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ABSTRACT 

The prediction of frozen ground occurrences can 

help the local planner regulate development in areas which 

are subject to floods ~ Discriminant analysis was used in 

the Missouri Flat Creek case in order to study past frozen 

or unfrozen ground runoff events using ei~ht meteorological 

factors. These eight factors are number of freezing days 

in a sequence, freeze index (sum of degree-days below 32°F), 

precipitation two days before the start of the freeze period, 

precipitation during the freeze period, precipitation four 

days after the freeze period, the depth of snowfall during 

the freeze period, the depth of snow on the ground before 

and total stream flow 4 days after. 

After a series of analyses, the eight meteorological 

factors used were determined to be sufficient to classify 

the runoff events into frozen or unfrozen ground events. 

The free ze index was found to be the single most important 

factor for estimating the frozen or unfrozen ground condi

tion in the Missouri Flat Creek Basin. Ten of 89 unknown 

samples are probably frozen ground and the rest of them 

probably belong to the unfrozen ground class. 



GENERAL 

CHAPTER I 

INTRODUCTION 

Frozen ground is one of the important factors 
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causing winter floods in the Pacific Northwest during the 

winter and early spring months. On February 26, 1948, a 

flood in the South Fork Palouse River Basin caused exten

sive damage in Pullman, especially in the mobile horne court 

located southeast of town. This flood was probablytriggered 

by rainfall on frozen ground. In 1962 and 1964, there were 

two other very severe floods in Idaho. The USGS and SCS 

reported that the cause of flooding was prolonged rainfall 

on snow and frozen soil. Johnson and McArthur (1973), in 

a study of winter flooding in Idaho and surrounding areas 

for 1955-1972, found that the amount and intensity of the 

rainfall , the amount of snowmelt, and the imperviousness 

of the frozen soil combined to affect the flood severity. 

Because of extensive damage from each flood, millions of 

dollars have been spent on flood control every year. 

Climatological data has been found to be important 

in studying frozen ground. McCool and Molnau (1974) used 

the historical climatological record to study both the 

frequency and the severity of frozen soil conditions. They 

concluded that climatological data can be very useful in 

assessing the overall frozen ground hazard for a given 

location. 
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The Missouri Flat Creek drainage basin was selected 

as a test case. The period of record for this investigation 

is 1960 to 1973. 
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OBJECTIVE 

The prediction of frozen ground occurrences under 

certain conditions will help local planners regulate de

velopment in areas which are subject to floods. For the 

purposes of this thesis, frozen ground floods or runoff 

events are defined as rainfall or snowmelt runoff events 

which occur when there is a crust of frozen soil covering 

the watershed to such an extent such that the infiltration 

rate of the watershed is decreased and the runoff is more 

than that which would occur underconditions of no frozen 

soil. Discriminant analysis was chosen to help provide a 

simple technique which can show the probability of occur

rence of frozen ground runoff events in the past for a 

sequence of meteorological events. The number of freezing 

days, freezing index, precipitation two days before the 

start of the freeze period, precipitation during the freeze 

period, precipitation four days after the freeze period, 

the depth of snowfall during the freeze period, the depth 

of snow on ground before and stream flow four days after 

are chosen as discriminators. 

The objective of this study is to: 

1. Identify some hydrologic parameters that are 

important in distinguishing frozen from unfrozen 

ground runoff events. 

2. Identify historical frozen ground runoff events 

using these paramenters. 
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LITERATURE REVIEW 
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One of the major results of the transformation of 

water into ice and vice versa in soil is the erosion of the 

soil. Heavy rainfall over frozen or partially frozen soil, 

or on snow, often causes drastic soil erosion and winter 

floods. 

Many factors govern whether or not soil is frozen. 

Bouyoucos (1916) grouped the influencing factors into two 

categories, (a) intrinsic and (b) external. He considered 

the intrinsic factors to be those governed by the proper

ties of the soil and its cover, and the external factors to 

be basically meteorological in nature (Moulton, 1968). 

Similar classifications have been presented by Pelton, 

Campbell and Nicholaichuk (1968) and by Linell and Kaplar 

(1965). Since only meteorological factors are to be con

sidered here, only external factors will be discussed in 

this literature review. 

INFLUENCES OF METEOROLOGICAL FACTORS ON FROZEN GROUND 

The meteorological factors affecting the freezing 

of soil are considered to include the air temperature, solar 

radiation, wind and precipitation (Moulton, 1968). 

The temperature factors exert a direct influence on 

the transfer of heat to or from the earth. Molga (1962) 

mentioned that the air layers near the ground are heated 

during the day by the active surface warmed by aolar 
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rays (termed "active surface" by Molga), the thin (several 

mm thick) air layer adhering to the active surface, called 

the boundary layer, is warmed by the surface. On winter 

nights, its thickness usually does not even reach 1 mm. 

The vertical temperature gradients are the greatest in the 

vicini ty of the active surface and decline with increasing 

height, rather rapidly at first and more gently higher above 

the ground. This is due to the increase in the turbulence 

coefficient with height since the temperature gradien~ ~~ 

is inversely proportional to the turbulence coefficient, ~ 

according to the formula (Molga, 1962): 

T = C *p*K*~t p 

Where: T: The heat exchange between ground and air. 

C : The specific heat of air under constant 
p 

pressure, equal to 0.24 cal/g.C. 

p: The air density near the ground surface, 

equal to 0.0012-0.0013 g/cm3 . 

