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ABSTRACT 

A new hodograph for the  wake boundary behirid a f lat  p l a t s  

placed rlormal t o  t h e  flovil Lvas developed 2nd verified with e>:pci-- 

imental. r e s u l t s .  In  th i s  mathematical  t r e a t i s e  veloci t ies  along 

t h e  shear  l ayer  c a n  vary.  The c l a s s i c a l  Kirchhoff's solut ion i s  

a s p e c i a l  c a s e  of th i s  moclel. 

A comparison of thc: s i z e s  of wakzs  produced by a f l a t  

p la te ,  a 90-deg:ez wedge ,  and a c i rcular  cylinder were made. The 

c f fcc t  of the  depth  of watz; re la t ive  to  t:he width of the  obst.rlcls, 

on th? \?rake s i z i ~  w a s  invest l .yated.  The s h a p e  of wakes  product?d 

by a n  embedded sphere  cviih different d ~ g r e e s  of submergence was 

a l s o  studi.ed. A l l  experimental  work cvas done in  a horizorltal 

s trzight  open channe l  us ing water  a s  the  expcrimen'ial f luid.  



CHAPTER I 

Steady two-dimensional  f low p a s t  bluff bod ies  a t  la rge  

Reynolds riumbsr is one  of  the  o ldes t  1.1nsolved prob!r.rns in 

hydrociynarnics. The f low is bounded partly by rigid wa l l s  and 

part ly by "f ree"  s ' t reamlinss  of unknown shape  a n d  locat ion.  The 

region enc losed  by t h e  f ree  streamline i s  defined a s  t h e  wake.  

The pressure  d is t r ibut ion along the  "free " streamline i s  general.] y 

u~)l:nc)tvn. Considerable  exper ime:~ ta l  ar.d theoretical. tvork t o  

def ine  the  "f ree"  s.Lreamlines encornpa s s i n g  t h e  wake h a s  been  

accompl ished.  

The fundamental  work for solut ion of t h i s  probl.em 1.~~7s clone 

by H ~ l r n h o l t z  and Kirchhoff about  a century ago.  In thcii- s t u d i e s ,  

t h e  p ressure  on t h e  streamline defining t h e  wake was  assumed  

t o  b e  cons tan t  and  was  e q u a l  to tha t  a t  infini ty.  This s t reamline  

with a n  assumed cons tan t  p ressure  w a s  then ca l l ed  " f ree" .  The 

app l i ca t ions  of the i r  theory to  the c a s e s  of liquid flow of f in i te  

lateral.  ex ten t  surrounded by g a s  gave  exce l l en t  r e s u l t s .  This i s  

b e c a u s e  any  motion which developed in the  g a s  h a s  a negligible 

e f f e c t  on t h e  liquid flow and therefore ,  the  cons tan t  p ressure  

a ssurnption w a s  r e a l i s t i c .  A s  a n  example ,  the  theore t ica l  va lues  

of t h c  contract ion coefficient of a two-dimensional jet i s s u i n g  through 



a s l o t  in  a p l a n e  wa l l  of a l a rge  v e s s e l ( l 2 )  * or :low under  a s l u i c e  

q a t e  ( 5 )  a r e  rrc>rp c l o s e  t~ t h e  ? x p ~ r i r ~ ~ : ? n r ~ l  r c s i ~ l t .  

Tne f r e e  s t r eaml ine  theory ,  however ,  f a i l s  t o  predic t  t he  

w a k e  boundary when t h e  f lu ids  i n s i d e  a n d  o u t s i d e  t h e  wake a r e  

of tile s ame  d e n s i t y .  Thc- r e ~ l s c n  for t h i s  fa i lure  i r  t nc t  a!thougll 

t h e  ve loc i ty  i n  t h e  wiike reg ion  c l o s e  tlr, t he  ohs t ac !e  i s  qenera l ly  

sma l l e r  t han  t h a t  o u t s i d e  t h e  wake ,  i t  i s  a n  ove r  ~;implifict?tion t o  

a s s u m e  p res su re  near  t h e  o b s t a c l e  is c o n s t a n t  and  i s  (?qua1 t o  t h e  

p r e s s u r e  a t  inf in i ty .  

In order  LO find a more r e a l i s t i c  soiut.ion :or t he  wake 

bounddry ,  a n  unders tanding  of t h e  wake  f low i s  n e c z s s a r y .  Some 

b a s i c  c o n c e p t s  concern ing  t h e  loca t ion  or' t he  wake  houndal-y a r e  

d i s c u s s e d  in  Chap te r  2 .  The wake  f low phsnomenon i t s c l f  and  

f ree-s t reaml ine  thzory  a r e  desc r ibed  i n  Chap te r  3 and  in Chapter  4 

a more r e a l i s t i c  so lu t ion  for t h e  wake  boundary of a f l a t  p l a t e  

p laced  normal t o  the f low i s  devrtlop,?c-1. '.Ch? e f fec t  ?f 9ravii.y 

h a s  b e e n  ney lec t ed  i n  the  ,nath?maiical  moclel. 

W a k e  boundaries were  loca ted  for different  d b s t a c l e s  in  

a s t ra ight  open  c h a n n e l  by u s i n g  yaw and  p i tch  probes .  The 

a p p a r a t u s  u s e d  a n d  t h e  p rocedures  employed a r e  d z s c r l b e d  i n  Chap te r  5 .  

Chap te r  6 i n c l u d e s  r e s u l t s  and  d i s c u s s i o n  and  s u g g e s t s  add i t iona l  

s t u d i e s  which would a d v a n c e  t h e  knowledge  of w a k e  f low. Chap te r  7 

is a summary s t a t i n g  what  h a s  b e e n  done  and what  h a s  b e e n  found 

in t h i s  s tudy.  

*The numbers in  p a r e n t h e s e s  re fer  t o  t h s  r e f e r e n c e s  l i s t e d  
a t  t h e  e n d  of the  pape r .  



Ssparat ion Suriace and VJ- 

Phys ica l ly ,  t h e  ef fec t  o f  viscosi . ty in  fluid flow i s  genera l ly  

confined t o  t h e  boundary layer  next t o  t h e  o b s t a c l e .  In -this l ayer ,  

there  js a rapid i n c r e a s e  i n  velocity in  the  d i rec t ion normal to  

t h e  su r face  of t h e  o b s t a c l e .  If the  o b s t a c l e  i s  b lun t ,  t h e  a t t ach-  

ment of the  boilndary layer over t h e  tvhole surface  of the  body is 

imposs ible  b e c a u s e  of retardafion of t h e  external  stream over the  

rear  portion of t h e  obs t3c le  and h e n c e ,  th i s  condit ion r e s u l t s  in a n  

unsteady bourdary  layer  (1 3) .  

The l a y ~ r  of fluid with rotat ion a s  descr ibed above  i s  c a l l s d  

t h e  separa t ion l ayer .  If the  veloci ty  gradient  over the  layer  is 

1r;rge enough,  or  t h e  layer  i s  thin enough,  t h i s  layer  c a n  b e  

approximated by a su r face  ca l l ed  the  su r face  of velocity d iscon-  

t inuity or separa t ion surface .  In two-dimensional flow i t  r educes  

t o  3 separa t ion l ine .  The shear  layer  and i t s  approxirr~ation a r e  

sho-.vn i n  Figure 1 .  The region of non-zero vorticity behind the  

o b s t a c l e  bounded by the  body and separa t ion l i n e s  i s  the  wake a s  

shown . i n  Figure 2 .  



1-1 shear  layzr 

Figure 1. The shear  layer and i t s  approximation. 

- 

Figure 2 .  Shear layer and wake. 



Nature of t h e  P o t e ~ t i a l  Flot17 - -. - . - and - - t h e  . . . - - Separation - - Line -- 

I;ecause of t h e  convc:rging boc~ntiary, the  flow ou t s ide  the  

w a k s  immediately downstr-sam from th2 o b s t a c l s  is s t eady  while 

the flow a t  a cer ta in  distr lnce downsLream i s  uns teady.  When the  

Reyi-~olds number, defined a s  JL , is I-~icjh, the  f low c a n  be  treated 
v 

a s  s t e a d y  and c o n s i s t s  of an ex tens ive  region of effect ively non- 

v i s c o u s  f low separa ted  from t h e  w a k e  hy the s e p a r a t i m  1i: l .e~.  The 

solut ion t o  t h i s  problem c a n  not b e  accomplished u n l e s s  ce r t a in  

assumpt ions  a r e  made about  t h e  p ressure  distr ibution along the  

st?pc~siition l ine .  For the  c a s e  of s teddy flov?, tke pressurc  is re-- 

lzteci d i rec t ly  t o  ve loc i t i e s  a long the  separa t ion l i n e  through t h e  

Berng~il i i  equat ion.  The posi t ion  of the separat ion l ine  which i s  

a part of t h e  flow boundary i s  not known a prioi-i. Therilfqre, 

a n  assumpt ion  ahou t  the  f l o t ~  boundary h a s  t o  be  made before 

a s o l u t i o l ~  car! b e  at tempted.  

One b a s i c  nature of th is  type  of flow i s  tha t  maximum 

veloci ty  occurs  on  the  separa t ion l i n e  ( 2 ) .  The immediate consequence  

is tha t  the  separa t ion l ine  must b e  convex a s  is readily shown us ing 

potent ia l  flow theory (17) .  In Figure 3 t h e  pressure  gradiznt  a l o ~ g  

.the normal t o  the  separa t ion l ine  drawn in to  the  flow is posi t ive .  

Therefore,  the  accelera t ion of a f luid par t ic le  on the  separa t ion line! 

i s  d i rec ted  into t h e  wake.  If the  flow is s t e a d y ,  the  path of the  

pa r t i c l e  is t h e  separa t ion l ine  and i t  h a s  t o  be  convex.  

The maximum velocity a t  the  separa t ion l ine  will  be  used 

a s  the cri teria1 t o  l o c a t e  the wake boundary zxperimentally. 



uosi t iv? d i r ec t ion  of 

Figure 3 .  The e i f e c t  of p r e s s u r e  d i s t r ibu t ion  a long  
f r e e  s t r ea  rnline. 

The s i g n i f i c a n c e  of ihe a ~ ~ u ~ n p t i o n  c r ~ n c e r n i n g  p r e s s u r e  cli.;- 

t r ibut ion a l o n g  t h e  s e p a r a t i o n  l i n e  i s  a l s o  shown i n  Figure 3.  

The var ia t ion  of p r e s s u r e  a c t i n g  e n  the  f luid p a r t i c l e  a s  i t  moves 

downstrtl~irn wi l l  c h a n g e  i t s  cour se ;  t h e  s h a p e  and  loca t ion  or' the 

w a k e  boundary wi l l  c h a n g e  accordingly .  



CHAPTER 3 

Although wake f low i t s e l f  is  not the main object  of th i s  

s t u d y ,  i t  is necessary  t o  have  a genera l  understanding of t h e  

flow i n s i d e  the  wdke and  i n s i d e  the  shear  layer  s o  that  rea-  

sonab le  assumpt ions  z a n  b e  made before solving the  problerr,. 

The f i r s t  part of th i s  chapter  i s  a descr ip t ion of the  phenomena 

of t h c  w a k c  flow. The second h a l l  is  a brief reviow of the  f ree  

s t r z n m l i ~ e  theory and i t s  vdriation; . 

Tcvo-Dimensional Wake  Flow Behind a Cyli.ndrica1 Body ---- 

At very low Rcynolds numhers,  R < 1 ,  inert ia  terms i n  thc  

equZt ic : i  of motion a r e  negligible and the  flow f ie ld  c a n  b e  appros i -  

mated by O s e e n ' s  so lut ion (5) .  A wake d o e s  not e x i s t  in tile ca l -  

cu la ted  s t reamline  pattern.  

Within t h e  intermediate region,  1 < R < 1 0 0 ,  both inert ia  force  

a n d  viscous  force a r e  of equa l  importance and neither  c a n  b e  

neglected .  Hence,  i t  i s  diff icult  to  solve  t h e  equat ion of motion 

ana ly t i ca l ly .  The ex i s t ing  knowledge for th i s  flow region w a s  

obtained. by observat ion a n d  by numerical solut ion of the  equat ions  

oi- motion. From pho.tographic: records  (7) i t  i s  s e e n  that  the  sti-eam- 

1.inc.s behind t h e  cylinder widen out  when R i n c r e a s e s .  At a cer ta in  



s t ag? ,  flow sepa ra t e s  frotri the  cylinder and t he  wake appears .  

