQUATION (87)  

F i g u r e s  (22-26) show t h e  r e s u l t s  o f  s o l v i n g  

Bquat ion (72) u s i n g  t h e  i t e r a t i v e  method of  Equa t ion  ( 8 7 ) .  

Two, f o u r ,  s i x ,  seven and e i g h t  t e r m  s o l u t i o n s  a r e  d i s p l a y e d  

f o r  Reynolds Numbers of 0 .11,  0 .82,  7 . 1  and 35. 
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Figure 24. Application of Equation (87) For a Six Term Trial 

Function 



Nurnber of Iterations' 

F i g u r e  2 5 .  A p p l i c a t i o n  of Equation (87 )  F o r  a Seven Terrn T r i a l  

F u n c t i o n  
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Figure 26. Application of Equation (87) For an Eight Term 

Trial Function 



D i s c u s s i o n .  With the. e x c e p t i o n  o f  t h e  e i g h t  t e r m  

s o l u t i o n  the i t e r a t i v e  method converged very q u i c k l y  a t  a l l  

Nr and f o r  e a c h  o r d e r  o f  t r i a l  f u n c t i o n .  

The s o l u t i o n s  look v e r y  s i m i l a r  excep t  t h e  h i g h e r  

Nr s o l u t i o n s  show a  g r e a t e r  e f f e c t  of v ( av i / az )  . Thi s  

would be  expec ted  on t h e  b a s i s  of  F i g u r e  ( 4 ) .  

Although t h e  e i g h t  t e r m  s o l u t i o n  d i d  n o t  converge ,  

t h e  p a t t e r n  i n d i c a t e s  t h e  s o l u t i o n  was o s c i l l a t i n g  n e a r  t h e  

v a l u e  o f  s u p e r f i c i a l  v e l o c i t y  o b t a i n e d  i n  F i g u r e s  ( 7 )  and 

( 8 ) .  Based on t h e  e i g h t  t e r m  so lu t i , on  a t  lower Nr , i t  

d i d  n o t  appear  p r a c t i c a l  t o  a t t e m p t  a  s o l u t i o n  a t  Nr = 35. 

Computer r equ i r emen t s  became q u i t e  h i g h  a t  t h e  e i g h t  t e r m  

l e v e l .  The c u r v e s  i n  F i g u r e  (26)  r e q u i r e d  s l i g h t l y  o v e r  

e i g h t  hours  o f  IBM 360-50 CPU t i m e .  

The converged s o l u t i o n s  f o r  Nr < 7 .1  i n  F i g u r e s  

(22-25) a r e  ve ry  c l o s e  t o  t h e  v a l u e s  shown i n  F i g u r e s  (7 )  

and ( 8 ) .  T h i s  a t  f i r s t  seemed unusua l  because  d i f f e r e n t  

v a l u e s  of  V w e r e  used i n  Equa t ion  ( 7 2 ) .  However, t h e  

e r r o r  i n t roduced  a t  low Nr by n e g l e c t i n g  comple te ly  t h e  

l e f t  s i d e  o f  Equa t ion  (72) i s  q u i t e  s m a l l ,  be ing  abou t  28 

a t  Nr = 1 and o n l y  8 %  a t  Nr = 10.  Thus s m a l l  changes i n  

t h e  v a l u e  o f  7 used  i n  Equa t ion  (72) would have an even 

s m a l l e r  e f f e c t  on t h e  new v a l u e s  of 7 c a l c u l a t e d  u s i n g  

Equa t ion  ( 8 7 ) .  Th i s  f a c t  p robab ly  was r e s p o n s i b l e  f o r  

t h e  method ' s  r a p i d  convergence.  



The results of the study indicate the Galerkin 

Method can be successfully employed to obtain approximate 

solutions to the linearized Navier-Stokes equations 

describing the steady flow of an incompressible fluid 

through a rectangularly packed bed of spheres. 

Although the solution could not be carried 

sufficiently far to show convergence there is sufficient 

evidence to indicate the following. 

(1) The linearized Navier-Stokes equations 

provide a valid representation at Nr < 10 for flow in 

the neighborhood of a single sphere. From the standpoint 

of superficial velocity, the linearized equations provide 

a reasonable description of the flow at Nr = 35. However, 

the inconsistency in the friction factor based on the 

linearization indicates the Oseen form is invalid for 

Nr > 10. 

(2) Friction factor is a more reliable criteria 

of judgement than superficial velocity. 

(3) Packed bed friction factors can be satis- 

factorily calculated using the energy integral (24). The 

actual viscous losses and kinetic energy losses are not 

represented by relationships such as Equation (9). 
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( 4 )  The n o n l i n e a r i t y  observed a t  Nr < 1 0  i n  the 

f r i c t i o n  f a c t o r  cu rve  Is t h e  r e s u l t  of ene rgy  l o s s  from 

terms c o n t a i n i n g  t h e  v i s c o s i t y  c o e f f i c i e n t .  

(5) Flow i n  a r e c t a n g u l a r l y  packed bed of  sphe res  

can be c h a r a c t e r i z e d  a s  having a  c o r e  of r e l a t i v e l y  cons t an t  

v e l o c i t y  i n  t h e  open a r e a  through t h e  s p h e r e s ,  w i th  weaker 

secondary f lows between t h e  a d j a c e n t  sphe res .  

( 6 )  The i t e r a t i v e  Equation ( 8 7 )  i s  a  s a t i s f a c t o r y  

t o o l  t o  u se  i n  t h e  s o l u t i o n  of t h e  l i n e a r i z e d  Navier-Stokes 

equa t ions .  

( 7 )  The f a c t  t h a t  t h e  magnitude of t h e  v e l o c i t i e s  

a r e  i n  e r r o r  r a t h e r  than  t h e  shape of t h e  v e l o c i t y  p r o f i l e s  

i n d i c a t e s  a  r e l a t i v e l y  minor change i n  t h e  approach t o  t h e  

problem should provide  a  more a c c u r a t e  s o l u t i o n .  

V I .  RECOMMENDATIONS FOR FURTHER WORK 

This  s t u d y  i l l u s t r a t e s  s e v e r a l  a r e a s  worthy of 

a d d i t i o n a l  i n v e s t i g a t i o n .  

(1) By changing t h e  sphere  coord ina t e s  i n  t h e  

m u l t i p l y i n g  f u n c t i o n  X , and a d j u s t i n g  t h e  l i m i t s  of  

i n t e g r a t i o n ,  t h e  methods desc r ibed  i n  t h i s  paper could  be 

a p p l i e d  t o  o t h e r  packed bed geometr ies .  

( 2 )  S ince  t h e  c o n d i t i o n  a t  t h e  boundary z  = -1 

was n o t  c o n s i s t e n t  w i th  t h e  volune f low r a t e s  known t o  

e x i s t  from exper imenta l  o b s e r v a t i o n s ,  it would be worthwhile 
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to rewrite the trial function f o r  z ve1oci.t~ and force it 

to satisfy a volume flow condition. The volume flow rate 

through a four-cusped disk would be a reasonable starting 

point. Adding this extra condition should provide a more 

accurate answer with fewer trial function terms. 

(3) The coefficient matrix for the nonlinear 

problem needs to be submitted to rigorous numerical 

investigation in order to develop an algorithm for solving 

the algebraic equations. 

(4) Because it is difficult to obtain high order 

solutions to even the linearized problem, the optimum 

selection of trial functions should be investigated. 

(5) Methods suggested by Carrier [lo] to improve 

upon the Oseen Linearization for unbounded stream problems 

could be applied to packed bed problems. Carrier obtained 

very good friction factor values for Reynolds Numbers as 

high as 25. 