K: The turbulence coefficient. 

~t: The conventional vertical air temperature 

gradient, °C. 

Frankline (1920) found that wind caused the surface 

temperature to be lower than the prevailing air temperature, 

and that this effect became more pronounced as the wind ve-

locity increased or as the relative humidity decreased. In 

other words, high wind of low relative humidity can have a 

considerable effect upon subsurface temperatures. 
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Eno (1929) discussed the important influence of cli

mate and the resultant frost action upon the performance of 

highways in the United States. Sourwine (1929) in a dis

cussion of Eno's paper suggested a method to relate quan

titatively air temperature data ·to the relative danger of 

ground freezing in any given locality. He defined three 

controlling variables that could be evaluated using data 

available from climatological records. These were: 

1. The average minimum temperature. 

2. The duration of the cold period. 

3. The frequency of occurrence of a cold period of 

given intensity. 

Sourwine concluded that an air temperature of 3°F 

represented a "critical absolute minimum value" coefficient 

with a 5 percent frequency of occurrence of ground freezing 

at the 3 inch level. He was able to relate this absolute 

minimum air temperature to monthly average minimum temper

atures and the duration of the cold period to represent the 

southerly limits of serious danger to highways from ground 

fr eezing. This strongly suggests that the combined effect 

of low temperature and the duration of the cold period on 

ground freezing can be an essential variable for estimating 

frozen ground. He also introduced "degree-hours", with the 

degrees being measured in °F below the critical initialvalue 

of air temperature causing freezing at the surface and the 

duration being measured in hours of cold period below the 

critical initial value of air temperature. 
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Sourwine also suggested that some relationship might 

exist between this "degree-hour index" and the depth of 

frost penetration. · Casagrande (1931) conducted field tests 

near the Massachusetts Institute of Technology and con

cluded that . the relationship suggested by Sourwine existed. 

Later Casagrande found a good correlation between cumulative 

degree-days of below freezing temperature and the depth of 

frost penetration. Aldrich (1956) used the Stefan formula 

and the modified Berggren formula to predict the depth of 

frost penetration. The Stefan formula is: 

X = 148KfF/L 

Where: X: Depth of frost penetration in ft. 

Kf: Thermal conductivity of frozen soil. 

F: 

L; 

BTU/hr/ft/F. 

The surface freezing index, degree daysF. 

3 Latent heat of pore water, BTU/ft. 

Since this neglects the volumetric heat of the frozen 

and unfrozen soil and, hence, overestimates frost penetra

tion , it has been modified by Berggren to : 

X = t.I2KVst/L 

Where: X: Depth of frost penetration in ft. 

K: Thermal conductivity of frozen or un

frozen soil, BTU/hr/ft/F. 

Vs: 

t: 

L: 

A: 

Temperature of soil surface °F. 

Hours. 

Latent heat of pore water, BTU/ft. 3 

Dimensionless correction coefficient. 



Corrects the Stefan formula for the 

effects of volumetric heat which it 

neglected. 
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Aldrich (1956) also used air temperature in deter

mining the freezing index because data on surface tempera

tures are almost nonexistent. Both the Stefan and the 

modified Berggren equations may also be used to predict the 

depth of thaw of a frozen soil. The "thawing index" used 

is calculated in degree-days as the mean daily air temper

ature in excess of 32°F. 

_Aldrich (1956) described the relationship between 

air and pavement temperatures and concluded that it wasbest 

to use the air freezing index with a correction factor to 

adjust it to an equivalent pavement surface freezing index. 

The value of freezing index for a specific location might 

differ greatly from the general value for the area, andthat 

freezing index might vary widely over a small area (Straub 

and Wegmann, 1965). 

McCool and Molnau (1974) investigated the freezing 

index as a parameter to predict frozen soil in the Palouse 

Basin. From an investigation of the 1953 through 1973 data, 

they found that individual freezing events with freeze index 

values of less than 100 were generally not associated with 

large runoff events, and values of 150 and over seldom 

left any doubt about a frozen ground flood if rain occurred 

at the end of the freezing event. They also concluded that 

the freezing index and precipitation combinations can be 
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used, with some discretion, in the prediction of frozen soil 

runoff events. 

They also examined the Missouri Flat Creek stream

flow data. They found that many high volume runoff events 

occur independently of frozen soil conditions. During water 

years 1953-1973 for periods from 1 to 19 days in length and 

for runoff totalling greater than 0.5 inch, only 7 of 23 

events were definitely associated with rain on frozen soil 

and one more event was probably associated with runoff on 

frozen soil. The remaining fifteen were caused by rain and 

rain on snow. Therefore, we know that runoff is not a single 

process. It is the result of several separate processes. 

McArthur (1971) studied flood runoff from rainfall 

and snowmelt over a frozen soil mantle in Idaho and con

cluded that winter flooding is caused by: 

1. Antecedent moisture and temperature conditions 

that produce frozen soil relatively impermeable 

to water infiltration. 

2. A sudden warming period with daily minimum 

temperatures above 32°F. 

3. An accompanying storm producing rainfall for a 

period of three or more days. 