I:!:;ide the  wake,  there i s  a flow reversa l  along the  symnletric ax i s  

and flow in  the  general  direction of motion i n  the  outer portions. 

These  two standing edd ies  are  hgunded by t h e  cylinder and separa-  

t ion l i ne s .  Keller and Takarni (2 )  have calcula ted the streamlines 

of t h i s  flow a t  R = 4. Apelt (2 )  ca lcula ted t he  same flow a t  R - 40. 

Their r e su l t s  agree  with Tietjen's (7) observat ions .  The pressure  

distr ibution a t  t h e  surface  of the  cylinder ca lcu la t sd  by Apelt 

a t  R = 40 was  c l o s e  t o  that. obtainctl by Thorn (16) .  According to 

Taneda (2)  , wake f i r s t  appears  a t  K = 6 i f  t he  cylinder is circular .  

He a l s o  obtained a l inear  rs la t ionship  between the  re la t ive  wake 

length (length of t he  symmetric a x i s  o.E t h e  wake divided by the  

dismeter of t he  circular  cyl inder) ,  znd the Reyno1.d~ number. A s  

R i n c r ea se s  the vor t ices  become more and more e l~nya - i ed  in  the  

main flow direction.  At cer ta in  c r i t i ca l  Reynolds number, R , 
C 

ins tabi l i ty  occurs  and the  wake begins  t o  osc i l l a te  with a n  ampli- 

tude increas ing downstream. The cr i t ica l  Rc?ynolds number here is 

not a critericn for t he  transi t ion from laminar flow t o  turbulent flow; 

i n s t ead ,  i t  d iv ides  two different ranges  of laminar flow, - one 

of them is s t ab l e ,  t h e  other is not. The value of R depends  on the  
C 

s i z e  of the  obs tac le  re la t ive  to channel  width ( 5 ) ,  (14) ,  the curva- 

ture  of the body a t  t he  s i d e s  ( 3 ) ,  the  shape  of the  body ( 2 )  and 

the  turbulence l eve l  in the  main stream. The lower limit for R is 
C 

about  30  (2) .  

P ,  R i nc r ea se s  beyond R the  two standing eddies  becomc 
C 

asymm-?L:. . : and  o sc i l l a t e  in the  lateral  direction.  Some rotating 



f lu id  i s  shed  a t  t h e  end of every half period a l ternate ly  from 

cac;:~ s i d z  of the  cylincier. T h ?  cl.oz:::od wt;ke bchiucl tI!e cyl inder  

b reaks  down. The fluid pass ing  c l o s e  t o  t h e  cylinder a p p e a r s  t o  

gather  i t se l f  into d i sc re te  lumps,  arranged in two regular s taggzred 

rows on each s i d e  of thc c y l i n d r .  I f tkz  vorticiiy iri t.h-3 

wake i s  concentra ted  in. t h e s e  lumps. 1'11.1 lumps in each row7 h a v e  

vort ici ty of the  san.12 s ign .  This flow pst-tsrn is knx,vn a s  

Karman's vortex s t ree t .  The two osci l la t ing  edd ies  immediately 

behind t h e  cylinder a r e  not c l ea r ly  recoguizabl? whet1 R .;s ri:~ich 

above  1.C3 (2) ,  ever; t h o q h  a vortex sirc?& c o n t i ~ u e s  to  forn! iri 

th-. wake up t o  much larger  R .  Far downstredm from the  c y l i r ~ d ~ r ,  

t h e  rotat ion of t h e s e  lumps of :luii,s is uaniped out hy the  :,urround- 

ing fluid through v.iscous s1,resses.  

For s t i l l  high?r Reynolds number (150 t o  13,000 in R o s k k s l s  

experiment (].I)), t h e  wake c a n  b z  thought oE a s  being composed 

of two par is .  One is th2 r ~ g i o n  jilst hehirtd t h e  obs tac le  in ~p,~hich 

t h e  vortex rnstion i s  ohvious .  The other is t h e  region fair clown- 

stream where t h e  flow is essent ia l . ly  turbulent.  Between t h z s e  

two  regions  there  is a transi t ion zone.  

Fage and Johansen (4) s tudied vortex motior, in  t h e  ncar-- 

zone  in  de ta i l .  Vortex l ayers  genera ted  by f la t  p l a t e s ,  ae ro fo l l s ,  

c i rcular  cylinders, wedges  and ogival  s h a p e s  for R between 1500 

3n.d 4500 were examined.  The outer  and inner boundaries of t h e  

vortex l a y e r s  were defined a s  t h e  l ine  pass ing  through the  points  

c;f maximum alld minimum ve loc i t i e s  a c r o s s  the shear  layer .  Tile 

nlotion i s  s t eady  near  thc  bod ies  for the  region near the  inner  

boundary of t h e  shear  layer.  The pressure  on ttie cuter  hound<iry is 
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s l ight ly  larger than that  in the inner region di rec t ly  behind the  

o b s t a c l e .  Owing t o  t h c  i nflow frorn both boundar ies ,  vort ici ty 

sp reads  in the l a t e ra l  d i rec t ion,  too.  The simple express ion  

v12 - v 2 2  
-. 

7 

g i v e s  a c l o s e  es t imat ion ol: the  to ta l  amount of vorticjty p a s s i n g  

a sec t ion  of the  vorte:i strt-et per unit  of t ime i n  which V1 and 

V a r e  ve loc i t i e s  a t  the outer and inner boundaries of  the  shear  
2 

layer  and U i s  t h e  approach veloci ty .  The s p a t i a l  mean ra te  

of t h e  dimensionless vort ici ty trailsport: for f la t  p l a t e s ,  c i r su la r  

cy l inders ,  wedges  and oqival  s h a p s s  is 1 . 0 5 ,  0 . 9 6 ,  0 . 8 6 ,  and 

0.66 r e s p ~ c t i v e l y  . Therefore, thc? f la t  p la te  is t h e  most effect ive 

sh;ipe t o  produce wake.  The variat ion of  veloci ty  a c r o s s  the shear  

ldyer and t ! ~ ?  ra te  o f  i n c r s a s e  of the  width of  the  s h e a r  layer  in 

t h e  dov~ns?re ; ln~ d-ii-ection a r e  f u n ~ t i o n s  of body shape  a l s o .  '4s a 

r u l e ,  a  body wi.th a greater  front a rea  h a s  a thicker shzar  layer .  

Rs for tile vortex s h e s t ,  both th2 frequency and t h c  longitudinal  

spacilig of th2 individual  vortex in  t h e  rows dzpend c n  the spacing 

between the  two layers  of vor t ices  ins tead  of the  s h a p e  of t h e  

body ( 4 ) .  

Roshlr,o s tudied the  transi t ion zone  (1 1) . He bel ieved that  

the  l a m i ~ ~ a r - t u r b u l e n t  t rans i t ion  a lways  occurs  in  th2 vortex 

l ayers  which separa te  from the o b s t a c l e  before they break down. 

Thus e a c h  vortex pass ing  downstream i s  composed of t u r b d e n t  

f lu id .  The mechanism is shob17n in Figure 4 .  

The posi t ion  where trarisi-tior1 t a k e s  p lace  depends  on !? ,on 

th?  roughness  of t h e  obsbacle and on t h e  main streatn turbulence 



Figure 4 .  Flow transit ion ins ide  shear  layer  

l eve l .  For a g iven r o l ~ g h n e s s  of the  obs t ac l e ,  the  transitiofi 

posit ion moves toward the  separation point when K and/or tur- 

bulence level  i n c r e a s e ,  and wil l  s t ay  there  unti l  the  boundary layer 

i t s e l f  becornes turbul-ent. If thz boundary layer  is turbulent ,  t h e  

whole vcrtex layer  is composed of turbulent fluid and no transi-ticn 

ex i s t s .  A s  t h e  t rans i t ion point moves upstream, thc  vortex layers 

move much c lose r  together and thz vort ices a r e  d i s s ipa ted  i n  a 

much  shorter  downstream dis ta  n.ce. After t he  turbulent t rans i t ions ,  

the  lumps of turbulent rotating fluid diffuse a s  th3y move downstream 

and a r e  eventual ly  obli terated.  According t o  Roshko's  d a t a ,  the  

wukz becomes fully turbulent 4 0 to 50 cylinder d iameters  downstream. 

Townsend (18) a l s o  studied the  flow in  the  same rangc 

of Reynolds number. He fourid that  fully turbulent flow occurs  only 

a t  :he core of the  wake.  In the  remaining region,  the flow i s  only 

interl~rittently turbul2nt. Local pressure  f luctuations i-nside the  tur- 

hulent  corz c a u s e  bil lows of turbulent fluid to  b e  eniitted outward 
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fl-om thc  ful ly turbulent  core .  Due t o  t h e  a d v e r s e  p ressure  

yi-adi.ent in the  downstream direc t ion,  t h i s  t r ansverse  flow of tur- 

bulent  f luid hecornes weaksr  a n d  weaker.  Toi?rnsend inferred that  

in the t rans i t ion  zone  the  bill.ows of turbulent fluid a r e  rc?sponsiblc 

for t h e  turbulent momentum transfcr  , whereas  the  diffusioi?, of 

turbulent energy is carried out  by the  bulk rnovenlent of b i l lows.  

It  is bel ieved that  the z o n e  studied by Townsend w a s  downstrzam 

of that  s tudied by Roshlco; however ,  both z o n e s  were within t h s  

t rans i t ion  zone.  

According t o  Townsend (19) ,  t h e  rapid development and 

s tabi l iza t ion of t h e  turbulent flow occurs  a t  l e a s t  i O O  cyl inder 

d iameters  downstream. The m i c r ~ s c a l e  of turbul.ence i s  approximate1.y 

c o n s t a n t  ov-lr a large  part  of the  ' ?~idth  of the  wake.  The s t a t i s -  

t i c a l  distr ibution in  time of the  velocity conlponei>ts is neai- 

G a u s s i a n  e x c e p t  tha t  of strearnwise turbulent velocity a t  the  extre;ne 

edge 01 t h e  wake .  Due t o  the turbulent  k inet ic  energy transport  

a c r o s s  t h e  wake ,  t h e  turbulent in tens i ty  in the  l a t e ra l  d i rec t ion 

is considerably  larger  than tha t  in other d i rec t ions .  By consider ing 

t h e  ra t io  of th? k inet ic  energy of t h e  main flow a n d  tha t  of t h e  

turbulent ~rlot ion,  h e  found that  the  complete dynamical  simil;.rity 

in t h e  wake d o e s  not occur  c loser  t o  t h e  cylinder than 1000 

cyl inder  d iameters .  Part ial  s tabi l i ty  occurs  about  100 diameters  

downstl-earn for the  charac te r i s t i c s  of t h e  mean f low,  but  t h i s  is 

not r e f l ec ted  in t h e  turbulent f i e ld ,  which remains  in t rans i t ion .  

In t h e  f ina l  s t a t e ,  b e c a u s e  of turbulent k inet ic  energy d i s s i p a t i o n ,  

t h e  turbulent  motion i s  smal l  cornpzred with t h e  mean flow. The 

ra t io  of k inet ic  energy associa ted .  with t ? ~  tnean flow and kinet ic  

eriergy a s s o c i a t e d  wCt11 the turbult?nt motion approaches  4 . 5  in .the 
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i i t  W-hcn Reynolds nurnhx  e x c e e d s  500,000 the  boundary l aye r  

bzcomes fully turbulcnt  before i t  s e p a r a t e s  from the o b s t a c l e  and 

t h e  ent i r2  wake is turbulent .  