(6) To date there has been no experimental work 

reported concerning flow configurations or energy losses on 

a microscopic scale in a packed bed. Before analytically 

calculated velocity profiles can be verified, more experi- 

mental observations are necessary. 
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APPENDICES 



APPENDIX A 

SAMPLE CALCULATIONS 

I. GALERKIN'S METHOD APPLIED TO CYLINDRICAL PIPE FLOW 

Consider the steady incompressible flow of a 

viscous fluid in a cylindrical pipe of radius r centered 
0 

on the axis z = 0 of an r, 0 ,  z cylindrical coordinate 

system. For this problem the Navier-Stokes equations 

reduce to 

.. 

and the continuity equation 

The direction of flow will be taken as the positive w 

direction. Boundary conditions will be 

Expressions will be written for velocity and 

pressure containing unknown coefficients. The coefficients 
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are de te rmined  u s i n g  G a l e x k i n ' s  method f o x  e r r o r  d i s t r i b u -  

t i o n .  S e v e r a l  c h a r a c t e r i s t i c s  o f  t h e  p r e s s u r e  and v e l o c i t y  

a r e  known and u s e  can  be  made of  t h e s e  p r o p e r t i e s  i n  t h e  

s e l e c t i o n  o f  t r i a l  f u n c t i o n s .  

S i n c e  t h e  8 and r v e l o c i t y  components a r e  

everywhere z e r o ,  t h e  p r e s s u r e  c an  o n l y  depend upon z and 

p r e v i o u s  e x p e r i e n c e  i n d i c a t e s  t h i s  dependence i s  l i n e a r .  

Thus. w e  cou ld  w r i t e  

where P, and P 2  a r e  t h e  p r e s s u r e s  a t  t h e  p l a n e s  

z = z1 and z = z2 r e s p e c t i v e l y .  

A t r i a l  f u n c t i o n  f o r  v e l o c i t y  s a t i s f y i n g  t h e  

c o n d i t i o n s  (A-3) i s  

S u b s t i t u t i n g  Equa t ion  (A-4 )  and t h e  f i r s t  two terms of 

Equa t ion  (A-5) i n t o  (A-1 )  y i e l d s  

(A- 6 



107 

where cW 
is the amount by which the trial function fails 

to satisfy the original differential equation. Galerkin's 

method requires the error cv , to be orthogonal to n 

functions. The orthogonality functions choosen were from 

the trial function set and consisted of 

2 2 2 2 
Q 1  = (rO - r and Q2 = (rO - r )  (A-7 

although other members of the set would have been equally 

appropriate. The orthogonality conditions then become 

and 

Integration of (A-8) and (A-9) yields a system of two linear 

algebraic equations from which the two unknown coefficients 

a, and a, can be determined. Solving the set of 

equations yields 



S u b s t i t u t i n g  (A-10) and (A-11)  i n t o  (A-5) g i v e s  f o r  t h e  

v e l o c i t y ,  

which i s  t h e  same r e s u l t  o b t a i n e d  by d i r e c t  i n t e g r a t i o n  of  

E q u a t i o n  (A-1)  w i t h  boundary c o n d i t i o n s  (A-3).  

A j u d i c i o u s  s e l e c t i o n  o f  t h e  v e l o c i t y  t r i a l  f u n c t i o n  

e n a b l e d  t h e  s o l u t i o n  t o  be d e t e r m i n e d  e x a c t l y .  Other  t r i a l  

f u n c t i o n s  cou ld  have  been choosen b u t  t h e  r e s u l t  would n o t  

have  been a s  a c c u r a t e .  The f a c t  t h a t  t h e  t r i a l  f u n c t i o n  a l s o  

s a t i s f i e d  t h e  c o n t i n u i t y  e q u a t i o n  a i d e d  i n  o b t a i n i n g  t h e  

p r o p e r  s o l u t i o n .  

1 1  CALCULATION OF FRICTION FACTOR USING THE ENERGY INTEGRAL 

For  l a m i n a r  f low i n  a c y l i n d r i c a l  p i p e ,  t h e  i n t e g r a l  

i n  Equa t ion  (24)  r e d u c e s  t o  



in cylindrical coordinates. 

* 
The representative velocity V In Equation (A-13) 

is the average velocity or 

which in terms of the results of the previous example problem 

becomes 

z 2  
2~ r 

Employing a g a i n  t h e  velocity function (A-12) and utilizing 



which reduces to 

Substituting (A-16) into (A-18) to eliminate the pressure 

drop results in 

If the representative area, A in (A-19 ) is 

assumed to be the inside surface of the conduit, then (A-17) 

becomes 

which is the well-known result for laminar pipe flow. 

Exactly the same approach was used to evaluate the friction 

factor of the packed bed. 

111. GAUSSIAN QUADRATURE 

The Gaussian formulas are generally regarded as 

having the highest degree of precision for a given number of 

integration points. This formula gives the integral for the 

region -1 < x < 1 as 



where xk (") are the roots of the Legendre Polynomial of 

degree n. The Ak are evaluated from Legendre 

Polynomials and are listed in standard tables [ 3 5 ] .  

For the general case when a , < x <  b, the roots and 

the coefficients can be obtained by the transformations 

and 

where the prime indicates a transformed quantity. 

The integration of a function in two independent 

variables over the rectangular domain a < x < b, c < y 4 d 

can be obtained by repeated application of Equations (A-21 

and A-22). 



The y 
j 
Cm' snd  B 

j 
a r e  the r o o t s  qnd coegf ic- 

l e n t s  o f  t h e  m~ d e g r e e  Legendre Polynomial  r e p r e s e n t i n g  t h e  

y v a r i a b l e .  Tn Equa t i on  [A-23) i f  m=n 

and 

A l l  o f  t h e  i n t e g r a t i o n s  i n  t h i s  paper  a r e  based on Equa t i ons  

( A - 2 4 ) .  

The i n t e g r a t i o n s  c a r r i e d  o u t  u s i n g  e q u a t i o n s  such  

as(A-23) a r e  v a l i d  o n l y  f o r  r e c t a n g u l a r  domains. When t h e  

i n t e g r a t i o n  domain h a s  i r r e g u l a r  bounda r i e s  t h e  p r o c e s s  

must  b e  modi f i ed .  The m o d i f i c a t i o n  c o n s i s t s  o f  d i v i d i n g  t h e  

domain i n t o  a  f i n i t e  number o f  s m a l l  r e c t a n g u l a r  r e g i o n s .  

Cons ider  t h e  i n t e g r a l  

where 5 and 5 a r e  n o t  c o n s t a n t  b u t  f u n c t i o n s  o f  x . 
For  t h i s  c a s e  t h e  t r a n s f o r m a t i o n s  (A-22) can  b e  ex tended  t o  



x ' CnI - (a-bl xi: (nl (a-bl i - ' 2 ' -  + -  2 I 

' (nl - - (a-bl (n 
Ai 2 Ai I 

' (n) ) 5 (x: ' (n)) - 5 (x, 

and 

The transformation (A-26) divides the y variable 

into n sectors, and thus provides a domain containing n 

rectangles. The integral value will be the n sums of the 

integrations over each small sector, or 

f (x , y) dydx = (a-b) CCAi (n) B I  (n) (n) (n) I 
2 j f(xi , y j  

This method can easily be extended to higher dimensions. 

The following integrals were evaluated at various 

orders of quadrature to test the method just outlined, and to 



g a i n  some i n s i g h t  i n t o  the errors involyed  with g i v e n  

numljer of q u a d r a t u r e  p o i n t s .  

z i'i c o s  (--I dzdydx 

7~/6 1 

/ /  2 
IT X 7r r c o s  (2x)  cos ( 2 y ) +  - s i n  (2x1 s i n ( p )  ~r dydx 

d z  4 
O 5 



(A- 3 2 ) 

where < i s  d e f i n e d  by (A-31) 

The r e s u l t s  of  t h e  i n t e g r a t i o n  t e s t  are g i v e n  i n  

F i g u r e s  A -  - ( 5  . The e x a c t  v a l u e  of t h e  i n t e g r a l s  

o b t a i n e d  by d i r e c t  i n t e g r a t i o n  a r e  shown by dashed l i n e s .  