He also presented the following table that shows the 

hydrologic conditions associated with winter flooding in 

Idaho. 
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TABLE 1: HYDROLOGICAL CONDITIONS ASSOCIATED WITH WINTER 

FLOODING IN IDAHO (McARTHUR, 1971) 

Factor 

Excess runoff from 

a. Rainfall 

b. Snowmelt 

c. Both 

Frozen soil 

a. Concrete frost 

b. Porous concrete frost 

c. Stalactite frost 

Snow cover 

a. Deep 

b. Shallow 

Vegetative cover 

Effect upon flood severity 

Proportional to total volume 

and to the rainfall intensity 

Increases runoff 

Can reduce runoff 

Reduces runoff 

Decreases runoff 

Increases runoff 

a. Tree , larger type vegetation Decreases runoff 

b. Rangeland, sagebrush and grass Decreases runoff 

c. Cultivated lands Generally increases runoff 

Atmospheric temperature 

Lapse rate 

High 

Low 

Decreases runoff 

Increases runoff (Snowmelt 

and contributing area) 
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In Figure 1, the precipitation occurred as snow 

during January because of the severe cold period. During 

this period the ground was frozen. A concrete frost was not 

prevalent because of the antecedent conditions; that is, 

warmer than usual temperatures and below normal precipita

tion in November and December. Soil moisture was notenough 

to produce a concrete, impermeable frost. During January 

there was a shallow snow cover. Toward the last of January 

there was a warming period and a storm moved through this 

area depositing a large volume of rain. So, there was a 

peak flow probably caused by rainfall on snow. 

Merrell (1964) used frequency methods to examine 

rainfall, snowmelt, and frozen ground conditions in order 

to compute joint probabilities associated with combinations 

of these three parameters. He compared joint probabilities 

with the qualitative record of flooding. As a result, he 

found that the severity of flooding is not closely related 

to the joint probability of all three parameters in the 

Sand Creek watershed. According to the author's study, he 

did not prove this conclusion is valid for other places. 

Turner and Jumikis (1956) found that, when the pre

cipitation was in the form of snow, more of the precipita

tion ultimately percolated into the ground than if the pre·

cipitation was in the form of rain. Snow cover exercises 

a decisive influence on the frozen ground. The albedo of 

snow is high, amounting to 75-88% and more on fresh snow, 

and to approximately 45% on older and moist snow. Thus snow 
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warms up slightly and does not melt quickly under the in

fluence of solar radiation. Even with the high albedo of 

snow cover, some of the solar rays penetrate its depth and 

the snow melts from below. If the soil is covered by a 

snow l a y er of over 6 0 em depth, the soil is completely 

insulate d against the influence of solar radiation (Molga, 

1962). The insulating properties of a snow cover also exerts 

an influe nc e on the runoff in springtime. By protecting 

the soil from freezing, the snow cover permits water to per

colate into t he soil and reduces surface runoff. These 

environme n tal factors affecting soil freezing can be sum

marized a s follows: 

1. Solar radiation: The amount of radiation 

r ece i ved by the soil surface depends on: 

2 . 

3. 

a. The angle with which the soil faces the sun, 

due to latitude, season, time of day, steep

ness and direction of slope, and the altitude 

o f t he location. 

b . The insulation of air, water vapor, clouds, 

dust, smog, snow, plants, or mulch. 

Radiation from the sky: The sun's energy is 

absorbed by the atmosphere and is radiated in 

a ll directions. Then soil absorbs from sky 

indirectly. 

Conduction and convection of heat from the at-

mosphere: Convection or wind is necessary to 

affect the soil temperature significantly since 



the conductivity of air is very small. 

4. Condensation: Condensation is an exothermic 

process. Freezing of water generates heat. 

5. Evaporation: It is ·an endothermic process. 

The greater the rate of evaporation, the more 

the soil is cooled down. Also thawing of ice 

absorbs heat. 
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6. Rainfall: Rainfall, depending on its temperature, 

can cool or warm the soil. 

7. Insulation: The soii can be insulated by plnnt 

cover, mulch, snow, and also clouds and fog. In 

winter, insulated soil is warmer than soil that 

is directly exposed to the environment. 

INFLUENCES OF SOIL FACTORS ON FROZEN GROUND 

The permeability and storage of frozen soil depend 

on the type of soil frost. Soil frost can be divided into 

four types (Trimble, Sartz, and Pierce, 1958): 

1. Concrete frost: This type of frost usually 

appears in bare agricultural land. It is corn

posed of a great many thin ice lenses, with the 

ground surface being very hard, like concrete. 

2. Granular frost: It is always found in woodland 

soils which contain organic matter. This type 

of frozen soil contains small frost crystals 

mixed with the soil particles, but remain sep

arate from each other and are easily broken. 



3. Honeycomb frost: It is often found in highly 

aggregated soils and it has a loose, porous 

structure which looks like honeycomb. 
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4. Stalactite frost: It forms in bare saturated 

ground and consists of loosely fused, columnar 

ice crystals and absorbs rainfall-snowmelt like 

a sponge because of its rough and very porous 

microrelief. As stalactite frost melts, the 

infiltration rate decreases. 

Haupt (1967) reported that concrete frost reduce~ the 

infiltra tion capacity so that overland flow is increased on 

burned or sparsely vegetated sites if the rainfall intensity 

exceeds 3 ins./hr. He also found that snow cover, by cool

ing rain water, tends to preserve soil frost and keep it 

visibly i ntact and that cover, such as plants, litter, and 

snow, can absorb r a i ndrop energy and increase infiltration. 