Free S t rean l ine  Theory -- 

One way t o  obta in  the  approximate boundary of the  wake 

zone  i s  t o  employ f ree  s t reamline  theory.  The problern t o  be  

cons ide red  is two-dimensional  s t eady  flow a t  la rge  Reynolds number 

bounded part1.y by  so l id  wal l  a n d  part ly by free s t reanl l ines  oE un- 

itnowri s h a p e  and l cca t ion  on which cer ta in  a s sumpt ions  abou t  przs-  

sure  distr ibution a r e  mad,?. The wake i s  cons idered  a s  the  exterior  

of t h e  en t i r e  potential  f low. The fac t  tha t  the  s h a p c  a n d  locat ion  

of t h e  f ree  s t reamline  is unknown makes  the  problem very diEEicult, 

e x c e p t  i n  the c a s e  of a r igid boundary f o r m 4  by 6 s e r i e s  cf 

s t ra ight  segn!enis oil which t h e  separa t ion  point is fixer! aila is 

known. 

The complex p ~ t e n t i a l  w(z) i s  defined a s  

~ ( z )  = Q(x,y)  -t i $ ( x I y !  

The real. aixl imaginary part  of the  ana ly t i ca l  function provides  the  

ve loci ty  potent ia l  n d  stream function for  the  flow. 

Conformal mapping i s  used i l l  t h i s  theory. No matiter what 

t h e  pl iysical  z p lane  i s ,  t h e  w plane is a lways  considered  t o  

have  a Elow net  tha t  c o n s i s t s  of a  rec tangular  grid para l le l  t o  , 

t h e  Q a n d  $ a x e s .  H e n c e ,  th? flow in  the  p lane  i s  that: of a n  

infini te  uniform flow in  t h e  negat ive  4 direc t ion .  The l i n e s  of 

cj = coils tant  a n d  I!, - c o n s t a n t  in  th? z plan? remain a s  eyui -  
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pot?nt ial  l i n e s  and  s t r e a n ~ l . i . r ~ ~ s .  Thc: pa r t i cu la r  c n n f i g ~ ~ r a t i o n  in t h e  

z p lane  d e p e n d s  on  t h e  mapping o (z) def ined  in  t h e  f low region .  

The v e l o c i t y  hodograph is t h e  t ransformat ion  from t h ~  z 

d p lan?  onto  th? W-=-A = u - i v  r)!dn,n. Such a transtormr?ijcrl 
d z  

is u s e f u l  i n  t h i s  t y p e  of problem where  t h e  sepa ra t ion  l aye r  occur s  

a n d  where  t h e  Goundary of t h e  loye r  is not  knovrn a pr ior i .  The 

hodograph c a n  b e  cons t ruc ted  h a s s d  or1 p h y s i c a l  obse rva t ion  or' 

veloc i ty  or p r e s s u r e  d i s t r ibu t ion  a long t h e  s h e a r  !dyer(2) , ( 6 ) .  

Kirchfioff ~ ~ s s u m e d  tha t  t h e  i lu ld  within t h e  wa?ce is ?verywh?rc:. 

a t  r e s t  a n d  a t  uniform p r e s s u r e  e q u a l  t o  tha t  a t  inf in i ty .  From 

. . 
Rei-noulli 's theorzrn,  t h e  J e l c C l i j  6i f luid o:i t h z  s 2 p ~ i r a l i o a  licle 

must  h e  ur1i;or-r11 a n d  is e q u a l  t o  t n c  a p j r c a c h  ve loc i ty .  

W h e n  t h i s  a s sumpt ion  is app l i ed  t o  t h e  c a s e  where t h e  CV,?'~;? 

w a s  g e n e r a t e d  b y  a f l a t  p l a t e  p l a c e d  nornial t o  t h e  f low, t h e  llcdo- 

graph i s  s i m ~ l y  a ~ e r n i - ~ i ~ ~ i ~ ,  s i n c e  a l o n g  t h e  s o l i d  koundary + h c  

d i rec t ion  of v e l o c i t y  i s  known a s  para l le l  t o  t h e  wa l l .  On t h e  

f r ee  s t r eaml ine ,  t h e  v a g n i t u d e  of ve loc i ty  i s  a s s u m e d  wi th  d i rec t ion  

l e f t  unknown. After tak ing  th2  na tura l  logarithm of t h e  i n v e r s e  of t h e  

hodoyraph,  t h e  f low boundary in t h e  z p l a n e  i.s r s p r e s e n t e d  by ;1 

s t r a igh t - s ided  f igure  o r  a g e n ~ r a l i z e d  polygon.  Then by apply ing  

t h e  Schwar tz-Chr is toI fc l  theorem a n d  by  s u c c e s s i v e  t ransl 'ormations,  

a n  i?xpress ion  for z i n  te rms of c a n  b e  ob ta ined  by  in tegra t ion .  

Thc t ransformat ion  d e t a i l s  c a n  bc found in  most  f luid dynamics  

textbooks s u c h  a s  Referznce  (15) .  



Roshko 's  Notched Hodoqraph Method ----.---- -- 

r' I,,.,. i ,  -I ilssurilption in Kirchl-!off's free s t r e ~ m l i n e  theory is far 

fro111 realistic: and h i s  theore t ica l  r e s u l t s  did not confc;rm with 

experimental  measurements .  Roshko improved the theory by assuming 

the velocity a long the  free streamline t o  b e  cons tan t  but of higher 

m;~jrl.itc\c!e ti2211 tile free si; w r n  v,.locjii .- .  ile ;Is&utneii Llic ;.iio<it;,- 

a long thz streamline w a s  equal. t o  the velocity at: t h e  scpara'lion 

point.  According t o  the  principle of conservat ion of energy,  the  

velocity of fluid far  downstream on the free streamline must dec rease  

to  the  speed  far ups t ream.  Roshko accompl ished th i s  by  suddenly 

reducing the  velocity a t  infini te  downstream t o  i t s  far upstream value.  

The notchzd hodograph shown in Figure 5 i s  th? resu l t  of th i s  

assumption. This c a n  b? d o n e ,  a s  descr ibed in  Chapter  3 ,  h a c a u s e  

the  shear  layer  d i f f u s e s  rapidly and the idza of f ree  streamline 

extending to infinity is unrealis t ic . .  Henca d e t a i l s  of i h e  f ree  

streamline a t  infini ty a r e  not important.  

Figure 5. Roshlco' s notched hoclograph . 
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The d e t a i l s  of t h i s  method car1 h e  found in  Iieferencc 



CHAPTER 4 

T E-IE ORY 

A new hodograph for .the wake h o u ~ d a r y  behind a f l a t  p l a t e  

p l aced  normal t o  t h e  f low i s  t levelopzd i n  t h i s  chap te r .  Unl ike  

t h e  f r e s  s t r eaml ine  theory  oi- Roshko'  s notched  hodograph,  t h i s  

model  a l l o w s  v e l o c i t i e s  a long  t h 2  s h e a r  layer  t o  vary a n d  h e n c e ,  

i s  more r e a l i s t i c  for  wa te r  wake  ir! open  c h a n n e l s .  

The f i r s t  par t  o f  t h i s  chapter  i s  devo ted  t o  formulatinc; t h e  

problsm,  t h e  so lu t ion  then  fo l lows .  

Forrnu 1s tion of the  Frob&m_ -.----- 

By c b s e r v a t i o n ,  i t  is a s s u m e d  tha t :  

1 .  The wake  a r e a  i s  s e p a r a i z d  from the  main f low by 

s e p a r a t i o n  l i n e s .  

2 .  The  f low exter ior  t o  t h e  tz:a!:e is inv i sc id  a n d  irrota-  

t i o n a l .  

3 .  The f low exter ior  t o  the  wake  is s t e a d y .  

Thr.  f i r s t  a s sumpt ion  c a n  b e  j u s t i f i ~ c !  by no-Ling that  t h e  t h i c k n e s s  

o f  t h e  s h e a r  l a y e r  confining t h c  w z k e  is negl ig ib le  c o ~ n p a r e d  t o  

t h e  e x t e n t  of t h e  flotn:. The ro l l ing  up a n d  t h e  mixing of t h e  

t r r i i l i ~ g  vo r t i ces  is not  of i n t e re s t  t o  t h i s  i nves t iga t ion .  

The s e c o n d  a s sumpt ion  c a n  be jus t i f ied  b y  not ing tha t  

v i s c o ~ l s  e f f e c t s  ozcul- only i n  the very th in  s h e a r  l a y x  a n d  tha t  
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layer  i s  a l ready idea l i zed  a s  a separat ior ,  l ine .  Also,  t h e  flow 

boundary i s  convergent  s o  the  flow ou t s ide  the  v i scous  layer  c a n  

be considered a s  i d e a l  potent ia l  flovv.. 

'i'he third assunlpt ion c a n  b e  defcnded by noting that  except  

near the  wake ,  t h e  f low i s  s t eady .  Uns tead iness  i s  c a u s e d  near 

the  wake by the  rough water  su r face .  Since i t  i s  confined t o  the  

thin shear  l ayer ,  i t  c a n  b e  neglected .  

Undcr t h e s e  a s s u m p t i o n s ,  the fluid velocity 3 = u + i v  i s  

derived from a potent ia l  $(x, y )  and V/ = - V g  The function 4 s a t i s f i e s  

t h e  Lapl.ace equation 

The boundary condi t ions  are:  

I . .  On  t h e  sol id  surface  S ( x ,  Y) = 0 , tlie normal component 

cf t h e  fluid vzloci ty  re la t ive  to  the  boundary S i s  ze ro ,  

2 .  On t h e  separa t ion l i n s  F ( X , Y )  = 0 , there  a r e  two condi t ions  

which have t o  b e  sa t i s f i ed .  F i r s t ,  along the  f ree  surface  of the  

boundary,  t h e  fluid pa!-ticles must remain on the  f ree  s t reamline ,  

Secondly ,  the  ve loc i t i e s  along the  separatj.on boundary change  in  a 

certLiin way defined implicitly by the  hodograph,  

VV == W(%) (4 

Tr.e problem now is expressed  by t h e  Laplace equation (1) together 

t.i;th boundary condi t ions  dzscr-ibcd in equations ( 2 ) ,  (31,  and (4) 

a b o v e .  Equation 4 is noL I:not%,n a priori. 
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The Solution 

Since  t h e  flow i n  i r ro ta t ional ,  both the  stream function 4 and 

veloci ty  potent ia l  $ e x i s t .  The complex potent ia l  is def ined a s  

fol lows:  

w = @ -t i $  

Since  is a n  ane ly t i c  furiction of z = )i + i y ,  i t  follo.vvs tha t  

dw a a 2  - w = - = A  
+ iax , thus  

dz  ax 

W - u - i v  ( 6 )  

where W is t h e  complex ve loc i ty ,  t h e  conjugate  of t rue velocity.  

Here ;lie sign c m v c n t i o n  s s e d  js 

Th;. t ransformation of the  region of f low from the  pl lysical  z plan? 

onto  the  W plane  is ca l l ed  the  veloci ty  hodogr'aph. The ut i l i ty of 

t h e  hodograph s t ems  from t h e  f a c t  t h a t ,  al though t h e  s h a p e  of the  

separa t ion l ine  j.s nct  kngl.vi? in i t ia l ly  i n  the  z ;>lc7ne, in  the  Vf 

p lane  i t s  hodograph can  be compietaly defined by other considera t ions  

not re la ted  t o  f ree  streamline theory.  

Thc w plane is a l w a y s  considered t o  have a f low net  tha t  

c o n s i s t s  of a  rectangular  grid para l le l  t o  the  4 and 3, a x i s .  The 

fl.ow r s p r e s e ~ t e d  by t h e  b plane  is a n  infini te  uniform flow in  the  

negat ive  $ direc t ion.  Eoth famil ies  of $ = cons tan t  and 3, = 

c o n s t a n t  c a n  b e  mapped onto  t h e  phys ica l  z  plarie by a n  analyt ic  

func-tion = f ( z ) ;  and t h e  l i n e s  Q = c o n s t s n t  and JI = cons tan t  a r e  

s t i l l  equipotenticll l i n e s  and s t reamlines  in tht? z plans .  Tl-te pcrpos,? 
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oi' the hodoyraph i s  t o  help  d3tcrmine t h e  unknown function f .  A s  

long a s  a hodograph c a n  b e  const ructed  b a s e d  on experimental  

cjc:ka or  o ther  informa.tion and a t  t h e  same time if a transformation 

mapping the  hoclograph onto a simple p o l y ~ o n  can  b e  found,  i t  i s  

a straightforward p r o c e s s  t o  apply t h e  Schtvarz-Christoffel t rans-  

formation t o  find t h e  function f, (15) .  F inal ly ,  both + and + 
c a n  b e  determined in the phys ica l  p lane  through integjat ion.  This 

p rocess  is appl ied  to the  wake of a f l a t  p la te  a s  fol lows.  