A s  a  f i n a l  check on t h e  q u a d r a t u r e ,  a t w o  t e rm 

s o l u t i o n  t o  t h e  l i n e a r i z e d  Navier-Stokes  e q u a t i o n s  was 

o b t a i n e d  u s i n g  1 0  p o i n t  q u a d r a t u r e ,  and i s  compared i n  F i g u r e  

[A-6) w i t h  t h e  r e s u l t  o b t a i n e d  u s i n g  s i x  p o i n t  q u a d r a t u r e .  
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Figure A - 1 .  Integration of Equation ( A - 2 8 )  
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Figure A - 2 .  Integration of Euqation ( A - 2 9 )  
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F i g u r e  A-3. I n t e g r a t i o n  of Equa t ion  (A-30) 
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Figure A - 5 .  Integration of Equation ( A - 3 2 )  
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APPENDIX B 

COMPUTER PROGRAMS 

This appendix contains two main programs and their 

respective subroutines. The programs are self-explanatory 

and need not be further elaborated except to point out the 

general usage of the Main Programs. 

STEP 2 MAIN PRGM. This is the controlling program ---- 

for all integrations and for the application of all the 

methods used to obtain approximate solutions to Equations 

(1) and (72). The version listed is for the iterative 

solution of the linearized Navier-Stokes equations using 

the method of Equation (87). If the complete Navier-Stokes 

equations are considered, this program must be used to 

evaluate the integrals in Equation (57). 

STEP 1 MAIN PRGM. After the integrals in Equation ---- 
(57) have been evaluated and stored on disk 8, this program 

applies Broyden's method to obtain the solution to the set 

of nonlinear algebraic Equations ( 5 9 - 6 2 ) .  
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10 W O ? Y ( I ) = W T / W 0 4 K 2 ( I )  

DO 2  I = l , N S  
DO 2  J = l , N S  
I F ( 1 - J ) 3 , 4 , 3  

a D A R ? ( I , J ) = O  
GO T O  2 

3 PA93(1,J)=WORK(I)/WOqK2(J) 
2 C O N T  IVLJE 

D O  5 I = l , N S  
E R = P A R I ( I ) * W O R K ( I )  
P l X = F l X + C R * P X ( I )  
D l Y = D l Y + F R * D Y ( I )  
P l Z = P l Z + F R * D Z ( I )  
P2X=P2X+ER*(l~O-(N+1)*PX(I)*PX(I)*2eO/ip'ORKl(I)) 
P7Y=P2Y+FR*(3~0-(N+~)*PY(I)*PY(I)*2*O/'AORKl(I)) 
P2t=P2Z+ER*(1~0-(N+1~*PZ(I)*PZ(I)*2*O/WORKl(I)) 
DO 5 . J = l , Y S  
E ? = D 4 ~ 3 ( I ~ J ) * P A K l ( I ) + P A R l ( d )  
p 2 X = P ? X + E ? * p X ( I ) * P X ( J I  
P 2 Y = P 2 Y + F R * P Y ( I ) * P Y ( J )  

5 P 2 Z = ? 2 Z + E Y * P Z ( I ) * P Z ( J )  
C  
C L A P L A C I A N  OF L A Y R D A  I S  E V A L U A T E D *  
C  

D F L W T = P 2 X + P 2 Y ' + P 2 Z  
R C T O R N  
END 

C***+*+***Y************************************U******U************************* 

c~+***3******%**********%*******aQ************************************u********* 
S U R 9 0 U T  I N E  T n  I FUV 

C  
C  T H I S  S U F l R O U T I N E  E V A L U A T E S  T H E  T R I G O Y O M E T R I C  T E R M S  I N  T H E  T R I A L  
C  F U N C T I O N S *  
C  

D O U R L E  P R E C I S I O P J  P 1 ~ ? 2 , P 3 ~ S I N P A ~ S I N P B ~ S I N P C ~ C O S P A ~ C O S P R ~ C O S P C  
DOUSLE P 9 E C I S I O Y  S ~ P V F L ( ~ ~ ) ~ E P , A N S ~ E R R O R ~ \ ~ I S C O S , T K I G ~ T R I G ~ ~ T R ~ G ~ ~  

t-' 
h, 
u! 



.-( C - t C C m 

- W  - N  Q t  - v )  
N Q O Q .  a +  - ~ 3  
> > a  - - u w z u  
a - c x  a LL z+ r -- UN a c a w 3  
> o v a  - x  - L L Z  
> A  - - 3 + I *  - 
a --- a: h~ a u - > z  
* + m . - ( x  - L L I - Z Z )  
X L 9  - a  - > -kt- 7 
> z a - c c  ~ I - J V  - 
n - a t -  -3Il1LLz 
C -  - d -  3 - 0 . -  
N O - n o  a d - x - 1  
3 0 3 0 - a 3  - 3 L Z Z  
a -  m - U + O  
- 0  U C C U Z  
t c r n a o  - C U L L -  
3 0 4 - C Y  ::Laa- 
a z  - + a  u -  - m m  
r c - 3 -  * W w - +  
X - 0  * u  d ~ W ~ U  
2 o ~ d - 1  un~3.a - 
a a - 3 -  r - m c h J  
- - 3 * C  W U t Q 3  
3 w ~ c a  a - N - O -  - 
-1 - - -  >Chi -I- 
> a  -LO - - - a  > +  - * O  - a  I-<>: - 3 -  
=LLCUw- 0 - C U m a -  
C L L J - ~ Z  3 ~ a a  -I- 
hJo>ca  - -  - u x 3  
7 U Q " -  Y > - N C f 3 -  
I-a - u o  r r - .++a  * 
u - -  -I o x a  - - W  
LLI- o a ? t -  - - N N C  
-3P.l-u Z W > L 3 > O  
u - z ?  w w d u a u  
7 LIJ 3 1 - D W - Z  
a t -  rr3- - I - > - -  
u -  - - 7  - 3 x - > -  
L L - - t -  C W 4 d Q l n  

z - - - L  a - u ~ r z  I- u u 
I - o m r x  - - 0 - a + a  - ~ U V U U C L U  uuuauuu  
VQ: U L I ! ~  cu - - - m u  ~ a a n a w a  a n c  c n n n  
LL- - - I -  r Y - 0 w h : S L  - V : v ) * Z C Z  v ]V )zozzz  
C N - 2 - U  dl2 1-3 - l nooc -U-  C C u U - U -  

C C W O ~ L L  c - I - C K ~ J  * U G L ~ * U I  u ~ w * w t n w  
- Q ~ ~ - ~ - L L C Y C - -  - C X > N - - - - - - - a * + *  * C C *  * + + L C *  * *  
s a  - - > - - I L L C  - > v *  $ + c ' ~ m d ( \ : m  - c e s a a c c  C C L C ~ . L C U I ~  
a -NNI- JU - - w z ~ - - - a a a a n a m ~ a ~ c z a  a . u c . z c  c -o  
- N V U U Z > ~ : C - - C ~  - n  a o - - - - - - -  - W V : Z V : - z  w w w - z u : z  
a 3  - a ~ o a  w z u  -3r.r ~ ~ - z z z m v l ~ ~ o o - - c c n ~  o c o r r - c -  
- 3 -  - -Z= -+ -~o>Cc - - - - - -C : cC :  -uvV:L,*(/j V V V * U ; C i V :  
r - 0 - x  . : ~ ) D - c . x Y Y ~ ~ ~ Y , ~ J v o ~ ~ * * *  * a *  * * * a * * +  
Q ~ W ~ I - J  o ~ > a - ~ ~ ~ c c o c , ~ c - e a a a a ~ . c e ~ e a e ~ ~ \ c  
- ~ - - U Q ~ - L L -  - - - - - i t  11 11 II 11 11 a a . a  a c a  c o o - v a o a  
m a  .+IJ b . u c u  ~ r r ~ ~ ~ ~ ~ ~ d d u a a u C C w ~ z C ~ C ~ u : ~ G Y ; ~ Z C  
c': R U L L  - C - . L ~ C :  - Y L L C , Q D  n n n  ~ I - - ~ - - L c , ~ - c - L c c - ~ -  