But exposed roc k usually accelerates overland flow and 

erosion. Pe l ton, Campbell and Nicholaichuk (1968) found 

that infiltration rates of frozen soil vary widely and 

depend l argely upon the soil moisture content at the time 

of freez ing. They found that the trapping of snow on the 

soil surface and its subsequent melting and infiltration 

appear to be dominant factors in conserving winter moisture. 

When moisture accumulates and freezes near the soil surface, 

therma lly induced-moisture translocation is also a factor 

contributing to the reduction of infiltration rate. 

Bloomsburg and Wang (1969) in laboratory studies found that 
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below, then frost depth prediction methods based on an 

assumed 32°F freezing point will tend to underpredict the 

depth of the 32°F isotherm. Thermal conductivities of soil

forming minerals, while that of air is about 100 times 

smaller than that of soi l-forming materials (Kohnke, 1968). 

Kersten (1949) found that the difference between the ther

mal conductivities of frozen and unfrozen soils was depen

dent upon their moisture content. As the water content 

increased the thermal conductivity of the frozen soil 

became considerably higher than that of the unfrozen soil. 

Kersten's tests showed that as the quartz content decreased 

and the clay mineral content increased there was a general 

decrease in thermal conductivity. He also found that the 

thermal conductivity decreased with decreasing grain size 

at a given density and moisture content, and an increase 

in soil density resulted in an increase in thermal con

ductivity. · Patten (1909) showed that the thermal conduc

t ivity of soils increased continuously as the soil moisture 

content was increased to saturation. 

A soil in undisturbed condition has a higher thermal 

conductivity than when it is recently disturbed. A blocky 

structure has a higher thermal conductivity than organic 

soil. But the differences of thermal conductivity due to 

structure and texture are small oompared with those due to 

moisture changes (Kohnke, 1968). 

The ice content of the soil has a very strong effect 

on meltwater absorption in a basin. The higher the ice 
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the parameter ~(1-s) (~is porosity and sis saturation) 

at the start of freezing is directly related to the perme

ability after freezing by an exponential relationship. This 

means that the permeability decreases as ~(1-s) decreases. 

Also, they found that the value of ~(1-s) must be less 

than about 0.13 in silts and sands for the permeability to 

be zero when the soil is frozen. 

The most significant thermal properties to be con

sidered with respect to the determination of frost depth 

are (1) volumetric heat, (2) latent heat of fusion, and 

(3) t hermal conductivity. The soil temperature is deter

mined by the interaction of numerous factors. All soil 

heat comes from two sources; radiation from the sun and 

sky and conduction from the interior of the earth. 

The thermal capacity of soil is determined by the 

specific heat of mineral soil and solution in soil. The 

spec ific heat of water is larger than many substances 

(1.0 cal/gm). The specific heat of ice is 0.5 (Kohnke, 

1968) . The magnitude of volumetric heat capacity of the 

soil exerts a relatively small influence on the depth of 

frost penetration. Also the latent heat of fusion of a 

soil d epends only upon the amount of water in a unit volume 

of the soil. Practically, in the prediction of the depth 

of frost penetration, it is assumed that all the soil water 

fr eezes at 32°F and that all the latent heat of fusion is 

liber ated at that temperature. If substantial portions of 

the soil water do not freeze at a temperature of 32°F and 
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content in thesoil-, the narrower these pores and passages 

are and, the lower the permeability of the soil. Komarov 

and Makarovo (1973) reported that the main factors which 

influence the permeability of the soil prior to snow melt

ing are its ice content and depth of freezing. They also 

found that the spatial variations of these factors, are 

very large and are an important factor in the infiltration 

of meltwater in a basin. Borisovskiy (1973) showed that 

the temperature of drained soils is much lower throughout 

the winter than that of undrained soils. In his studies, 

in the warm period, the termperature of undrained soils is 

1.5-2.5°C higher than in drained soils. Conversely, in 

the cold period, drained soils average 1.5-2° colder than 

undrained soils. 

MULTIVARIATE STATISTICAL ANALYSIS 

Multivariate analysis is concerned with analyzing 

multiple measurements that have been made on N individuals 

and are considered in combination, as systems. So m 

measurements which have been made on N individuals can be 

represented as N points in the m-dimensional space. There

fore, in order to analyze the relative importance of various 

meteorological factors on frozen soil prediction, it was 

decided to use some type of multivariate analysis. 

Multivariate statistical analysis as applied to 

hydrologic problems is a new field and still in its 

developmenta l and trial stage. Wallis (1965) used the 
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characteristics of the hollow cylinder as an example to 

discus s and compare the effectiveness of multivariate 

analyses. He concluded that the different methods of gen

erating prediction equations do not give identical answers, 

even when the same data are used. Therefore the method that 

will be most suitable for each specific problem should be 

selected. He recommended a combination of principal com

ponent regression with varimax rotation of the factorweight 

matrix for an initial analysis of multifactor hydrologic 

problems~ He also introduced cluster analysis in hydrology 

which can be used if many observations are available. 

Hastay and Gladwell (1969) used a combination of least 

squares regression with principal component analysis to 

evaluate a cloud-seeding program at the streamflow control 

level. They found that using principal components has the 

foll owing advantages. 

1. Conserving degrees of freedom in the estimate of 

residual variance. 

2 . Computational convenience, especially in making 

statistical tests to identify significant pre

dictor s. 

3. Superior conditioning of covariance matrices 

against the effects of multicollinearity, thus 

increasing the precision of statistical tests. 