Suppose a stream of infini tc  width and velocity U encoanters  

a f ixed pla te  B R '  of width 1 placed normal t o  t h e  flow. Choose  

t h e  cen te r  A of  t h e  p la te  a s  t h e  origin.  The s t r e a ~ ~ l i n e  which s t r i k e s  

t h e  cen te r  of t h e  p la te  a t  point A wiil  d iv ide ,  folloav the  p la te  t o  

B and R', t h ~ n c e  fol low along t h e  separa t ion l i n e s  8 C  and  B'C' 

t o  infini ty,  a s  shown in Figure 6 .  The comyle.te coordinate sys tem 

i s  shown in Figure 7 .  

Suppose  t h e  dividing streamlinz is I) = 0 and assume that  Q == 0 

a t  point A ,  t hen  Q = - w  a t  C w  and C u m .  After specifying the  va lues  

of Q and $ in t h e  z p lane ,  the  configuration of t h e  flow boundary 

in t h e  w plane  i s  a s  shown in  Figure 8 .  It is a simple polygon 

whose boundaries a r e  C1,B'ABC,, and i t s  interior  i s  t h e  cut  

plane;  the interior  ang le  a t  point A is 2n. By t h e  Schwarz- 

Christoffel  t ransformation,  t h i s  polygon and i t s  interior  can  be  

mapped on to  the uppzr half of the  5 p lane ,  making BIA,B corres-  

pond t o  6 = - 1 , 0 , 1  respec t ive ly .  (See Figure 9 ) .  

This  transformation i s  accomplished a s  follows: 



Figure 6 .  The phys ica l  z p lane .  

Figure 7 .  Coordinate system. 



Figure 2. 

C '  B' A B C 
C4 

Figure 9 .  1 n t s r m e d i a . t ~  5 p l a n s .  



* 

w =I: < d y + e '  ; e '  - cons tan t  

Since  w =  0 ,  a t  = 0 ,  t h e  coilstc3nt 2' is zcto. 

where tile cons tan t  h 3 s  t h e  following physica l  meaning: 

whic!~ is equa! t o  tiiice the  potcnLial  a t  2 .  

Now t h z  hoaograjn  needs  .to b c  con:;tructed. 'The velocity 

alor;g S ( x , y )  = 0 h a s  known direct ion and  t h e  magnitude of velocity 

a t  r,oirit A is z e r o  b e c a u s e  A is th? s tagnat ion point.  At  the  end 

point sf S ,  01 the  s e p a r ~ . t i o n  point., t h e  veloci ty  h a s  a n  unknown 

nagn i tude  with its direct ion para l le l  to the  p la te  . TToi~~ever, its 

magnitude c a n  b e  measured experisnentally. Actually t h e  separa t ion 

point is t h e  start ing point of the  free streamline ~ ( x ,  Y )  = 0. 

Therefore, i n  order t o  const ruct  t h e  hodograph,  only the  variation 

of veloci ty  a long t h e  f ree  streamline F is needed. A s  a matter of 

f ac t ,  t o  so lve  the  problem, boundary. condit ion 4 must b e  speci f ied .  

Looking a t  t h e  flow i n  t h e  vicini ty of the  p l a t e ,  t h ?  water  

surface r i s e s  t o  i t s  maximum height  a t  t h e  s tagnat ion poj.nt A 

and drops  a f in i te  amount a t  the  separa t ion point.  After the  separa-  
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tion point t he  water surface keeps  dropping parabolically up t o  

the point where t he  shear  layer s ta r t s  t o  break and ro l l s  up.  For 

t h e  f la t  p la te ,  t h i s  occurs  about one and one half plate widths 

downstream from the  plate .  The velocity a t  t h i s  point is observed 

a s  parallel  t o  t h e  approaching velocity. The flow is shown in  

Figure 10 .  

Figure 10.  Flow i n  t he  vicinity of the a a t e .  

It is s e e n  from the  picture that  due  t o  the  drop of water surface,  

veloci t ies  along t h e  shear  layer  a re  not equal  to the  approach 

velocity. I t  may b e  e i ther  lower or higher than the  approach 

velocity and may change from point to point. In order t o  eliminate 

the constant  velocity restrict ion in t h e  free streamline theory,  the 

hodograph shown in  Figure 11 was assumed.  

The hodograph is a n  off-centered circle defined by the 

following equation: 

2 2 I % 1 2  = u + v = Z,'(-V) + 8 ' ;  a'$ i( 0, B '  > 0, V <  0 (8) 



- 
Figure 11. The hodograph 

in  which a' and B '  ar?  two c o n s t a n t s  with dimension L/T and (L/T) 
2 

respec t ive ly .  The phys jca l  meaniny c,f 8 ' i s  exp; e s  secl a s  follows: 

when --v = 0 u -=fi, t h e  velocity a t  t h e  separat ion 

point .  (9) 

The assumed  hodograph is subst i tu ted  for t h e  unknown boundary 

condit ion speci f ied  by Equation 4 .  

Divide Equation 8 bv 3 ' ;  t h e  off-centered c i r c l e  is then 

normalized , 

The d imens ion less  vcloci ty  components a re  and G .  

The normalized hodograph is shown in  Figure 1 2  a s  the  T 

plane.  The a r c  B C B '  then is transformed on t o  a n  infini te  horizontal  

s tr ip i n  t h e  P-plane by t h e  mapping 



Figure 1 2 .  Normalized h o d ~ y r a p h .  

Figure 13. The intermediate P p l a n e .  
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whcre it1 Figure 1 3 ,  I< = Cl t  . m 

The next s t z p  i s  t o  transform the  simple polygon in the  

P p lane  onto  the upper half of the  5 p lane ,  Figure 9 ,  making R' ,A, B ,  

correspotld t o  5 = -1 , 0 ,  aricl 1 respec t ive ly .  

By the Schwarz-Christoffel t h ~  .orern 

o n n -1 - 1 0 -- - 1 
- -  II II 
clP - K I (  i+1) ( 5-01 (c-1)  I I<' -- constant  
d i 

P - K' + K" , K" = constant  

From Equation 11 and 13  



But note tha t  T = ~ / f i  therefore ,  

From ear l ier  r e s u l t s ,  Equation 7 

subs t i tu te  Equation 15 into 16, 

in  which a and c a r e  two c o n s t a n t s .  

The cons tan t  I(̂ c a n  be  determined b y  noting that  the width of 

p la tc  is 1; i t s  end points  B and B '  correspond t o  i = 1 , - 1  respect.ively. 



Therefore, 

After knowing K, Equation 7 express ing 5 in terms of w , the 

complex pctent ia l  c a n  b e  u s e d ,  t-hat i s ,  

From Equation 15 

Since  along t he  separat ion l i n e ,  = 0 ,  w = @. The cquation 

for the  f ree  streamline earl be obtained.  

n-K 

eKil - - 1 d ,  
J 

- m < $ 4 0  

E 1 
Let d = Q (n )  = - then b = - - 2 2 



K 
o r ,  for Q < - 2 

K 
For :P > - 2 

E SinK (3 (6 
Y = .--I____. - _____I____ 

f i  I t -  K 2 (TI-K) 
-- 11 

1 + 2E CosK + E II 
2 

where 

The equat ion of t he  sspara t ion l ine  can  a l s o  be obtained by cumbin- 

ing  Equations 18 and 19 



-1  a' 
0 < K = Cot  < TI 

In order t o  10cii.e ihe free ~tre-l~il l in: : ,  i is re , ; t r ic t td  t o  he r.:al 

'The a i tcrnat iv2 form of Equdtioi: 22 is  

1.- K rr -K 2 (n -K) -- -- 

i: rl C r - 1  
rl {(s) SinK / [ l  +2($) CosK -I- (,-' ~ + l '  

y =-2 I-- -- (23-b) 
!-I& - rl- K 

11 11 
5-1 { - I 1 / - I <+i ( l j d t  

i n  which 5 3 1 ,  

The derivation of Eqluations 21 and 23 i s  given in  Appendix A .  

A numerical integrat ion of Equation 23 was  performed us ing 

the program l i s t e d  in  Appendix B. The t rapezoidal  ru le  w a s  

employed. The r e s u l t  is plotted in  Figure 1 4 .  





EXPERIMENTAL T'VORI< 

Actu-al, wake boundaries were located  in a straight  open 

channe l  for the following purposes:  

1. To verify the  thec re t i ca l  model for  t h e  wake boundary 

genera ted  by a f lat  p l a t e  p laced normal t o  the  stream. 

2 .  To inves t iga te  t h e  ef fec t  of water  surface  on the  wake 

boundary. 

3 .  To compare the  s i z e s  of wake genera ted  by f la t  

p la te ,  ninety degree  wedqs  and a circular  cyl.inder. 

4 .  To obse rve  a genera l  picture of t h e  s i z e s  of wake 

genera ted  by a n  embedded sphere  a t  three  d i f f x e n t  

d e g r s e s  of submergence.  

The appara tus  u s e d  and  experimental  procedures a r e  desc r ibed  

in t h i s  chapter .  The r e s u l t s  a r e  g iven in  Chapter  6 .  Experimental 

da ta  a r e  included in  the  Appendix. 

TI]:. experimental  equipment c o n s i s t e d  of a rectangular  

t i l t ing  flume suppl ied  by a low volume centr ifugal  pump with a n  

a i r  ac t iva ted  regulat ing v a l v s  and  a n  electromagnetic f l o ~ 7  

meter for  f low measurement. The d i scharge  could b e  ad jus ted  be- 
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tween z e r o  2nd 1400 gpm. The flume was  24 fe$t loag and 1.5 

ick: ~vidt_. wit11 tran:;parcn: bid,- v:alls L fsst Iiigl- T , I ~  r:+r+c~r:>l 

s lope  w a s  a d j u s t a b l e  with a hvdir,ulic cyl inder .  The tailchrater 

dep th  w a s  cont ro l led  by the  t a i l  g a t e ,  opera ted  by a hydraulic  

cyl inder .  Wate r  temperature for ~ l l l  runs  w a s  approximately 7 5 ' ~ .  

Thi. obst,~c' .- .  ~lr,/l . t c l ~ l ~  + , I - .  > pl :C :<i O i  a 1 1 tfo-1 0 i~?c:lec; 

high and  42 i n c h e s  downstream from t h e  head box. In order to 

e l iminate  t h e  l a r g e  vortex tha t  o c c u i r e J a t  t h e  ent rance  of t h e  plat-  

form, a i r i a l~yu ld r  ramp w a s  b ~ i l t  i n  front of the  plc~tlorm t o  forni 

a slowly converging floor s o  tha t  th> f low approaching t h s  te;t 

s e c t i o n  would h e  s t e a d y  and uniform. Four l aye r s  of 0 . 5 "  x 

0 .5"  nistal rrlesh were  inse r t ed  a t  the  out le t  of the head box t o  

eliniindte t h e  la rge  s c a l e  edciies produced ins ide  the  head box. 

D e t a i l s  of t h e  test section and thc o b s t d c l e s  a r e  shown in Flgure 15  

and Figure 16 respec t ive ly .  

ori.gin foi- p la t e  a n d  c:ircular cyl inder  

/ 

'f origin for wedge and zrrts~dded sphere  

Hdad box 

/ - > 

r " -  
- - - - - - - - - - -- - - - - 

I+-- 

Figure 1 5 .  Channel  geometry st the t e s t  sec t ion .  



Pla te  

T n q l r i 2  V I  Topview 

Circular  Culind3r 

7 x 

Sidevie w 

Figure 1 6 .  De ta i l s  of Obs tac les .  

Both dye  and  a hydrogen bubble dev ice  were uscd t o  v isua-  

l i z e  t h e  wake boundary. D y e  was  introduced a t  the front f a c e  of 

t h e  p l a t e  through a small  rubber tube (4  mni  ou t s ide  diameter) .  A 

s e r i e s  or' h o l e s  1 inch apar t  w a s  dri l led in  the  tube .  The tube 

w a s  posi t ioned s o  that  dye  l e f t  t h e  tube  in  a direct ion para l le l  

t o  t h e  f a c e  of the  p la te  or  perpendicular  to  the  approaching velocity.  