* * * * * le * * * * * * * 4 * * * * .-I - * *  t - C C 0 * *  N - E  - N  a a t  - w  
4 : *  c 3 ~ a 0 a  > - a t - - - ~ 3  * *  - > > o -  a m  - u l r r z C 3  * *  @ a - - x  - >  a ~ z ~ - s  * *  I - - - U N  QLZ a C Q U ?  * *  - > o v a  x -  - x - I L L  * *  d > d C -  a m  3 I - I  - - * *  ( 3 a - m ~  - -J  Q  U  -'>T * *  --1--rcc(1[13a - L L C Z ~  * * E X W  - a  - x  - > - 31 -z  * *  I - > ~ - z . - E c L Q :  < I - J U -  * *  - a  - a >  - - u  - ~ L L J  L L Z  * *  ( 3 - - - . - I - -  > 3 - 0  re-. * *  - N O - Q O o t  4 d - x ~  * *  c r = . m o - w -  - - .3LL Z Z  * *  & ~ - N X - - N Q  (CI - U F O  * *  - * l L - d O > W  uC30uz * *  w > c r a a o - >  - - ~ I L -  * *  O I > O ~ - L Y - >  N L L ~  -c - (  * *  u a 3 - 1 - a m -  u - -a,e * *  U - J -  - - -  - - a  -WN-t * *  * + X - 0 - U > V d  d C N I C - (  * *  > j .ccudc>>u u c a a -  * *  - a m - - 3  - - x >  - - -  -IJ * *  c r - - 9 - f f i - - N  E U > Q 3  * * - ~ 3 r m 4 ~ 3 ~ m - =  - a -cuc-.a - 
* * Z L Y - I  - -  - - W d  > c c r - t -  
* * - ~ > f Y - L L u X > W  - - - c > I -  * *  J W -  - C  - c > x >  + a x  - > c - .  
* * 0  - 3 L L r Y W  - -  - N  43 - (V f "a  - 
* r p z m  m ~ c - - z - f i ~ -  3 ~ a a  - 6  
8 * L L Z N O > C = = f ~ C Q  - - - - X 3  * *  - Q Z U Q -  - - 4 %  - V > N I X ? -  
* * t -  -t-a - U O Z W ~  M - 4 1 - a  - 
**rat - - * . I ~ I -  o x a  * * . w  
* * ( S W L L I - O X &  -CJ;C 3 - * C N C .  * * -  - - 3 n r - O r -  - V  - r x > c 3 > O  * * W - >  J - C O c o . + >  m w . + - C V  
* * ~ ~ Z L L . = -  - - u h :  I - a ~ - z  * *  - 4 t - O Q N t - 9 4  - I Y Z  - I ->- * * Z - V  - - - Z 3 L L I i r  - 3 x  - >  - * * > A L L - - > -  -1I .u n v , d . + a m  
* * I L L - 0 0 - 7 - ( / ; >  0 - a o - z -  * t - > x c m x 3 r n  - N  E N - M X  - 

u v I ( L * E ~ Z  - - - h . - -  - n - u m > ; ~  
uuuauu  uuau  u u  rcr * I -3 t -OPW - > p a  - a a  I-a - 
a a a c n a  a a t n a  a n  * ~ : - L I ) u ~ : u u - J > o ~ ~ ,  N - - - Y  
m m z c z z  w t n o z  t n z  * * z  L L - - - I -  N >  C C - C / O N Y  
G O - u - -  c o u -  G -  * *  - 7  -mn:-UZ-> e a r - 3 -  
v u w * m f l  ~ u * m  u w  * * ~ C C C . W O ~ L L ~ ~ -  - a - I - P ~ J  
* * * c * *  * * c C *  * t  $ ( ~ - ~ a r n c n  - H Z E ~  -CLL t -  - G  
c c m ( ~ a c r ~ o c  s s o . r r  rrcc * * W ~ I - Q  - - > l c - < ~ - J b - C  - 5 ~  
a a a 7 c . a  c n z a  n.a * * + - a  - N N N + - ~ - . ~ )  J W  - -m,7 
m m t n - z m  m c - c  f i t n  * *  u - - J ~ - ~ ~ x x z ~ w I - c ~  * 
o o o w - c  c c c c  o c  * *  w w a 3  - C L W  - - C , ~ W ~ C J - Z  
u u u * w v  U U I U  V U  * *  Z f Y - a -  - -[L'-c7:1 - - C X C  
* * * a * *  * * Q *  * * o %  * * - a x  - o + - x n  NCLI tno;;r.-.zc~ 
a a a n ~ c r ~ ~ ~ a e ~ d u + ,  t -  a . > r ' a +  J c . ~ ~ > a + -  
a a a m a a  a a c n .  o a r z z  * * z u : - x -  - u w c l t c z - ~ ~  - m  - 
~ m ~ e m ~ , c ~ ~ c ~ c r r : c r :  11-c * * C ) J ~ ~ . + L L ~ . J -  - < J C S U - W ~ ( L \  
- C C - ' c ' C  C t - M C C C f i C C Q I - E  * *CI IC 'C  * C , L L  - r j U C U - i - L h C - -  
m u t n e  uu m u a u  ~ ' u - z t - a * * a . 3 - x  - - K ~ < L L : C I  - t - ( ~ >  - 
I t  11 I lU I t  I t  C I I  I t  W I I  0 II I1 I O L L . ~ *  JY ZOCY3--U.;NO--)>CCOOC.G&' 
Q L C C  ~ u w a c r  ~ 3 c c ~ a v c r ~ : *  * v : c t - u o i i l c c x x ~ u c r ~ ~  ~ 3 -  * J& r ( t W c Q 3 1 n  d t u  NO> 
.5 a d \C * 8 * * * * * * 

u u 



a w  LL 
w 1 n  
ut- W Z  
W N O  

( I W  -@! 
w u w t c  
3 V 1 t - c S  
L L u t - - <  

LL v 
ALL. E O  W  
a L L O J I  
w c  W t -  

0 
OOC 7+2 
J z 
W .-. 
m -J 
a z 
J O  
z 

0 
t-w 
I 

mt- 
CT 
W  LL 

-. 
z t -n  
4 3 W  
CTOI- 

7 tr 
JWC3 
O Y W  
E a t -  
t- + Z 
z - 
OCLI 
v m C 3  

Z 
E > -  
4 a LL' 
OC E- ffi 
u 
O O I -  
[ r o c  

w - l m  
I W -  
I-- OC 

< * 
W J Z  
m 0 
J O u  
at-I- 

m 
z c m  
W Z Z  
J LL! 