Rice (1967) said that multivariate methods free the 

hydrologist from the need to describe a phenomenon as a 

a single number. So if the hydrologist uses multivariate 
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methods, he can cope with the highly correlated "independent" 

variables common in hydrology. Also these methods provide 

a flex i b l e a pproach that is more in harmony with nature of 

many hydrologic problems. Wallis (1967) used a discrim

inant function for t esting the identification of marine 

versus nonmarine s ediments based upon microelements. He 

reporte d that the prediction of the behavior of one or more 

variables for one or more of a new population of watersheds 

were often found to be associated with large errors. Accord

ing to Wallis, the errors come from the specification of 

the original model and unwarranted assumptions concerning 

the degree of similarity between the original and the new 

group of watersheds. He also discussed whether a prediction 

equation developed from t he watersheds of group 1 is appli

cable to all or any of t he watersheds of group 2. Before 

answering this question, the following questions must 

first be answered: 

1. Is there a significant difference between thetwo 

groups of watersheds? 

2. Is a significant difference in the groups rele-

vant t o the specific criterion being predicted? 

He recommended di scr i minan t analysis to- solve this type of 

uncertainity problem. DeCoursey (1973) used discriminant 

analysis to a nalyze factors related to the adequacy of 

standard slope pr otection on small dams. His analysis 

showed that a linear combination of the fetch length, the 

surface area t o l ength ratio (average width), and the 
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plastic ity index of the surface material on the dam could 

be used to d istinguish between the two groups about 85% 

of the time . Thus a discriminant equation can be used to 

assign structures to the two groups (those sites with no 

indicatio n of damage as in group 1 and those sites with 

observed damage as group 2) such that the additional 

protectio n can b e most economically provided. Miller (1962) 

used discriminant analysis to forecast airfield ceiling 

conditons up t o two hours in advance. 

But the application of discriminant analysis to 

determination o f frozen soil or unfrozen soil is a new 

challenge. Although many assumptions in discriminant 

analysis do not fit the real world perfectly, this method 

still may be one possible way to classify soild into frozen 

or unfrozen c onditon groups. 
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CHAPTER III 

EXPERIMENTAL METHOD 

The computation procedures used in this thesis are 

shown b elow and described in the following sections. 

AUTOCORRELATION ANALYSIS 

MULTIVARIATE ANALYSIS OF IVARIABLE SELECTION! 

VARIANCE 

'~ 
!CLASSIFICATION ! 

I \ 
jFROZEN GROUND! lUNFROZEN GROUND! 

AUTOCORRELATION ANALYSIS 

Autocorrelation is used for investigating dependence 

of one observa tion o n another observation. The population 

autocorre l ati on coefficient of an observation series, Xi, 

is d efined as 

(1) 

Where cov (Xi,Xi+d) is the covariance between Xi and Xi+d' 

v ar(Xi) i s the variance of Xi and dis the lag. 

For a discrete series, the value of pd is estimated 

f rom a sample of size N and lag k and the estimator is 

rk = cov(Xi,Xi+k)/[var(Xi)*var(Xi+k)]~ (2) 

For an uncorrelated series, the sampling distribution of rk 

has an expected value E(rk) and a variance var(rk) given 

as 
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E(rk) = -1/(N-k+l) (3) 

var (rk) = [(n-k+l)
3 

-3 (N-k+l) 
2 

+4]/ (N-k+l) 2 

[(N-k+l) 2 - 1] (4) 

If a value of N is larger than 30, the sampling distribution 

of rk may be approximated by a normal distribution (Torranin, 

197 2 ) . The 95% confidence limits of the uncorrelated series 

c a n be computed by 

( 5) 

If the sample correlogram lies within the confidence band, 

and/o r if only a small percentage of rk values defined ty 

the confidence band lies outside these limits, this series 

can be considered to be serially uncorrelated. 

MULTIVARI ATE ANALYSIS OF VARIANCE 

After the data are divided into two or more groups, 

it must be determined whether or not these groups have 

differen t population means among them and whether or not 

these groups all come from the same population. The 

mathema t ical model of multivariate analysis of variance is 

~ki=~+(~k-~)+(Xki-~k) (6) 
Where Xki is . ·the dependent vector variable for the i-th 

observation in the k-th group. 

~ is the vector of total samples means. 

~k is the centroid for group k. 

(k = 1,2,----,g. i = 1,2,----,Nk. N = N +N +--+N ) 1 2 g 

From multivariate analysis of variance, 

T =A+ W (7) 
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where T is total sum of square and cross products matrix 

of pxp order (pis the number of variables). A is the 

among-group sum of square and cross products matrix. W 

is the within-group sum of square and cross products matrix. 