The tube  w a s  p laced  in t h e  stagndtion zone s o  tha t  t h e  flow w a s  not 



seriously disturbed. Figure 17 shows the  dye  injection device 

and the approximate wake boundary. 

wake boundary. 

The hydrogen bubble device i s  shown i n  Figure 18. 

0 .010"  copper wire 
Figure 18. Hydrogen bubble device.  
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In  order t o  s e e  t he  t iny bubbles ,  the  channe l  floor was  

painted b lack .  Figures 2 and  19 a r e  photographs i l lus t ra t ing t h e  

u s e  of hydrogen bubble techniques .  

I 

Figure 19.  Visualizat ion by hydrogen bubisi;. . 

Information coald  only be  obtained us ing t he  d y e  or hydrogen 

bubble  technique with a very low approach veloci ty  r ~ h e r n  the re  was  

no s ign i f i can t  drop of water  surface  behind the  obs tac le .  When t he  

veloci ty  was  higher ,  the  water  su r face ,  disturbed by t h s  obs t ac l e ,  

was s o  rough that  the  s t reamlines  within the  flow field could not 

be  identif ied.  

Quant i ta t ive  r e s u l t s  of the  wake boundary were obtained by 

us ing yaw and  pitch probes.  These  two probes were bui l t  t o  t he  

dimensions  s p x i f i e d  in  Reference 8 .  The tubes  of e a c h  probe have  

a 3 m m .  ou t s ide  diameter.  
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The pressure  differences arnol-~g the  three tubes  of the  pro!>? 

were measured by two Model 7 Variable Reluctance Differential 

Pressure Transducers produced by t he  Validyne Engineering Co. The 

pressure  sens ing  element for e s ch  transciucer was  a n  0 .1  ps i  f lat  

diaphragm. The pressure  difference a c r o s s  the  diaphragm c a u s e s  

a d isplacement  of t he  diaphragm. When the  transducer is  excit'ed 

by the power supply of a recorder,  an  output voltage propo@:ional 

t o  the  pressure  difference i s  produced. 

This output voltage was  recorded by a Beckman Type R 

Dynograph Recorder. The block diagram of t he  recorder is shown 

in  Figilre 2 0 ,  and the  ent i re  se tup  i s  shown in  Figure 21. 

Transcluc@r Input  couplr r  

pressure 
input 

Figure 20. The block diagram of the  Recorder. 



Figure 2 1. Schematic diagram for t h e  p r s ssure  measurement.  

Pressure  Transducer and  Recorder  Calibrat ion - 

The t ransducer  and  t h e  recorder were ca l ibra ted  together .  

AC'er se t t ing  up t h e  sys tem and priming t h e  t ransducer  and tubes  

with wa te r ,  t h e  e n d s  of  t h e  th ree  t u b e s  were submerged in a bucket  

containing wa te r ,  a n d  t h e  pens  of t h e  writer unit  of t h e  recorder 

were centered t o  ze ro .  Then,  t h e  two t ransducers  were separa ted  

by clamping t h e  common pressure  tube.  By doing s o ,  the  two 

c h a n n e l  can b e  ca l ibra ted  one a t  a t ime.  

The reference  differential  p ressures  were produced by se t t ing  

t h e  tube  leadin  : t o  t h e  s i d e  hole  of the  proSt7 a t  different  elevations 

t,;,hile maintaining thtt cen t ra l  tube a t  a n  arbitrary but fixed datum. 
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The elevation differences  were read from a vertical  s ca l e  with 

tl!e help of rl vernier accura te  t o  0 .01  inch.  This s e t  up is shown 

i n  Figure 2 2 .  

. . . . . . - - - ~. ~ . -. 

Figure 22 .  Calibration device for the transducer 
and the  Recorder. 

Figure 23 is a n  example of t he  output of calibration. Pen 

def lect ions  were proportional t o  the  pressure difference applied.  

The differential  pressure in t h i s  study ranged from zero to  1 . 4  

inches  of water or from zero  t o  approximately 0 .05  psi .  

The Use of Yaw and Pitch Probes 

The  yaw and pitch probes were constructed t o  the  specifications 

proposed by Ra jaratnam and Muralidhar (8).  Calibration curves  

prest?nted i n  this  rsfsrence were u s d  for the probes. 
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Figilre 23.  An example of t he  output during 
calibration. 

At any point in a flow field the  water velocity in the plane 

of the  probe h i t s  the probe with a n  angle  a . The piezometric 

heads  indicated by the  three tubes  of the  probe are: 

where H I .  H2 ,  and H a re  calibration confficients. 
3 

A tenth degree polynomial was used t o  interpolate Rajarstnam's 

and Muralidhar 's  data relating a t o  H in which H i s  equal t o  the 

ratio of X3 - H2 to  H 
1 - H2. Similarly, another polynomial of 

6 t h  degrce was used t o  interpolate the  data relating u to H 
6 ' 

where H, i s  another calibration coefficient.  The magnitude of t h ~  
.I 



veloci ty  is then  coinputed from t h e  express ion:  

S i n c e ,  

H - Hz P3 - P 3 H z -  . - - 2 

H1 - P1 - P2 

'The term H c a n  b e  c a l c u l a t e d  di rec t ly  from t11c pressur?  

meas~ire inents  . By employing t h e  two  polynomials ,  the  inagni1:ude 

a n d  di rec t ion of t h e  veloci ty  c a n  t h e n  be  ob ta ined .  The coeff ic ients  

of t h e  'two polynomials  were ca lcu la ted  by POLRG, ii cort? image 

program. Tab les  C-1 and C-2 i n  t h e  A q e n d i x  C show t h e  res idue  

betcv52n t h e  v c j u e s  estimatel.? 1:sirq the  polyr.ornS?~s a r d  the  original  

d a t a .  

The computer  program u s e d  t o  reduce  the  p ressure  measure-  

ment da ta  is a l s o  included i n  Appendix C .  

,Measurement Procedure 

The flume w a s  horizontal  for a l l  experiment runs .  After 

sc t t ing  t h e  d i s c h a r g e ,  the  t a i l  g a t e  w a s  a d j u s t e d  unt i l  the  water  

depth  a t  t h e  e n t r a c e  of the  t e s t i n g  s e c t i o n  w a s  th ree  t imes  the  

"diameter" of t h e  o b s t a c l e .  The "diameter" w a s  def ined a s  t h e  

w i d e s t  d imension of t h e  o b s t a c l e  i n  the  d i rec t ion perpendi.cu.lar t o  t h e  

approaching ve loc i ty .  Measurementsof t h e  loca t ion  of t h e  cvake boundary 

a n d  t h e  v e l o c i t i e s  a t  t h a t  point  were made a t  0 . 1 2 5 ,  0 . 2 5 ,  0 . 5 0 ,  

0 . 7 5 ,  1 . 0 0 ,  1 . 5 0  a n d  2 .00  diameters  downstream from t h e  o b s t a c l e .  

The pi tchprobe w a s  c h o s e n  for t h e  b a s i c  measurements .  The 

probe w a s  s lowly moved i n  t h e  transverse.. d i rec t ion s tar t ing  a t  the  



interior  of the  potent ia l  flow region and moving toward the  wake.  

When the  probe approaches  t h e  wake ,  it f i r s t  s e n s e s  a s t e e p  

veloci ty  i nc r ea se  and then i nd i ca t e s  a sharp  drop of velocity.  This 

change  w a s  noted by  watching t he  output  of the  recorder.  When 

t h i s  occur red ,  the  movement of t h e  probe was  stopped and its 

posi t ion was recorded.  An example output for t h i s  purpose is 

shown i n  Figure 24. 

Figure 24.  An exarnple output  for ti12 locat ion of the  
wa ke boundary. 

After locat ing t he  wake boundary,  t he  probe was  r e s e t  for 

about  twenty  s e c o n d s  t o  the  posi t ion where  maximum veloci ty  occur-  

red s o  that  the  p ressure  di f ferences  could b e  recorded over a 

period of t ime.  Since  t h e  flotv was  turbulent ,  t h i s  s t ep  w a s  nec- 

e s s a r y  t o  obta in  a mean veloci ty .  

The probes  a r e  ba s i ca l l y  two dimensional ,  i .  e .  , the yaw 

probe d z t e c t s  a horizontal  ang l e  correctly when properly oriented 

i n  t h e  ver t ica l  p lane  and t he  pi tch  probe s e n s e s  t h e  correct  

ve r t i ca l  ang l e  when properly oriented i n  the  horizontal  p lane.  Prior 

t o  posit ioningthe pitch probe a t  e a c h  s t a t i on ,  the  horizontal  ang le  
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w a s  measured approximately.  Thus t he  pi tch  probe could be  s e t  

t o  t h i s  predetermined horizontal  ang le  and  the  wake boundary 

could be  determined.  A s e t  of ang le  for o n e  s e tup  is shown 

in the  following t ab l e .  

Table 1. 

STATION* 0 .125  0 . 2 5  0 . 5 0  0 .75  . 1 . 0 0  1 . 5 0  2 . 0 0  

ANGLE 

*The s t a t i ons  were expressed  a s  the  ra t io  of downstream d i s t ance  
t o  t he  diameter of t h e  p!.ate. 

Figure 25 shows  the  pitch probe s e t  a t  a n  appropriate 

angle . .  - .  - - . , . . 
I 

Figure 2 5 .  The ang l e  of pi tch probe re la t ive  t o  
tile flow. 

Data were obta ined for three different  approach veloci t ies  

for e ach  o b s t a c l e .  



CHAPTER 6 

RESULTS AND DISCU~SSIONS 

Theoretical  ana ly s i s  of wake flow is d i s cus sed  in  t h i s  chapter  

together with coniparisons v ~ i t h  Kirchhoff' s i r ee  streamline the r~ry  and 

the resul:  obtained by previous experiment. After presenting t he  

r e s u l t s  of experimental work descr ibed in Chapter  5 ,  theoret ica l  

'lnd experimentti1 resu l t s  a r e  compared dnd c1iscussc.d. Suggestions 

for  further study a r e  g iven a t  t hz  end of th i s  chapter .  

The hodograph d2velopscl in  this study does  not explici t ly 

briny t h e  velocity far  dcv:rlstreinl.back t o  the  value a t  infinii.2 

upstream a s  required by t h s  conservation of energy in  idea l  flow. 

Fcr the  r e a l  flow ins tead  of extsnding t h e  wake downstream t o  

infini ty,  the  shear  layer  breaks  down about two diameters dotvn- 

stream and from that point the  wake boundary is no longer clearly 

def ined,  H e n r , ~ ,  it i s  meaningless  t o  worry about  thz d s t a i l s  of 

t h e  shea r  layer  a t  infinity. In addi t ion,  the fluid velocity a t  the  

breakdown point of the  shear  layer  was  observed a s  paral lel  t o  

tile approaching veloci ty .  Should the velocity a t  t h i s  point equa l  

that  a t  infini ty,  the  hodograph can  b e  adjus ted by choosing t h s  

proper K value  t o  sa t i s fy  the  principle of conservation of energy. 



Tit.:, dynamic bourtdciry coriditiorl (Equation 4) is expressed  

i n  terr:;s of velocity ins tead  of p ressure .  It  is simpler  t o  work 

with veloci ty  when us ing t h e  hodograph method. The correspondirig 

gressure  varia-[:ion along the  sepcra t ion l ine  i s  re la ted  to  the velocity 

through Bernoulli 's equation.  

I n  the  derivation when progrzssing from Equation 22 to 

Equation 23,  only the  principlc Sranc;l.l of t h e  quanti ty e 
i (2n+I.)1[ 

i s  u s e d .  Since t h e  exponent  is a n  i rrat ional  number, there e x i s t s  

a n  in f in i t e  number of solut ions .  Should the  solut ion derived from 

t h e  pr inciple  branch fa i l  t o  predict  t h e  wake boundary, other 

so lu t ions  should b e  t r ied .  

The pardrnetcr K cannot  b e  d ~ i e r m i r i ~ d  by the  tlleors i t se l f .  