ZL=-ZLJ 
E E = ( Z U - Z L ) * r 5  
F F = ( Z [ J + Z L ) * r 5  
DO 76 K = 1  VNLIMGIJS 
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I T I ? I = ?  
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FVFJ I Y T = S Y E A R 2  
E Q Q O ? = S H E A R l  
R F T L J 9 N  
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C * + * * ~ . ~ * + ~ ~ ~ ~ * X ~ ~ ~ K * * Y ~ * * * * ~ * ~ * + ~ * * Y ~ * S ~ ) F * Y S C ~ * * + * * * ~ * * * * * * ~ * * * + * * * * * Y * * * * * * * * * * * * * ~ *  
S U R R O U T I N F  F N O L I Y ( T R 1 F U N )  

C  
C T H I S  S U R R O L J T I N E  C A L C U L A T E S  T H E  X s Y s A N D  Z V E L O C I T Y  C O Y P O N E N T S  
C A N D  T H F I R  F I R S T  S P A C I A L  D E R I V A T E V E S  U S I N G  T H E  L A T E S T  S O L U T I O N  V E C T O R  
C: V P L I J F S  ( A U * A V , 4 W * A V D  A P ) .  
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L P G  I C 4 L  h O K L  I N 
C Q q n j O U  S l J ? V ~ L , P A R 2 9 P R O D , R H S , \ J . l O I Z K ~ L J G T ~ V A R * C 1  * C Z * C 3 v A U * A V s A b I * A P * A A *  

2 R S * C C , D D , E E , F F , P I * P I Z ~ S U h ~ ~ E R ~ X ~ Y * Z * A t 3 * C * D * E * F * G ~ ' d l * W T * F C T X * F C T Y *  
3 F C T Z ~ F U Y I ~ ~ T ~ 0 R T ~ 3 9 L ~ C ~ P l X ~ P l Y ~ P 1 Z , P 2 X ~ P 2 Y * P 2 Z ~ P C O E F ~ D F L W T t H * A N S *  
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U=c? 
C  X V F L O C I T Y  

v=o  
C Y  V F L n C  I T Y  

W = O  
C  Z  V E L O C I T Y  

P l I X = O  
C P 4 R T I A L  U W I T H  R E S P E C T  T O  X 

P U Y = r )  
C P A R T I A L  U  W I T H  R E S P E C T  T O  Y  

POZ=C) 



P 4 R T I A L  U W I T H  R E S P E C T  T O  Z 
P V X = r )  

P A R T I A L  V  W I T H  R E S P E C T  TO X  
P V Y = O  

P A R T I A L  V  W I T H  R E S P E C T  T O  Y 
PVZ=' )  

P A P T I A L  V  W I T H  R E S P E C T  T O  Z 
P W X = O  

P A Q T I A L  W W I T H  R E S P E C T  T O  X  
P W Y = O  

" A R T I A L  W W I T H  R E S P E C T  T O  Y 
P W t = ' )  

D A Q T I A L  W W I T H  R E S P E C T  T O  Z 
PC=>!T+D I 
DO 1 I = l , N U Y  
K Y = I  
L A = ? *  1 - 1  
L l = L + l  
C l ( K K ) = C l t K < ) + l  
C ? ( K K ) = C 2 ( K K ) + l  
I T r 7 1 = 2  
C A L L  T R I F U Y  
T ? I G l = C 1 ( Y K ) * D C  
T S I G 2 = C 2 ( Y Y ) * ? C  
T R I G 3 = C 3 ( K K l * P C  
1:=U+AIJ ( L  1 * 4  
V = V + A V  ( L *E 
P U X = P ~ J X + A U ( L ) * ! P l X * A + T R I G l * E ! )  
PIJY=PI IY+4 l .J (  L )  * (  P l Y * A - T R  I G 2 Y C  
P U Z = D \ J 7 + 4 l J ( L )  * (  P l Z * A - T R I  G 3 * D )  
PVX=BVX+4V(L)*(PlX*E-TFIGl*C) 
" V Y = o V Y + A V ( L ) * ( P l Y * F : + T R I G 2 * R )  
P V 7 = D V Z + A V ( L ) - T (  P I Z * E - = T R I G 3 * F )  
f ? ( K Y ) = C ? ( K K ) + l  
I T F I I = 3  
C A L L  T r i I F U N  
T R I G 7 = C 3 ( K K ) * P C  



U = U - 4 U ( L l ) * D  
V = V - A V ( L l ) * F  
P U X = p l J X + A U ( L l ) * ( - P l X * D - T R I G l * G 1  
PUY=@UY+hU(Ll)*(-PlY*O+TRIC2*H) 
D I I Z = ~ 1 1 7 + A U ( L l  ) * ( - P 1 7 * D - T R I G 3 * A  
PVX=DVX+AV(Ll)*(-PlX*F+TRIGl*H) 
p V Y = n \ f Y + A \ / ( L l  ) * ( - P l Y * F - T R I G 2 * G )  
p V t = @ V Z + A V ( L 1 ) 4 * ( - P l 7 * F = T R I G 3 * E )  
C l ( Y K ) = C l ( K O - 1  
C 2 ( V Y ) = C 2 ( Y Y ) - l  
I T R I = 4  
C A L r -  T R  I FIJN 
T R I G l = C l ( K K ) * P C  
T Q I C 2 = C ? ( K K ) * P C  
W=W-Aid ( L 1) * G  
PWX=PWX+AW(Ll)*(-PlX*C+TRIGl*D) 
PWY=JWY+4W(Ll)*(-PlY*GiTRIG2*F) 
PW7=3WZ+AW(Ll)*(-P17*G-TRIG3*R) 
I T R I = C ,  
C 3 ( Y Y ) = C 3 ( K ! O - l  
T R I 5 3 = C 3 ( K K ) * P C  
C A L L  T R I F U Y  
W = w l e h f  ( L *R 
PWX=oldX+AW ( L ) * ( P l X * R - T  R I G l * A )  
P W Y = P W Y + G X ( L ) * ( P l Y + R - T R I G 2 * E )  
PW7=PWZ+4W(L)+(PlZ*R-TRIG3*G) 

1 f f 7 N T I \ ! U E  
C 
C T H E  L U Y P  SUV N O Y L I N E A R  TERMS F O R  T H E  X p Y v A N D  Z COMPONENTS O F  T H E  
C  N S  E0114T I O Y S  ARE EVALIJATFP.  
C  

F C T N X =  (U*PUX+V*PUY+W*PUZ 1 *LiT*\rJT *IJ 
F C T ~ Y = ( U * P V X + V * P V Y + W * P v Z ~ u ~ r l T * W T * v  
FCTFJZ= (IJ*PWX+V*PWY+W*PhIZ 1 *WT*WT*W 
PFTtJriFJ 
FND 

c***** * - * *0**** * * * * * * * * * * * * * * * *9x***** * * * * * * * * *x***u***** * * * * * * * * * * * * * * * * * * * * * * * *  



c***+**Y*****+********************Y**YY*****************************************  

S U R 9 0 U T I N E  I N V C O R  
C  
C  T H I S  S U R R O U T I V E  O B T A I N S  A N  A C C U R A T E  I N V E R S E  FROM A N  I N V E R S E  T H A T  
C  I S  O h L Y  AN A P P R O X I M A T I O N .  
C 

D O U B L E  P Q E C I S I O b I  SUPVEL(15),EP,ANS,ERRORsVISCOSsT9IG+TRIGl~TRIG2s 
l T R I G 3 ~ P H ! A ~ P H I S ~ F C T N X ~ F C T N Y ~ F C T h ! Z s I J ~ V ~ W ~ ? U X ~ ? U Y , ? ~ J Z s P V X s P V Y s P V Z ~  
2 ~ W X 9 P W Y ~ D W t 9 P A Q 2 ( R O * R O ~ ~ D F L W T ~ ? C O E F , K H S ~ 8 O ~ s W O R K ~ ~ O ~ v ~ ~ G T ~ l O ~ + V A R ~ l  
3 0 )  9 f 1 ( 3 0 )  s C 2 ( 3 0 ) s C 3 ( 3 0 )  ~ A I J ( 2 0 ) ~ A V ( 2 0 ) ~ 4 \ / ( 2 O ) s A P ( 2 3 ) ~ A A s R B * C C ~ D D +  
& E E * F F ~ P I ~ P I ~ ~ S U ~ . ~ ~ E R * X ~ Y ~ Z ~ A ~ ~ T C ~ D T E ~ F ~ G ~ W ~ ~ W T ~ P ~ X ~ P ~ Y ~ P ~ Z ~ P ~ X ~ P ~ Y ~  
S P ~ Z ~ ~ C T X ~ F C T Y , F C T Z ~ F U F . J I I \ I T ~ O R T H O ~ A ! J ~ ? C O A ~ ~ ~ ? C ~ P R O D ( ~ O ~  t R s H  
LOG I C A L  'JOt<L I V  
C9'''JOY S 1 j P V F L  , P A R 2  ,PRO? qRHS 9!'ir)RK 9!tfCT 9VAR 9 C 1 9 c 2  9 C 3  9AU s A V  V A N  9 A P  s AA 9 