The estimator of W based on the pooled within-groups devi-

ations is 

Dw = W/(N-g) ( 8) 

The estimator of A based on the group means vector is 

D = A/ (g - 1) 
a 

( 9) 

Test of Hornoscedasticity of Dispersion Matrices 

Box (1949) defined the test criterion M for 

H
0

: l: = l:k' k = 1, 2,----,g 
g 

M = (N- g)* 1nlnwl -l:(N -1)*1niD I (10) 
k=1 k k 

Required functions of the design parameters are 

If f -2 

If f -2 

f 1 =~[f1/(N -])-1/ (N-g) ]* (2*p 2+3*p-l)/6 (g-1) (p+1) 
k=1 k 

(11) 
g 2 2 

f 2 ~l: 1/(Nk-1) -1/(N-g) ]*(p-1)(p-2Y6(g-1) 
k=1 

(12) 
2 

f 1 > 01 then 

n1 = (g-1)p(p+1)/2 

2 
n2 = (n1+2)/(f 2-f 1 

) 

b = n1/[1-f1-(n /n )] 
1 2 

F(n1 ,n2 ) = M/b (13) 

2 
f1 2. 0, then 

n1 = (g-l)p(p+1)/2 

2 
n2 = (n1+2)/(f1 -f 2 ) 



b = n 2/[l-f1+(2/n2 )] 

F(n1 ,n2 ) = n 2 *M/nl(~-M) ( 14) 

If F(n1 ,n 2 ) <F
0 

at a% significance level and d.f.=n1 ,n 2 , 
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we accept the null hypothesis. Otherwise we reject the null 

hypothesis. 

Test of Equal-Group-Mean Vectors 

The null hypothesi s is H
0

: 1-1 1 =JJ 2=------=llg. 

Wilk's determinant ratio test statistic is defined as 

( 15) 

For Rao's F approximation it is necessary to compute 

a set of functions of the design parameters. 

s =~[p2 (g-1) 2-4]/[p2+(g-1) 2-s] 
~ = {p*g-1) 

n 2= s[(N-1)-(p+(g-1)+1)/2]-[p(g-1)-2]/2 

Now let y=ul/s 

( 16) 

If F (n 1 , n 2 ) < F 
0 

at a significance level of a% and d. f. =n1 , n 2 , 

we accept the null hypothesis, H
0 

at a certain level, and 

vice versa. 

DISCRIMINANT ANALYSIS AND CLASSIFICATION OF DATA 

Discriminant analysis is used to find out whether 

there is a set of the variables that can differentiate 

between the groups and use these variables to assign future 

individuals to a group. 
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In this thesis, the BMD-Biomedical Computer Program 

(Dixon, 1965) and the Statistical Analysis System (Barr and 

Goodnight, 197 2) were used to analyze the frozen ground 

events. SAS-Discriminant Analysis was chosen for the anal-

ysis of frozen events because it can handle the conditions 

of unequal within group variance-covariance matrices and 

unequal priori probabilities between frozen and unfrozen 

events. 

The BMD-Stepwise Discriminant Analysis can be used to 

select variables which have capability to discriminate ~he 

groups and also it can compute canonical correlations and 

coefficients for discriminant functions so that we can use 

these first two discriminant functions tq plot two-dimen-

sional pictures of the dispersion. The equations for the 

discriminant equation are as follows 

(A- A . W) *V . = 0 
l. l. 

A and W are as defined previously. 

(17) 

v. is the 
l. 

eigenvector (coefficient vector for discriminant function) 

corresponding to the eigenvaule A·· If the eigenvector is 
l. 

normalized we obtain 

-1 v.w v. = o . . 
l. J l.J 

(18) 

The canonical correlations of r 1 ,r 2 ,--------,rp relative 

to the groups are 

( 19) 

The BMD program was to obtain first two discriminant func-

tions for plotting a two-dimensional scattergram. The 

equations are: 
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r 
= E v. 1 *(X k.-X.) 

j=l J m J J 

r 
zmk = L v. 2*(X k.-x.) 

j=l J m J J 
( 2 0) 

The SAS-Discriminant Analysis uses a Bayesian con-

ditional proba bil ity i nterpretation of discriminant analysis 

and did not r educe the problem to 2 dimension but used the 

8 variables directly to classify our data. 

The classif ication of data is concerned with quan-

titative method s for the assignment of an individual 

observation to one of several groups on the basis ofmu:tiple 

measurements on t hat observation. It is assumed that each 

observation belongs to one of several specified groups or 

populations. Several relevant characteristics of the in-

dividual observa t ion are observed, and on the basis of this 

information, a classification decision is made. The method 

used to assign individ ua l s to these groups must have a 

minimum probability of error. 

Let the condi tional probability of an observation 

X. (a p x 1 vector) under the given group H. be P ( X.l H.). 
1 J 1 J 

According to the Bayesian conditional-probability model, 

we get 
g 

p (H . I X. ) =P (X . I H. ) *P (H. ) I L [P (X. I H. ) *P (HJ. ) J 
J 1 1 J J j=l 1 J 

(21) 

i = l ,2,--------,N(Number of observation). 

j =l ,2,--------,g(Numbers of group). 

P(Hj) i s called a priori probability in a given 

group H .. P (H. IX·) is called a posteriori probability 
J J 1 
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under the given observation x .. The probability that the 
l. 

observation X. belongs to group H. is equal to the prob-
1 . J . 

ability of the observation under group H. times a priori 
. J 

probability divided by total probability. 

Let it be assumed that the a priori probabilities 

exist and are estimable from the group relative frequencies, 

that is 

·:p (H.) = n. IN 
J J 

(2 2) 

Where: N is the total sample size. 

nj is the sample size in the group j. 