I n s t e a d ,  it must b e  d e t e r m i ~ e d  from other c ~ n s i d c r a t i o n s .  For 

t h i s  s tudy va lues  of K were arbitrari ly se lec ted  ranging from K = 

60° t o  K = 170°. The appl icabi l i ty  and. t h e  goodness  of f i t  to 

ac tua l ly  locatedwake boundary dep2nds  on t h e  cho ice  of t h e  K v a l u s  

( i .  e .  The propcr K value could be  obtained by superposi t ion  of 

derived wake boundzries over p lo ts  obtained experimental ly.)  

Camparisons withJirchhoffl s Solution and Existing Experimental ?t?sults 

0 
In the  p resen t  theory if I( = 90 , the  hodograph i s  a half 

c i rc le .  I t  is then idant ica l  t o  til? hodograph in Kirchhoff's solut ion.  

0 
'in Figure 26  t h e  solut ion for  K = 90 was  plot ted for co:n?arison 

with Kirchhoff 's solut ion ( taken from reference  5 ) .  Th3 two curves  

a r e  identical. excep t  for p lo t t i r~g and conlputation errors.  The lower 

ciashxl  exp?rini+?ntal curve ( takcn from t h e  same  r e f e r e n c e ) ,  which 
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Kirchhoff's solut ion was  intended t o  predic t ,  is similar t o  the  curve 

0 
p . ' ~ d i c t e d  by the  present  theory with K = 120 . From t h i s  compar- 

i s o n ,  it cdn b e  s e e n  that  the  p resen t  thzory is more f lexible o r  

more genzral  and comes much clor,er t o  predicting t h e  actual  loca-  

t ion  of t he  wake i n  r e a l  flow. 

Experimental Results  

It  was  observed that  ev2n though the  obs tac le  is prismatic 

through t he  water dep th ,  the  result ing wake is sc tua l ly  th ree  

dimensional;  wider a t  th? bottom and narrower on the  top.  Figure 27  

shows  t he  wakn bocnclari e s  ?t  t h r p ~  djFfl)-rc?t apprn3ch v e l o c i - i i ~ s  . 
For edch appi-oach vel ocj-ty , wa!:e boundaries a r e  given a t  three  

d i f fe ren t  e levat ions .  This variat ion i n  width of wake a s  a function 

of depth becomes obvious ~ v h e n  the  approach v d o c i t y  increases. 

Figures 28 ,  2 9 ,  and  30 compare the  wake s i z e s  of three  

diffctrent priymatic obs t ac l e s  - namely,  t h e  f la t  p la te ,  t he  90-  

degree  wedge and the  c i rcular  cylinder.  'For the  f i rs t  two c a s e s  

t he  separat ion points  a r e  fixed a t  t h e  end of t he  obs t ac l e s .  The 

direction of separat ion velocity a t  the  separat ion point a r e  similar 

and  t he  wake of the  pla te  i s  approximately equal  t o  tha t  produced 

by the  wcdge though t he  wedge wake is a l i t t le  smaller. The 

separation point of t he  wake of the  circular  cylindzr is not fixed 

a t  one point but moves hack  and forth and could not  be  accurate ly  

loca ted .  The lef t  end of t he  dott2d l i ne s  i n  t he se  f igures dozs  not 

ind ica te  t h e  startini;. point of t h e  shear  layer  but simply t he  f i rs t  

s t a t ion  where the  silca:- layer  could b e  located.  The s i z e s  of t hz  
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0 C . ; q ~ ~ r c  28. W'i1l:~s produr,:x! Sl; p!,,~t? (solid l i n e ) ,  3 0  w z d g  
(~1,;lsh.c.d l i n ~ j ,  ond rlil-c~l13r c:;rlir~der (dott2d i inz j  
a t  h/l - 3 . 0  act! r / h  -. 0.25. 



Figure 29. T1Vak-z.s urcduced b y  plat;? (solid l i i 1 2 j l  90 o 
c\r>c?gc:. (dzsh ld  ]in?), nci circular c y l i n d e r  (ciott2it 
I ? . -  \ .L,.,!2, <it h,/J := 3 .  17 ii?.:.l :-/!I := 0.50. 



0 F'  ire 3 0 .  Wakes  produc.?d b y  p ld t z  (solid l i n e ) ,  9 0  
weclgc (dashed l i n e ) ,  a n d  circwlar cy l inds r  

(:lotted l.in?) a t  h,/! == 3 . 0  and r/h. = 0 . 7 5 .  
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wake fo r  the  higher ve loc i t i e s  a r e  c:onsiderably smal ler  than for the  

lower ve loc i t i e s .  The trend of t h e  change  of wake  s i z e  with 

approaching veloci ty  for  t h e  c i rcular  cyiinder is similar  t o  tha t  for 

t h e  p l a t e  in t h a t  t h e  wake g e t s  narrower a t  high approach veloci t ies .  

I t  is s u s p e c t e d  t h a t  fo r  d i f ferent  o b s t a c l e s  the  tangent  t o  

t h e  o b s t a c l e  a t  the sepa;ation point i s  irioi-e importaxi for -ihe 

purposz o i  es t imat ing t h e  wake s i z e ;  whereas  t h e  contact  Eiiza 

between t h e  p ~ t e n t i a l  f low and t h e  o b s t a c l e  is only important 

for es t imat ing t h e  t h i c k n e s s  of t h e  shear  layer  a s  s t a ted  in  Reference 

4.  

Figure 31  sh.ovrs th?: ~i,;al:s ~ I C I ~ ~ I C Z I J  177 a n  embcdded sp?izre 

a t  three different. d e g r e e s  of submergence.  For th i s  speci f ic  

embedded sphere  wher, the  ra t io  of approach water depth t o  sphere 

diameter  is 0 . 5 ,  t h e  lclov~ p a s t  the  sphere  i s  s o  shal low that  

measurer;~en.ts could only h e  made a t  r/h ..- 0 .25 .  Since the  water  

degth  is s m a l l ,  t h e  wake boundary measured a t  t h i s  e levat ion can  

b e  employed t o  es t ima te  the  whole wake s i z e .  The wake w a s  

observed a s  s imi lar  t o  t h e  c i rcular  cyl inder  wake.  With a depth/ 

diameter  ra t io  of 0 . 7 0 ,  t h e  wake widens considerably .  The curva- 

tu re  of shear  layer  of t h e  t o p  portion is larger than  t h o s e  a t  the  

lower port ion,  and  t h e  wake is rruch wider near  t112 top.  For 

a depth/diameter ra t io  of 1 . 0 ,  water f lows over the top of thz sphere .  

The wake i s  " c l o s e d "  immediately downstream from the  sphere.  

Since  t h e  separa t ion point i s  not measurable due  t o  the  uns tead iness  

of t h e  fl.ocv, t h e  l e f t  end. point of t h e  curves  d o e s  not indica te  t h e  

start ing point of t h e  shear  l a y s .  
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The following t ab l e  g ive s  the w a t x  surface  e levat ion behind 

t h s  sphere .  B y  us ing th i s  ta::lz together with Figure 31 , a three 

dimensional  plot of  t h e  wake c a n  be made. 

Table 2 .  Watcr  ~ u r f a c e  e1cv;ltion be l~ ind  The 
embedded sphere .  

S t a t i i  1 0 . 5  from symmetric a x i s  On the synlmetric a x i s  

- -- 

*The s t a t i ons  were expressed  a s  the  rat io of downstream d i s tance  
to  the  diameter of t h e  sphere .  

The calibrat ion curves  of the  yaw and pitch probes were 

developed from da ta  in  the  p o t ~ n t i a l  core of a p l a n e  turbulent '~vall  

jet a s  explained in  R ~ f e r c n c n  8 .  Th? veloci.ties hitting t h e  three 
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h o l e s  of the  probe a r e  iden t i ca l .  However,  in  t h i s  s tudy when 

tile probe is placed near or on t h e  shear  l ayer ,  t h c  ve loc i t i e s  

hi t t ing t h e  h o l e s  a r e  no'i uniform, i. e .  there is a veloci ty  gradient  

a c r o s s  t h e  n o s e  of the  probe. Therefore,  the  measured ve loc i t i e s  

a r e  doubtful .  This d e f e c t  w a s  s e r i o u s  for t h e  yaw tube ,  s i n c e  t h e  

width dii-ilelision of t h e  psobe in the  p lane  of ihe  flow w a s  abcut  

t h e  same  a s  t h e  width or' t he  shear  layar.  The probe width nf 

t h e  p i t ch  probe w a s  about  one  third t h e  width of t h e  s h z a r  layer .  

Based on t h i s  fclct, t h e  pi tch probe w a s  c h o s e n  t o  loca te  t h e  wake 

boundar ies .  Before locat ing t h e  wake boundary,  it w a s  necessa ry  

t o  know t h e  i3.irectioii of the  v~!c,c;lty i n  tile horl.zon!::~l pla-IC I:, 

t h e  vicini ty of t h e  :;h?ar l a y e r  s o  tha t  t h e  pi tch probe c o ~ l d  b e  

s e t  t o  tha t  ang le .  Unfortunately, the  yaw tube measurement was  

t h e  only rrleans of est imating t h e  d i rec t ion of t h e  velocity in  the  

v ic in i ty  of the  s h e a r  layer .  Because of th is  d i f f icul ty ,  in tens ive  

measurement of t h e  veloci ty  in t h e  s h e a r  l ayer  i m m e d i a t d y  dowll- 

stream from t h e  o b s t a c l e  could not b e  accompl ished.  Therefor?, 

no u s e f u l  information of veloci ty  variat ion along the  shear  layer  w a s  

obta ined.  Actually t h i s  kind of information is very hard t o  obtain 

s i n c e  in  addi t ion  to t h e  nezd for a smal l  three d imensional  Pitot 

t u b e ,  t h e  pos i t ion  of the  probe h a s  t o  b e  identif ied very accura te ly  

b a c a u s e  of t h e  veloci ty  variation a c r o s s  the  shear  layer .  Howevzr, 

should  t h i s  kind of information become a v a i l a b l s ,  t h s  assumpt ion 

of t h e  theory c a n  h e  verif ied d i rec t ly  by  superimposing t h e  rncasured 

ve loc i t i e s  on t h e  hodograph and coniparing theore t ica l  and measurzd 

v e l o c i t i s s  . 
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By us ing Equation 23 ,  t h e  theore t ica l  wake boundaries were 

ca lcu la ied  with different. K va lues  10 clegrezs apar t .  One of them 

w a s  then  chosen  in such a way that. it b e s t  f i t  c n e  of t h e  experj.- 

mental c u r v e s .  These  compar isons  ai'e shown in Figure 32 through 

Figure 34 .  In e a c h  figure t h e  sol id  l i n e s  a r e  theore t ica l  i ines  

with t h e  appropriate K va lue  shown on e a c h  l i n e .  In genera l  t h e  

theore t i ca l  wake boundaries a g r e e  with t h c s e  ac tua l ly  l ~ c a t e d  i n  

t h e  flume. The except ion is t h e  c a s e  where t h e  shear  l ayer  is 

near  t h e  water  su r face  and t h e  approach veloci ty  is high. Ttvo 

t r ends  of t h e  change  of t h e  paramcter K a r e  noted.  I ' j rs t ,  a t  t h e  

s a m e  ve loc i ty ,  K i n c r e a s e s  froin t h e  channel  bottom t o  the  water 

surface  with a n  incre3s ing r a t e .  Secondly ,  a t  a f ixed e levat ion 

re la t ive  t o  t h e  chdnnel  bottom, K i n c r e a s e s  when t h e  approach velo- 

c i t y  i n c r e a s e s .  

The f low approaching t h e  t e s t  sec t ion  is uniform i n  e a c h  

dimension;  whereas  af ter  it p a s s e s  t h e  p l a t e ,  t h e  flow is no longer 

uniform i n  t h e  d i rec t ion.  Therefore,  t h e  flow must b e  t rea ted  a s  

a n  infini te  number of horizontal  l aye rs .  The theory c a n  then b e  

appl ied  t o  e a c h  of t h e s e  horizontal l aye rs  of two-dimensional flow. 