~ ~ ~ , ~ C ~ D D ~ E E ~ F F , P I , P I ~ ~ S U ~ ~ ~ E R ~ X ~ Y ~ Z ~ A ~ S ~ C ~ D ~ E ~ F ~ G ~ W ~ ~ W T P F C T X + F C T Y ~  
~ F C T Z I ~ U N I ~ T ~ O R T H ~ ~ ~ C ~ P ~ X ~ P ~ Y ~ P ~ Z ~ P ~ X ~ P ~ Y ~ P ~ Z ~ P C O E F ~ D F L W T ~ H ~ A ~ S ~  
~ E R ~ ~ ~ ~ V I S C ~ S ~ T R I ~ ~ T ? I G 1 ~ T R I C 2 ~ T R I C 3 ~ P H I A ~ ~ H I ~ v F C T N X s F C T N Y ~ F C T N Z s  
5U* \ / qWrPUXrP IJY rPUZsPVX9PVYgPVZqF ' \ r lX ,PWY,DWZ,  I T R I , W P ~ L I N r N U M s N U M G U S ,  
6 I ~ ~ I 9 ~ ~ 9 0 W t J C ~ L ~ K ~ ~ ~ ~ ~ I ~ ~ S ~ I V C O D E ~ I W T ~ I T T ~  

I T E ? = I  
J K = F * V l J " l  

1 DO 2 I = l , J K  
1 4 = 1 + 1 9 9  

2 READ(4'14)(A(ItJ)tJ=l,JK) 
C 
C  I N V = R S E  READ FROM D I S <  4 A T  A D D R E S S  200 
C  

IFR?O?=Cl  
DO & 1 = 1 , J K  
1 4 = 1 + 1 0 5  
READ(4'!A)(WORK(J)tJ=l,JK) 

C 
C  O R I G I N A L  M A T R I X  R E A D  F R O V  D I S K  4 A T  A D D R E S S  1 0 6  
C  

DO 1 3  J = l + J Y  
F Z H S ( J ) = O  
DO 3 V , = l , J K  



m 
Q 
LLJ 

0 I- 
n C W 
7 N J - a 
b! sL I - z  - 7 a c  
Q - U 
* , - I 3  - II W 
Y 7 W J  - - - I V  
L' - >  
c 7 LLV 

V V V  V V V  



fY 
X  w cn 
u 0' > I-- 
iY z z 
I- 0 - IJ. 
4 I- 2- 
z CY X W 

0 0 - _I 
- 0 1  u fY LL - w I- - 
N W  0 * - -  a z L n  
X - r c  r --  H 

G c ( + I - -  C X X  
r(dC?LC d C - 0  
\ -LL' * r ( \  

u \ C I - @ ' ~ r C - - -  
t - - - - L L  - I - I -7 
<LL: II I-- C L L C  d g  
z I - f Y - I - I - >  2 - 
fY-LL1-  - n r f Y l - c  
O f Y I - L L  C E O  CL1'7 
L L 3 - + ' c ! 3 l L L L L ' L L 1  

a: 004 
rl rl 



S T F D  1 M A I N  
DOtJSLE P F E C I S I O N  F v E C ( ~ ~ ) , S V N E W ( ~ ~ ) , F V E C ~ ( ~ ~ ) ~ ~ E L F V ( ~ ~ ) , S V E C ( ~ ~ ) ,  

1 D E T  ,THETA, ,XqOFM 9DYORk4 
DOLIPLF D Q F C I S I O N  ? A R ~ ( ~ ~ , ~ Z ) , P R O D ( ~ ~ ) ~ R ~ S ( ~ ~ ) , A U ( ~ ) , A V ( ~ ) V A W ( ~ ) *  

lAP(8) 9 T t F t J Y l  
COMMON P R O D ~ R H S ~ P A R 2 ~ A U ~ A V ~ A W ~ A P ~ T ~ F U N 1 ~ I J K ~ ~ U M ~ I ~ ~ I 4 ~ 1 6 ~ I ~ ~ I A ~ I B  
REAL N O R V O  ,YORh,IT ( K j F I R S T  
E X T F R V A L  ORDE7,FUXVAL 
READ ( 5  9 1) NUr4 

1 F O ? " A T ( I 2 )  
DFFI\E F I L E  4 ( 3 0 0 ~ 2 5 6 ~ L ~ I A l t 8 ( 4 0 ~ 1 6 7 2 ~ L ~ I B ) ~ 9 ( 5 0 , 1 9 2 ~ L ~ I C )  
I 2 = 2 * Y U Y  
14=4*YU'.? 
I 6=6*k!\Jb1 
I R=8*N!JV 
IJY=3*(2*NU~l*w2+4+NUM+l 
I 4 = l Q 4  
READ(4'IA)(PROD(Y),K=l,I8) 

C  
C  SOLrJT ION VECTOR FROV T H E  L I N E A R  CASE I S  READ FROM D I S K  4 AT 1 0 4 r  
C  

C , 4 L L  F I X J A C  
C A L L  JACOS(ORDER,FUNVAL)  

THE J A C O R I A N  M A T R I X  I S  C A L C U L A T E D *  

? { = I 9  
C A L L  5 S L E Q D ( 1 ~ P A ~ 2 ~ N ~ N ~ P R O D ~ O ~ D E T , R A N K ~ L U C K ~ O V F L ~ ~ N F L )  

THE J A C O R I A N  I S  I N V E F T E D  AND M U L T I P L I E D  BY  THE S O L U T I O N  VECTOR 

C A L L  ORDER(PROD1 

T H F  S O L U T I O N  VECTOR I S  3ROYEN DOWN I N T O  I T S  U,V,W,AND P COMPONENTS, 
(AIJqAV,AW,A?) 



C A L L  F U W V A L  ( I ) 

F V E C  I S  T H E  VECTOR OF T E E  F U N C T I O N  V A L U E S  O F  T H E  N O N L I N E A R  A L G E B R A I C  
E 0 1 ! 4 T I O N S *  F A C H  T I M E  F U V V A L  I S  C A L L E D ,  O N E  E Q U A T I O N  I S  E V A L U A T E D ,  

F V E C ( 1  ) = F U N 1  
C A L L  NOQhA ( F V E C  9 YORYO ) 
N F I Q S T = N O Q M O  

T H F  Y O ? V  OF T H E  F U N C T I O N  VECTOR I S  C A L C U L A T E D *  NORM0 CORRESPONDS 
T O  A  NORM FOR T=O,  WHFRE T  I S  R R O Y D E N ' S  CONVERGENCE P A R A M E T E R ,  

T = l  
C A L L  V F C T O R ( F V E C , T , S V E C )  

T H E  F I R S T  C O R R E C T I O Y  T O  T H E  O R I G I N A L  VECTOR I S  O B T A I N E D ,  

DO 5 I = l , I R  
SVNFWtI)=?ROgtI)+SVEC(I) 
C A L L  ORDFR t SVUEW)  
;>3 h I = 1 9 I R  
f ALL F U ' d V A L  t I ) 
F V F C l (  I) = F \ J N l  

T H E  F U V C T I O N  VECTOR I S  E V A L U A T E D  FOR T H E  CORRECTED S O L U T I O N  VECTOR,  

C A L L  YOf?V(FVEC1,VOSkAT)  

T H E  VO'?Y OF T H E  CORRECTED F U N C T I O N  VECTOR I S  O B T A I N E D ,  

I F  T Y E  3 R I G I N A L  QORV H A S  R E E N  REDUCED,  T H E  I T E R A T I O N  GOES O N  T O  T H E  
V F X T  S T E P *  I F  T H E  FJORbJ H A S  NOT REEY R E D U C E D  T H E  V A L U E  O F  T  I S  CHANGED 
A N D  4 WEW C O R R E C T I O V  I S  O S T A I N E D  FOR T H E  S O L U T I O Y  VECTOR A T  L A B F L  4. 