Suppose a posteriori probability P(X. IH.) has a 
1 J 

multivariate normal distribution. Then 

P(x.IH.) = <ls.- 1 li2~P>~*exp[(-~) (x.-x.) •s:- 1 (x.-x.)] 
1 J J l. J J l. J 

Where Sj is a within group variance-covariance matrix from 

samples in group j. 

p (H. I X.) 
J 1 

Then 
2 g 2 

= exp (- x . . I 2 ) I ~ e xp (- x . . I 2 ) 
1] j=l 1] 

(24) 

2 -1 
Where: X .. ={X.-X.)'S. (X.-X.)+lniS·I-2*ln[P(H.}] 

1] 1 J J 1 J J J 

If the model of the a posteriori probability P(X. IH·) 
l. J 

is unknown, a nonparametric method (P~lto, 1969) could be used. 

Here, it is assumed that the data itself has a multivariate 

normal distribution, but the author did not verify it. 

OTHER TOPICS IN DISCRIMINANT ANALYSIS 

Lachenbruch (1968) introduced a method for the 

determination of the sample size for two groups in dis-

criminant analysis. He said that for the samplediscriminant 
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function to have an error rate within some given tolerance 

limit, n
1 

and n 2 observations are necessary. How n 1 and 

n 2 are obtained depends on p (number of variables) , toler-

-1 
ance limit, and (~ 1-~ 2 ) 'E (~ 1-~ 2 ), where ~lis the pop-

ulation mean in group 1, ~ 2 is the population mean in group 

2, and l: is population within-group variance-covariance rna tr ix. 

Trial and error must be used to make the probability of 

misclassification less than some specified tolerance. Detail 

procedures can be obtained from Lachenbruch (1968). 

A logical method to select variables in discriminant 

analysis is desirable because the set of variables avail-

able for measurement may be large and may contain redun-

dancies which do not help the discriminant power and would 

increase the cost of measurement. We would like to select 

only those variables which have the capability to discrim-

inate between groups in order to proceed to classification 

analysis. If there are p variables for our selection, then 

there are 2 to 1 combinations. For each combination of 

variables a Wilk's determinant ratio U (equation 15) can 

be calculated . Clearly 0 ~ U ~ 1 and small values of u indicate 

"good" discrimination. Thus only those cornbiha tions which 

have U values below a certain value would be used. 

For the case of missing observations for some of 

the variables, Jackson (1968) introduced an iterative 

method in which an unknown variable is treated as the 

dependent variable for a regression analysis and all 

other variables are used as independent variables with 



mean values substituted for unknowns from the regression 

equation. A new estimate of each unknown value is esti

mated a nd substituted. 
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Another probl em is that the derivation of the 

discrimina nt functi ons i s under the assumption of equal 

variance-covaria nce matrices for the groups. If these 

matrices are not all equal, a method proposed by Anderson 

andBahadur (1962) can be used for the two group situation. 

Further discussion of this problem is beyond the scope of 

this thesis. 
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Missouri Flat Creek is located from 46°48'37" to 

46°43' 47" north latitude and 116°58'48" to 117°10'30" 

west l o ngitude. It o~iginates on the northwestern corner 

of Latah County, Idaho and flows through Pullman, Washington. 

The total length of this watershed is approximately 12 miles. 

The drainage area is 27.1 square miles. A map of the basin 

is shown in Figure 2. 

The basin consists of an irregular plateau with 

rolling topography averaging 2800 ft in elevation. It 

ranges from 2360 ft in elevation in Pullman to 3300 ft in 

the headwaters. The slope of this area is from 3% or less 

to 40% or over. Nearly all of the basin is in cultivation, 

wheat a nd peas being the principal crops. The cropping 

pattern has not changed over the years and cropland 

occupies 92% of the watershed, pasture 3% and others 5% 

(Potter and Love, 1942). 

The acreage of each soil group and type are shown on 

Table 3 . Dark, medium-textured, deep prairie-land soils with 

almo s t no stones cover most of the area. Shallow rocky soils 

are found in the higher elevations. 

The mean annual maximum termperature is 57.4°F and 

mean a nnual minimum temperature is 36.4°F. The average 

monthly maximum and minimum temperatures are listed inTable 

2. The mean annual snowfall of this basin is 22.4 inches. 
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FIGURE 2. Map of Missouri Flat Creek and South Fork Palouse 

River Drainage Basins. 
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The total monthly snowfall and precipitation at Pullman 

from 1940-1971 is listed in Table 2. 

TABLE 2 MEAN MONTHLY CLIMATIC FACTORS FOR 
PULLMAN, ~vASHINGTON ( 19 4 0-19 71) 

Temperature Snowfall Prec1p1.tat1.on 
Month Maximum Minimum (in.) (in.) 

January 34.4 21.7 7.1 3.13 

February 40.6 27.0 3.6 2.16 

March 46.0 29.6 3.1 2.01 

April 55.8 5.2 0.5 1.54 

May 64.6 41.0 0.0 1.55 

June 71.0 46.3 0.0 1.70 

July 82.2 49.2 0.0 0.46 

August 81.4 49.2 0.0 0.75 

September 72.3 44.6 0.0 1.15 

October 59.7 38.0 0.2 1.94 

November 43.9 30.4 2.0 2.94 

December 36.3 25.5 5.9 3.05 

TABLE 3 SOIL TYPES IN THE MISSOURI FLAT CREEK BASIN 

Soil 

Dark-colored upland soil 

Light-colored upland soil 

Soil on terraces 

Soil on flood plains 

Rough stony land 

Total 

Area 
(acres) 

16805 

68 

347 

1655 

111 

18986 

Percent 

0.885 

0.004 

0.018 

0.087 

0.006 

100.00 

33 
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Most of the precipitation is distributed from October 

through March. Rainfall intensities are usually very low. 