For a l l  experimental ly measured wake boundar ies ,  t h e  I( value  for 

t h e  theore t i ca l  cu rves  which b e s t  f i t  t h e  measured curves ,  were wel l  

above  9 0  d e g r e e s .  

No examples  of three-dimensional  wakes  g e n ~ r a t e d  by a 

prismatic o b s t a c l e  in  t h e  p resence  of a free water  surface  were 



FiQ:jr2 3 2 .  A corn:>arizon of w3ke boundar i e s  (solid line) 
. t;~l:h s j ~ 2 r v e d  wake bounr i a r l . 3~  (cld s h ~ d  t i n e )  
a t  y ! . , j ! :  3 . 9  2nd r/"n = 0.25. 



F i g ~ i r c  3 3 .  A conl.p2rison oi tvake b o u n c i a r i ~ s  (solid l in?)  
~ v i t h  o b s e y i ~ ~ d  w ~ k e  b o i : n d c ~ r l ~ l ;  (dashcd lirie) 
2 L h/l  = 3 . 0 I? ~1 r/'h -: 0 . 5 0 . 
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! lyure  3 4 .  2 compar i son  of ; , + ~ i ~ k e  bi31~nd;iries (solid ].ins) 
cvi . th obsc.r.vr~d rvvake boundc~i-izs (ci-I shed  linc.) 
a t  h/1 =: 3 .  0 a n d  r/h =. 0. 7 5 .  



fcund in  the  l i t e r a t u n  review.  Also,  gravity forc:::; were completely 

d is regarded during t h e  development of t h e  model. .i. i s  assumed 

tha t  the  non- uniformity of K value  thrc:j,.tghout the  water  depth  

f.s c a u s e d  by gravity f o r c e s ,  a s  evid.enced by t h e  variat ion i n  

dep th  of t h e  water su r face .  .At a high approach v;loc:ity, the  water 

surEacc drops  s igni f icant ly  bshind the p ia te  i ~ n d  t he  f low near  the  

water  su r face  is n o  longer two dirnensional.  The I ~ o l l o w  region 

behind t h e  p la te  c a u s e s  t h e  water  t o  f low inward and  downward 

tovrarci t h e  1.onyirudinal a x i s .  The f low near t h e  water  surface  

i s  governed by gravity i n s t e a d  of iner t ia  aloile. This expla ins  why 

t h e  theory  d e v i a t e s  from t h e  exporimeilt when t h e  s h e a r  layer is 

nzar  t h e  water  su r face  and t h e  approach veloci ty  is high. 

Suqqes t ions  for F'urther Study. 

Sotne a s p e c t s  of vvalc? boundaries in a horizontal  open 

channe l  were not covered in  t h i s  s tudy.  They a r e  l i s t e d  :ts fol lows 

for further s tudy.  

I .  The relat ionsh-ip between the  parameter  K and  t h e  

approach ve loc i ty  should b e  inves t igated .  In t h i s  study 

K inc reased  when t h e  approach veloci ty  inc reased .  

A more de ta i l ed  re la t ionship  between t h e s e  two 

q u a n t i t i e s ,  u s e d  i n  conjunction with experimental  

d a t a  obtained with a model, could prokid? a means  

of obtaining a quick es t ima te  of wake boundar ies  with 

a simple veloci ty  measurement. 

2. The variat ion o f  K with respec t  t o  watc!~- dep th  by 

trt?at l.!g t h e  approach velocity a s  a p:~ramett?r should 

b e  s tudied.  The ef fec t  of water  d e r - ' i  c a n  then  b e  



encompassed in predict ive equat ions  for t h e  wake 

boundary. This s tudy will a l s o  provide a l i m i t  bcyond 

which t h e  proposed model no longer app l ies .  

The re la t ionship  between K and V* a t  different 

approach ve loc i t i e s  should be  es tab l i shed .  From 

Equations 10  and 12 the  following equation resul ts :  
n 

Ciot I( = 
v*' - 1 

2 v" 

Equation 24 together with experimental ly determined values  

of K will  provide a means of est imating t he  velocity 

a t  t h e  separation point. This is very hard to  measure 

experimental ly.  

4 .  The model d i s cus sed  i n  t h i s  s tudy h a s  not been 

verif ied i n  supercri t ical  flow. In supercr i t ica l  

flow, ra t io  of flow velocity t o  depth  is larger than 

is t h e  c a s e  for subcr i t ica l  flow. With higher inertia 

t h e  water  is "shooting" when pass ing  the plate.  The 

effect  of water  surface  is expected t o  be less signifi- 

can t .  A s tudy  of t h i s  kind wi l l  yield a set of K 

va lues  for supercri t ical  flow and will make t h e  pre- 

d ic t ive  model more complete. 

5 .  Further study of t he  wake s i z e  of t he  embedded 

sphere  is needed.  The amount of t h e  volume of t he  

.;phere embedded undzr t h e  channel  floor changes  the  

re la t ive  geometry of the  sphere  with r e spec t  to  the  

iilcoming water  dep th ,  and accordingly ,  the wake s i z e .  
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Further  e x p e r i m e n t a l  work b y  c h a n a i n g  t h e  embedded  

volume is s u g g c s t e d .  



CHAPTER 7 

SUMMARY 

A new hodograph was  developed for predicting the  wake 

boundary behind a f l a t  p la te  p laced normal t o  t he  flow and was  

verif ied with experirnzntal r e su l t s .  In t h i s  mode! velocj t ies  

along t h e  shear  layer can  vary. The c l a s s i c a l  Kirchhoif's solution 

for  predict ing the  wake boundary is a spec i a l  c a s e  of t h i s  model. 

A comparison of t he  s i z e s  of wakes  produced by a f l a t  

p l a t e ,  a 90-degree wedge,  and a circular  cylinder were made. The 

effect of the  water  surface on wake s i z e  w a s  invest igated.  The 

shape  o f  wakes  produc:ed by a n  embedded sphere  a t  different 

degrees  of submergence was a l s o  s tudied.  A l l  experimental 

work w a s  done  i n  a horizontal  s traight  open channel .  

It was  found that: 

1 .  For the  wake produced by a f l a t  p la te  perpendicular 

t o  t h e  f low, t h e  wake is narrower when the  approach 

velocity is higher. 

2 .  For a prismatic obs tac le  perpendicular t o  the  f low 

wi:tc?r surface  effects wil l  force t he  wake t o  narrow 

down near t he  water surface  whereas  the flow near t he  

channe l  floor is not af fected and is governed only 

by iner t ia l  f~:rce. 



3 .  Among th s  three  prismatic obs t ac l e s  u sed ,  t he  f lat  

p l a t e ,  the  90-degree wedge arid t he  circular  cylinder,  

t he  f la t  p la te  is the  most effective for producing a 

large  wdke. The wake produced by the  wedge is 

similar  t o  tha t  of t he  p la te  but a l i t t le  smaller .  The 

wake produced by a c i r c i~ l a r  cylinder is considerably 

smal ler  than the  other two. 

4 .  The direction of the  velocity a t  the  separation point is 

rnore important to the  wake s i z e  than the  contact  area 

between t he  potential  flow and t he  obs tac le .  

5 .  For t he  embedded sphere  s tudied,  the  degree of sub- 

mergence is cr i t ica l  t o  the  wake s i z e .  The widest  

wake occurs  when the  approach flow depth is slicjhtly 

l e s s  than  the  height  above the  flow of the  ernbedd-.cl 

sphere .  



NOTATIONS 

a , b , c , d , e '  c o n s t a n t s  

f a n a l y t i c  function defined for convenience  of 

explanat ion 

F equat ion of t h e  f ree  boundary of t h e  flow 

h water  depth  a t  t h e  test sec t ion  

H '  H1 ' H3 cal ibra t ion c o n s t a n t s  for yaw and pi tch  probes  
and H6 

K climen s ion le  s s parameter 

K ' ,  K", K" c o n s t a n t s  

1 diameter  of o b s t a c l e  defined a s  the  wid-sst d i n e n s i o n  

i n  a project ion normal t o  t h e  flow 

n in teger  

P in termedia te  p lane  for transformation 

pl ,  P2 '  p3 p r e s s u r s  a t  t h e  three  t u b e s  of yaw or pi tch probe 

r coordinate  perpcndicular  t o  channel  floor 

equat ion of t h e  sol id  boundary of t h e  flow 

time 

normalized horlograph plane  

v ,? l (~c i ty  com;:onent i n  x-direct ion 

approach veloci ty  

veloci ty  coniponent i n  \.-direction 

veloci ty  



6 ;- 

velocity ; ~ t  t h c  outer  and inner boundaries of 

thi. shea r  l aycr  

veloci ty  a t  t h e  breakdown point of the  shear  layer  

t h e  cor~juyati l  of t h e  complex ve loc i ty ,  u - i v  

complex ve loc i ty ,  u -F i v  

magnitude of W 

la te ra l  coordinate  in  phys ica l  p lane  

s t reamwise  coordinate  i n  phys ica l  p lane  

complex coord ina te ,  x + iy  

d i rec t ion of veloci ty  re la t ive  t o  t h e  approaching flow 

cons tan t  with dimension L/T 

2 
cons tan t  with dirnerlsion (L/T) , t h e  square  of 

t h e  velocity a t  t h s  separa t ion point 

intermediate p lane  for transformation 

complex potent ia l  

ve loci ty  potent ia l  

s tream function 

kinematic v i scos i ty  
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APPENDIX A 

DERIVATIONS O F  EQUATIONS 2 1  A N D  23 



Derivation of Equation 21:  
A 

K 
When 4 < - -  2 

If tve u s e  the principal  branch by se t t ing n equal  zero ,  w e  have 

Therefore, 



Then Equation 21-a fo l lows.  

- n 
= I 2 [ l  - E (CosK +- i ~ i n ~ ) ] - '  - 11  

n . 2  
I! n 

1  + E CosK -k i E  --}-I SinK 
n -. -; 
- 

I1 n 
1  - E CosK - i E  SinK 

I L 11 

1  - E CosK - iE S-inK - -ppppp-- 

Jr- K ir - I< -- 
rl 



n 
1 + 2E CosK + E 

Ti 

Then Equation 2 1 -b fol lows.  

Derivation of Equation 23. 

For 5 # O  and 1 2  5 > -  1 

Similarly, by u s e  of t h e  principal branch by se t t ing n equal  z e ro ,  

we have  

Then, II-K 

II-K - 
II 



For c > 1 ,  

n 
) (CosK -t- i ~ i n ~ ) ] - l  - I} = { a  - ( i+l 

n 
i - 1 1  "o 

<+I' s~ - i ( - )  C+ 1 SinK] 
J-J U Z K  

11 
5- 1 11 

1 + ($5) CosK-t-i(---) SinK 
= (-- - Y- 1 

JI- K n-K - 
T7 7. 
11 11 

5- 1 5- 1 
1 - (5+1) COSK - i(-) SinK 

5+ 1 

n -K TI-K 
11 J 1 

r -1  5- 1 
1 - - CosK - i(----) SinK 

- -- - 5 +1 5+ 1 
g--J 
n n 

1 + (d) CosK + i ( d )  
<+I <+I '  SinK 

!. r- 1 n n 
+ CosK) + S i n  

--- r;+l - i n-K n-K . . - . . -- n 
2 

n 
[l + (=L) 6 C'L COSKI +[($I SinK] 2 



11.-K -- 2 (n-a 

1 1  

SinK 
-- - - 

Togethrzr with Equations A-1 and A - 2 ,  Equation 23 follorvs. 