I-' 
ul 
I-' 



iY 
0 
I- 
V 
LL! 
> 

3 cr 
n 

0 
4 5 cl) 

a V rn W 
I- 7 C x 
W rT) s-4 3 C n 

I - a  I- V u 
I- I- I.L C * rY a3 I- II: 7 
0 0 0 In - 
0 I- a (?L N 
(rl V F  J 0 * LY- - w e n  I- n a - 
\ - n z i~ L L I  w v u n - - OC 0.2 C3 I- I LLI-  - * > 
0 u u Z C V )  I- > a  .+ - - LL 
0 C -  0 Cf u V u 7 J 
r) r) r) u n 2.- - z z z  w - - LL' 

N I II II I- C U W O C  > U V C * - uu-  3 W -  W  u -c-. LL W W * * 4 - - 2  -J 1 I- > 5 I -  *, > > -  
-I- - - L Y  G I - <  L I- V Q  d cl) u 

0 W - - 0  V: CL' I W  Z [ Y  - + + -  ' 
z I - - Z  LL 'd - cr 3 b . J  > -I- - 3 
w t- 0 C . X Z  L L ' O t -  u LLI-  LL - \  - Li 
c * u c o  -0' I S-4 - W u  u J - -  - 2 
Z d - OStXcC t-(Y d V -  0 W  3 > 
\ + 3 n . a c z  LL I- v 7 d ILI- c V -  w lr, 
I- o L L ~ I - - - G < X  L L C X  w w LJ I-x - n k u  cc w z +  
T C  ~ z x - - a -  O Z L :  a!> w LC v w  L Y - > W  - - > F  
W d  U>Crdd--0 7 -LL W  > U %  0 * L L >  ' 0  - W E  
c - ' N  r d  ' II LL LL. a' t - d  II W r) II d II c 
TI- d l - -  W Z L '  d-  LL II n:w U I I - I 1  1 1 - I I - Z L  
- l r * l l - l l a r - C a  O U I  1 1 -  - - C I  ~ u u - o u ~ ~ u ~ ~  
I I C '  - 7 -  I -  - p. u I -  > - - " I 1  - - 1 1 7  
d r n c  - l c w W  ll: > - C : d - ~ N ~ ? d ~ >  u 
I -  I L ' L L I @ '  O k .  L .  L; L W J r ( L ' V E d L ~ d L ~ : Q ' l -  
W - C: - - - J -  T I C  J I 5 I C  J U W c  Z Z c Z  
I ~ C O ~ L C K ~ ~ C C Y  I - I - L L  c u  I- , I-L C C > > / C > C > Z ~  
I - I - O C C Z ~ ~ U X  c c LL ~ ~ c ~ ~ l r : n - c y : n ~ r : u v  

r‘ u3 0. C d N 
d d d 

V V V V V  U U V  V V V V  



h O  1 3  I = l t I R  
D O  1 3  J = l v I R  

13 P P R ~ ( I I J ) = P A R ~ ( I ~ J ) - F V E C l ( I ) * S V N E W ( J ) / P N O R M  
C  
C  T H E  C O S ? E C T E D  J A C O R I A N  I W V E R S E  I S  O N  P A R 2  
C I T E R A I O Q  S T E P  B E G I N S  A G A I N  A T  L A R E L  2. 
C 

GO TO 2  
14  W R I T E ( 6 9 2 2 )  

h t P I T E ( h , 2 1 ) ( S V N E h 1 ( K )  v Y = l v I 8 )  
W R I T F ( 7 , 2 1 ) ( S V N E W ( Y ) ~ Y = l ~ I R )  

2 0  F O n " A T ( 3 ( 6 X F 2 0 * 1 5 ) )  
2 1  FOR"q4T t l X F 2 0 . 1 5 )  
2 2  F O R Y 4 T ( '  S O L U T I O N  H A S  C O Y V E R G E D  ' 1  

C A L L  E X I T  
Fryn 

c * u * w * * * * w * * ~ * ~ w * ~ * w ~ ~ ~ * * * * ~ * * * * a * * ~ ) c * ) e * ) e * * * ) e * + * * + * * + * * * * * ) e * * * * * + * * * * * * * * + * * * * * * *  
C * * ~ + + 0 * ~ ~ Q * K - X ~ - % 9 * ~ * * S t * * * . # * * * * * # . Y s t * * * * ~ O * * * * * * * * * * * 9 * * * * * * * ~ * * ~ ~ * ~ * * ~ * + ~ ~ - ~ * * * * * ~  

S U S R O l l T I l l E  F I X J A C  
D O U Y L F  P R F C I S I O V  P A R 2 ( 3 2 , 3 2 ) , P R O D ( 3 2 ) , R H S ( 3 2 ) , A U ( 8 ) * A V ( 8 ) * A W ( 8 ) v  

I . A D ( S ) , T , F U N l  
DO!JHLE P R E C I S I O N  X J A C (  2 0 0  1 
COVYAON ~ R O D ~ R H S ~ P A R ~ ~ A U ~ A V ~ A I ~ J ~ A P ~ T ~ F U N ~ ~ I ~ K ~ N U M ~ I ~ ~ I ~ ~ I ~ ~ I ~ S I A ~ I B  

C 
C  T H I S  S U S R O U T I N F  A C T S  AS A B O O K E E P I N G  D E V I C E  TO C O M B I N E  T H E  R E S U L T S  
C  C F  T H E  I Y T E C ? A T I O N  PROGRAM I N T O  h * N U Y  V E C T O R S  O F  L E N G T H  I J K ,  AND 
C  2*YU?! VFCTO"  OF L E V G T H  16, T H E  L O N G  V E C T O R  R E P R E S E N T S  T H E  N S  
C  EOIJATIOb, !S W H I L E  T H E  S H O R T  V E C T O R S  C O N T A I N  T H E  E Q U A T I O N  O F  C O N T I N U I T Y .  
C  TH' O R O F H  O F  T E S V S  I N  T H F  L O N G  V F C T O R  A R E  N O N L I N E A R t L A P L A C I A N * ? R E S S U R E *  
C  A N D  COP4STAhITe ORDER OF TERfJS I N  T H E  SHORT VECTOR A R E  T H E  U t V 9 A N D  
C  W T E ? Y S  I N  T H E  E Q U A T I O N  O F  C O N T I N U I T Y *  
C  

I A = l O O  
READ(4'IAl(RWS(K),K=l,IR) 

C 
C  T H F  Q I C H T  V A N D  S I D E  V E C T O R  I S  R E A D  FROM D I S K  4 A T  A D D R E S S  100. 
C  



ll1 
-I . 
U - - 3 N h' N  w 

C r u  - 2- I-. z 
II C. II 9 - + * 
V Z V N  - ZF - 3  
z a z *  I! - II - 
u m u *  I N Z N  - - cc C' 
- m - > m  - 4  w - 4  0 
c \ l M - 5 3 U  -5 (1  C. N -5L1 II 
c r - 2  0 U i l  0 U +'I1 - 
-I- - * r ( L '  * - K r c  + y 
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m u * *  + - I * - - J  J +  m - u -  
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LL: Z 0 
I C O  
I - Z O  
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r u o - r  u * 9 &  ru - - o z -  C( - 7 v c a t -  - * *  n > z Z - 7  [2: 
V) s-4 z -I d * *  - a 3 n 3 
1 C w a v r Y  II * *  ru - LL W Z L L  W  
0' d I w o  Y * *  m 3 - I U -  I 
II I 1  I-ZrxLL C * *  - 4 - I - a -  I- - LI L * *  N * w, W 0 
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RFTLJRV 
END 
SIIRT?O\JT I Y E " J R M  ( F  9FNORV 1 
D O U B L E  P ! ? F C I S I O 4  F ( 3 2 )  9FNORY 

C 
C T H I S  SURROLJTINE CALC lJLATES THE E U C L I D E A N  NORM O F  THE  VECTOR F a  
C 

F!VOPY=O 
DO 1 I = l , I R  

1 F N O ! ? M = F N O R M + F ( I ) * F ( I )  
FPdOF?Y=DSORT ( FNORM 
?ETIJQU 
F: Fd D 

c****00***********+*********************************************************** 

C***************************************************************************** 
SIIF)QC/IJTINE V E C T O R ( X 9 T , R )  
O O l J q L E  P R E C I S I O R I  R ( 3 2 )  9 X ( 9 2 )  
DOURLE P R t C I S I O Y  P A R 2 ( 3 2 9 3 2 ) * P R O D ( 3 2 ) , R H S ( 3 2 ) ~ A U ( 8 ) ~ A V ( 8 ) ~ A W ( 8 1 ~  

l A P ( R ) r T , F U v l  
COYVON P ~ O D ~ R H S 9 P A R 2 ~ A U r A V r A W ~ A P ~ T ~ F U N 1 ~ 1 J K ~ N U M ~ 1 2 ~ 1 4 ~ 1 6 ~ 1 ~ ~ 1 A ~ 1 B  

C 
C T H I S  SU?!?Ot IT IQE C A L C U L A T E S  THE S O L U T I O X  V E C T 0 9  O F  A M A T R I X  E O U A T I O N ,  
C THE  C O E F F I C I E N T  V A T R I X  I S  P A S S E D  I N  COVMON I N  OAR29  T H E  R I G H T  S I D E  
6 VECTOR I S  P A S S E 0  I N  X AND THE S O L U T I O N  VECTOR I S  RETURNED I N  Re 
C T I S  T H E  CONVERGENCE PARAkIETERe 
C 

DO 2 1 = 1 9 1 8  
R ( I ) = r >  
DO 1 J = l t 1 8  

1 F<(I)=P(I)+PAF2(I,J)*X(J) 
! ? ( I ) = R ( I ) * T  

2 C O N T I V U E  
RETURN 
FND 



APPENDIX C 

SOLUTION VECTORS 

Appendix C c o n t a i n s  t h e  t a b u l a t e d  v a l u e s  o f  t h e  

s o l u t i o n  v e c t o r  o b t a i n e d  by s o l v i n g  Equa t ion  ( 7 2 )  u s i n g  

known v a l u e s  o f  s u p e r f i c i a l  v e l o c i t y .  



TABLE C 1  

TRIAL FUNCTION COEFFICIENTS FOR TWO TERM SOLUTION AT N r = O . l l  





TABLE C 3  

T R I A L  FUNCTION C O E F F I C I E N T S  FOR TWO TERM SOLUTION AT Nr=7.1 



TABLE C4 

TRIAL FUNCTION COEFFICIENTS FOR TWO TERM SOLUTION AT Nr=.35 



0 0 0  

C O O  

1 0 0  

1 0 0  

0 1 0  

0 1 0  

0 0 1  

0 0 1  

TABLE C 5 

T R I A L  FUNCTION C O E F F I C I E N T S  FOR FOUR TERM SOLUTION AT N r = . l l  



TABLE C6 

TRIAL FUNCTION COEFFICIENTS FOR FOUR TERM SOLUTION AT Nr= . 8 2  



TABLE C 7 

TRIAL FUNCTION COEFFICIENTS FOR FOUR TERM SOLUTION AT Nr=7.1 



TABLE C8 

TRIAL FUNCTION COEFFICIENTS FORFOURTERM SOLUTION AT N = 35 r 



r- 
r- 
r- 
u-l 
m 
m 
0 
aY 
trl 
N 
0 
0 
0 

w 
0 
1 



TABLE C 1 0  

TRIAL FUNCTION COEFFICIENTS FOR S I X  TERM SOLUTION AT N r = 0 . 8 2  



T A B L E  C 11 

T R I A L  F U N C T I O N  C O E F F I C I E N T S  F O R  S I X  TERM S O L U T I O N  A T  N r = 7 . 1  

I-' 
4 
I-' 



T A B L E  C 1 2  

T R I A L  F U N C T I O N  C O E F F I C I E N T S  F O R  S I X  TERM SOLUTION~AT N r = 3 5  



TABLE C 13 

TRIAL FUNCTION COEFFICIENTS FOR SEVEN TERM SOLUTION AT Nr=O.ll 



TABLE C 1 4  

T R I A L  FUNCTION C O E F F I C I E N T S  FOR SEVEN TERM SOLUTION A T  N r + . 8 2  

 BY Ai Bi 'i Di 



TABLE C 15 

TRIAL FUNCTION COEFFICIENTS FOR SEVEN TERM SOLUTION AT ~ ~ = 7 . 1  

 BY Ai Bi 'i Di 

0 0 0 000165338336682  000529120765859  Oe0244860882230 000357041673414  

0  0  0  -000129497605974 000076341483782  -000068?39928683 000056913662037  

1 0 0 000186494508889 -000036407529360  000319782671722  -000113626637461  

1 0 0 -000144597726502 000223170996377  000137910095691  000092885315352  

0 1 0 000236616343318 -000100812813361  000327114330430  -000005488890619  

0 1 0 000006019293657  -000007351615470  Oo0224802661905 000055808635315  

0 0 1 -000323874625444 -Om0385113563388 -000989494976891  -000134049768857  

0  6 1 00002610154941O -000129506242992  -0o0014886040953 000013801254099  

0  1 1 -000325074561385 000139312591018  -000111663135285 0.0040707642474 

0  1 1 -00005480777R979 00006291809R501 -000033970e99412  -0.0031156030472 

1 1 0 -000079577017822 000160728134214  000452244435437  -0.0217470100396 

1 1 0 -000202061520183 000020436698814  -000485633393691 0.0018968535482 

1 O 1 -000377663272811 000525472910812 :Or0093175131914 000095405361826 

1 0 1 000025362639771  000156052078491  000024566486561  -000156669361240  



P; 
0 
Err 

H 
Err 
Err 

8 
U 

Z 
0 
H 
E 
U 
Z - rl 
3 4 
Err 



TABLE C 17 

TRIAL FUNCTION COEFFICIENTS FOR EIGHT TERM SOLUTION AT N,=O.11 

 BY Ai Bi 'i Di 

O O O 0.0019390829306 0.0019400366049 0.0019811246629 0~0006308916126 



TABLE C 1 8  

TRIAL FUNCTION COEFFICIENTS FOR EIGHT TERM SOLUTION AT N r = 0 . 8 2  



TABLE C19 

TRIAL FUNCTION COEFFICIENTS FOR EIGHT TERM SOLUTION AT Nr=7.1 
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I I I  I  I  I l l l  