APPENDIX R 

COMPU'TER PROGRAM FOR THE IVUMERICAL TNTE-- 

GRATION OF EQUATION 23 



NlJMERICAL INTEGPATION FOR EQUATION 23  

DR(X)=X* (1. - t .A~s ( (X- l .  ) / ( x + l .  ) )*"((3 .  14159 -~K) /3 .14159 ) ) / ( 1 .  -ABS((X 
1-1 .)/(x+I .))2*((3.14159-XK)/3.14159)) 
F(x)=x"*(~.-((x-1.)/(~+1.))**(2.%(3. 14159-X~)/3.14159))/(1.+2.*~0S( 

~xK)*((x-1 .)/(X+1.))**((3.14159-~1()/3. 1 4 1 5 9 ) + ( ( ~ - I  .) / ( ~ + 1 . ) ) * * ( 2 .  * (  
2 ( 3 .  14159-xK) /3 .  14159 ) ) )  

F U N B ( X ) = ~ .  *X*((X-1 . ) / ( ~ + 1 . ) ) * " ( ( 3 .  1 4 1 5 9 - X K ) / ~ .  1 4 1 5 9 ) * ~ 1 ~ ( ~ ~ ) / ( 1 .  +2 
1 .*cos(xK)*((x-1 .)/()(+I . ) )**( (3 .  1 4 1 5 9 - X K ) / ~ .  1 4 1 5 9 ) + ( ( ~ - 1 . ) / ( ~ + 1 . ) ) '  
2*(2.*((3 .  1 4 1 5 9 - X K ) / ~ .  14159)).  

1 FORMAT(lH1,  'IN'I'Ec;RAL VALUES FOR DIFFERENT UPPER INTEGRATION LIMITS 
1 '///I 

2 F O R I \ / ~ A T ( ~ X ,  28 HTRAPEZOIDAL RULE, INTEGRAL A./1 OX, 4 9 H  A 
1 x INTEGRAL VA J~UE/) 

3 FORMAT(~~X,F~O.~,~X,I'~O. 7 , 6 X , ~ 1 5 . 7 )  
4 FORMAT(/~X, ~ ~ H T R A P E Z O I D A L  RULE, INTEGRAL B . / l o x ,  4 9 ~  A 

1 X TNTEGRAT, VAI,~TC,/) 
7 FORMAT(S ( ~ X F  1 0 . 7 ) )  
8 FORMAT(1H ,5X ,F12 .  7 )  

22 FO~~AT(lH1,16(2(5~,~15.7)/)) 
DIMENSION ATA(2OOO) ,ATB(2000) ,ART(~OO)  ,AIT(200) , ~ ( 4 0 0 )  
X K I N C - ~  .14159/18. 
J- 1 
 READ(^, 7 )A ,B ,XK,C ,D  

3 3 WRITE ( 3 , l )  
x K D G = ~ ~ o . * X K / ~ .  14159  
WRITE ( 3  ,8)XKDG 
 WRITE(^, 2)  
N=1024 
H= (B-A)/FLOAT (IN) 
SUMTA=DR(A) 
>+A 
D O  1 0  K = l , N  
X=X+H 
IF((x.LT.~.E-~).AND.(x.GT.-1.E-6)) G O  TO 1 3 1  
SUMTA+SUMTA+2. *DR (X) 
1 ~ ( 6 4 " ( ~ / 6 4 )  .NE.K) G O  TO 1 0  
SUMTAP- (SUMTA-DR(x))*H/~. 
G 3  TO 1 2 1  

1 3 1  Z=-3.14159/(3.14159-xK) 
SUMTA=SUMTA+2. * Z  
1 ~ ( 6 4 " ( ~ / 6 4 ) . N E . K )  G O  TO 1 0  
SUMTAP=(SUMTA--Z)*H/2. 

1 2 1  WRITE(3,3)  A,X,SUMTAP 
1 0  CONTINUE 

DOWN=SUMTAP 



WRITE (3 , 1 ) 
WRITE ( 3 , 2 )  
;I-(u-C)/FLOAT(N) 
ST~~V~TA-=F(C)  
x:.c 
L ? 3  1 0 0  K = l , N  
x.1: +H 
SUMTA=SUMTA+Z . "F(X) 
1~(64*(K/64) .NE.K)  G O  TO 1 0 0  
SlJMTAP=(SUMTA-F(X))*H/2. 
WRITE ( 3 , 3 ) C ,  X, SUMTAP 
AT.A(K)=SUNITAP 

1 0 0  CONTINUE 
VJRITE ( 3 , 4 )  
Y=C 
SUMTB=FUNB (Y) 
D O  300  K = l , N  
Y=Y-F1-I 
SUMTB=SUMTB+2. *FUNB(Y) 
IF(64*(K/64).NE.K) G O  TO 300  
SUMTBP=(SUMT B-FUNE(Y))*H/~ .  
WRITE(3, 3 ) C , Y ,  SUMTBP 
ATB(K)=SUMTBP 

3 0 0  CONTINUE 
D O  1 1  I = 1 , 1 6  
M=I*54 
ART(I)=ATA(M)/DOWN+O. 5 
AIT (Tj =ATB (M)/DOWN 
T (I) =ART (I) 
L=zI+l 6 
T (L)==AIT (K) 

1 1  CONTINUE 
WRITE ( 3 , 2  2) (ART (1) , AIT (I) , 1=1 , 1 6 )  
CALL PLOT ( 1 , T 1 1 6 , 2 , 0 , 0 )  
XK=XK+XKIN C 
J= J+1 
IF(J .GT.S)  GO TO 44 
G O  TO 3 3  

44 STOP 
END 



APPENDIX C 

COMPUTER PROGRAM FOR VELOCITY CALCULATIONS 



VELOCITY CALCULATIONS 

DOUBLE PRECISION XK,XKG, DELTAH, RANGLE ,AL.PHA ,VK6 ,ANGLE (2 00) , V E L O T ~ - (  
1200)  ,U(200)  , ~ ( 2 0 0 )  ,XK1(200) ,XK3(200) ,VSCALD(~OO)  , U S ( ~ O O )  , V S ( ~ O O )  , H  
ALPEIA(X)=O. 2132639229~02+X"(-0.4139719246DOZ+X*(O.  669664543SDOl-1-X* 

1 ( 0 , 5 5 5 4 7 8 8 4 5 8 ~ 0 2 + ~ * ( 0 . 1 7 2 4 3 0 3 0 1 . 6 ~ 0 0 + ~ * ( - 0 . 8 5 8 7 5 9 1 8 1 2 ~ 0 2 + X ~ ( - O .  3495 
2 6 ! . 3 9 9 2 ~ 0 2 + ~ * ( 0 . 4 2 6 3 7 0 0 2 7 7 ~ 0 2 + ~ * ( 0 . 3 1 1 7 3 1 6 2 6 0 ~ 0 2 - ~ X * ( 0 . 4 8 0 4 1 8 8 4 0 7 D ~ 1  
3+X* (-0. 1348433474DOO)) ) ) ) ) ) ) ) )  

VK6(X)=O. 1351 1 0 7 8 8 ~ 0 1 + ~ * ( - 0 . 5 4 8 4 7 5 3 4 5 9 ~ - 0 1  +x*(O. 3920271 747D-O2+XSk 
1(-0 .  1857574152~-03+X3;(0 .  5208180521~-05+~*(-0.7490593001~-07-~X~~(O.~ 
2355005 1 6 1 ~ - 0 9 ) ) ) ) ) )  

K= l 
5 R E A D ( ~ , S  N , H  

 READ(^, 10)  (xKl(1) , I=1 ,N), ( x K ~ ( I )  ,1=1 , N )  
WRITE (3 , 2  0) 
VVRITE(3,30) (I,XK1(1),XK3(1),I=l,N) 
WRITE ( 3 , 4 0 )  
DO 1 I=]. , N  
XK=(XK3(I)*l. 1 6 . ) / ( ~ ~ 1 ( 1 ) * 0 . 8 / 1 7 . 3 )  
DELTAH=DARS(XK~ (I))*O. 8/(17.3* I. 2. ) 
IF(XK.LE.1.) GO TO 2 
XK= 1 . /XI: 
ANGLE (I)=- 1 .  *ALPHA(XK) 
G O  TO 3 

2 ANGLE (I)=ALPHA (XK) 
3 XKG-VKG (DABS (ANGLE (I)))  

VELOTY (I)=XK~*DSQRT (2. "32.2"DELTAH) 
RANGLE=ANGLE(I)':'3.14159/18 0 .  
u ( T) =VELOTY (I)*DCOS (RANGLE) 
V(I) =JELOTY(I)*DSIN (RANGLE) 

1 W I I I ~ ~ ' E ( ~  , 5 0 )  I,VELOTY(I) ,ANGLE(I) ,u( I )  ,V(I) 
VJR ITE (3 , 6  0) 
DO 4 I=1,  N 
VSCALD (I)=VELOTY (I)/DSQRT (3 2.2";H) 
u S ( I ) = U ( I ) / D S Q R T ( ~ ~ .  2*H) 
VS (I)=V(I)/DSQRT (32. 2*11) 

4 IVHITE (3 , 7  0) I ,  VSCALD (I) , US (I) , VS (I) 
1;- S+ l 
I Y ( K . L E . G )  GO TO 5 

9 FOR YUT (15 , F5 .3) 
10 FORMAT(16F5.1) 
20 I'ORMAT(lH1, 'CWAYS, SP DATA. ' / / 7 ~ ,  'HI-1-12 H3-1-12 ' )  
30 FORMAT(~H ,13, 3X, FS . 1 , 7 X ,  F5.1)  



40 FORMAT(lH1, 6X, 'L'ELOCJTY, FPS DIRECTION ,DEGREE U,FPS v,FPS'/) 
5 0  FORMAT(1H ,I3, 2X1 F7.3,8Xt F7.3,12Xt F6.3,3Xt F6.3) 
60 FORMAT(1 H1, 'VF,LOCITY/SQRT(GRAVITY*DEPTI-I) '/6X, 'VELOCITY', 4X, 'U"  , 1  OX 

1 1 'V1/> 
70 FORMAT(1H ,13,2X,F7.3, 6X1F6.3,6X,F6. 3) 

STOP 
END 



Table C-1 . Residuals for the polyl~omial 
relaiing a and RG 

Observation No. X Value Y Value Y Estimate To ta 1 

Table C-2. Residuals for the plynornlal 
r elating H and a . 

- -- -- - - 

Observation No. X Value Y Value Y Estimate Total 



APPENDIX D 

DATA POITJTS AND SMOOTHED WAKE BOUNDARIES 

FOR EACH OBSTACLE 



0 . 0  0 .5  1.0 1 . 5  2.0 

--, . -y/l 
. A -  Data points and smooth~d wake boundaries for 

h/i = 3.0 and r/h = 0.25. 



.., # 

: i.g;:re A - 2 .  mt:~ o;r ; ts  a n d  sm3otl-led r ~ a k ~  Soxildaries for 
. I 

,:il -= 3 , 0 3 r,d r/h = 0 . 5 0. 



Figuri. A - 3 .  D ~ t s  points a n d  srnoothsd wake houndzries for 
h/l =: 3 . 0  and  r/h := 0 .75 .  





0.0 0.5 1 . 0  1 . 5  2.0 
- 

F!~r : r?  A - 5 .  Dat,: poinis and  srrloothed ~ O I J R ~ > V  for w;lki? 
0 prod:!c?ci by 9 0  tvedge, h/l - 3.0 ,  r/,Li -1 6.50. 





A-7. Data poiqts an(_! smoothed i;ound3rlzs for 
producxl by 3 circular cylinder,  h/! = 3. - 0 . 2 5 .  



Fig;:.;? A - 8 ,  p a t 3  po in t s  and  s:~icsothzd L.ourldaries for v ~ a k e s  
,,*:-educed _ I  by s clrcular cy i inde r ,  h/l = 3 . 0 ,  
r/;> = 0 -  S Q .  



r? A - 9 .  D,3t? po'.ntj. arld srnoo:;?ed boundsri2s for wakes  
~roclused by c i r c u i ~ r  cylir:dcr, h/l =-. 3. 0 ,  

r/l? = ? .  75. 



-y / l  
Fic.;:re A- 10 .  E?ta ?oink find s~noot'ned boundaries of 

v ~ ' r C 2  proc?ucl?d by embedded s p h a z  
l?/l - 1 . 0 ,  u = 1 . 1 2 .  



G. 0 0.5 1 .0  1.5 2 . 0  
- y/l 

-e A- 11. Data PO!.:-!ts and smoothed boundaries of wake 
p:-i~:!t.!ce\ l 5 y  cm5edded sphere, n/l = 0 .  7 ,  

' U  z2 1.0;. 



Too shallow - no measurement  

Figurs  A-12. Dat? poink and smootilcd boundar ies  oT w3ke 
;?roduczr', by  enlbedded sphere,  h/l = 0 . 5 ,  
u = 1 . 0 1 .  