The 24-hour, 10-year precipitation value is 1.9 inches. 

This area has moderately cold winters dominated by Pacific 

maritime air masses with occasionally outbursts of colder 

continental air from Canada. 

The city of Pullman is located at the confluence of 

Missouri Flat Creek and South Fork of the Palouse Ri'ver. 

The population is increasing in this area and as a result, 

new areas in the flood plain are being developed. Flood 

induced damages have been increasing at a rapid rate. Basin 

flood plain zoning has been enacted to help decrease the 

damages. 



DATA COLLECTION 

CHAPTER V 

RESULTS AND DISCUSSION 
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The available climatological and stream flow records 

were obtained from the National Weather Service and the 

u.s. Geological Survey. Data from October to April, 

covering 143 runoff events from 1960 to 1973 were used. 

Fifty-four of the 143 samples were determined to be either 

frozen or unfrozen ground events. The remaining 89 events 

could not be classified by an examination of the historical 

records. These 54 events were then used as a basis for 

deriving the prediction equation. 

On the basis of the literature review, eight readily 

available variables were chosen as discriminators for a 

discriminant analysis. These eight variables are listed 

in Table 4. 

DATA ANALYSIS 

In this section, the derivation of the classification 

procedure is shown and applied to three of the unknown 

observations. This is done to show the procedures used 

to arrive at the ultimate classification of all 89 unknown 

observations. The methods used are outlined in Chapter 

III. 
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TABLE 4 DISCRIMINATORS FOR FROZEN OR 
UNFROZEN GROUND ANALYSIS 

Discriminators Notation Unit 

1) Number of days below freezing xl Day 

2) Total freezing index x2 Degree Day 

3) Precipitation, 2 days before 

freeze period x3 Inch 

4) Precipitation during freeze 

period x4 Inch 

5) Precipitation, 4 days after 

freeze period x5 Inch 

6) The depth of snowfall during 

freeze period x6 Inch 

• 
7) The depth of snow on ground 

at start of freeze period x7 Inch 

8) Stream flow for 4 days 

after freeze period X a Inch 

Autocorrelation Analysis 

If the coefficients of autocorrelation are near zero, 

the sequence being tested is assumed to be random and the 

notion of the i-th variate being independent of the (i+k)-th 

variate (k is lag) is supported. The autocorrelation co-

efficients of the freezing index and stream flow is shown 

in Figures 3 and 4. It can be seen that most of the obser-

vations are within the 95% confidence band. s~ it is 

assumed that the data are independent and random. All 
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143 observations are included in this analysis and all 8 

variables were checked, but only 2 are shown here for 

reasons of clarity. 

Multivariate Analysis of Variance and Variable Selection 

The objective of multivariate analysis of variance 

in this thesis is to test group differences in a multi

dimensional measurement space after some combination of 

variables, which have a small value of Wilk's U, is chosen. 

Also, our program of a multivariate analysis of variance 

gives a test of the variance-covariance matrix differences 

between these two groups for use in classification. 

To select the variables, we used the BMD-Stepwise 

Discriminant analysis program and McCabe and Pohl's optimal 

method. The BMD method used "F-value to enter or remove" 

to control variable .selection. After the variable is 

in~luded, Wilk's U is calculated. McCabe's (1975) 

method computed the Wilk' s u-value for each of the 

2P-1 subsets of . the variables x1 ,x2--.------ ,XP. The 

algorithm first determines the u-value of the optimum set 

of variables by calculating and comparing the u-values of 

all possible sets. The order in which the program choose 

the variables is shown in Table 5. Table 6 shows the BMD 

method. Next, multivariate analysis of variance was used 

to test the difference between these two groups for the 

chosen set of variables. 
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TABLE 5 MCCABE AND POHL'S STEPWISE SELECTION OF VARIABLES 

Variable Theoretical 
Stage 1 2 3 4 5 6 7 8 u F-value D.F. F (1%) 

1 * 0.522 47.62 1-52 7.14 

2 * 0.399 38.41 2-51 5.04 

3 * * * 0.396 25.42 3-50 4.20 

4 * * * * 0.394 18.84 4-49 3.73 

5 ** * * * 0.390 15.02 5-48 3.43 

6 * * * * * * 0.388 12.36 6-47 3.21 

7 * * * * * * * 0.382 10.63 7-46 3.06 

8 * * * * * * * * 0.379 9.22 8-45 2.94 

The asterisk symbol in Tables 5 and 6 indicates the variables 

chosen in each stage. 

TABLE 6 BMD STEPWISE SELECTION OF VARIABLES 

Variable F-value 
Stage 1 2 3 4 5 6 7 8 to remove u-value 

1 * 47.67 0.522 

2 * * 15.58 0.399 

3 * * * 0.36 0.396 

4 * * * * 0.27 0.394 

5 * * * * * 0.52 0.390 

6 * * * * * * 0.16 0.389 

7 * * * * * * * 0.19 0.388 

8 * * * * * * * * 0.88 0.379 
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From Table 5 and 6, we can see that the variables 

entered in the first five stages are the same between these 

two methods but after that, the variables entered are 

different. There is nothing in the literature to indicate 

which method is better. For the purposes of this thesis, all 

8 variables were included. An F test for all 8 variables is 

as follows. 

I '2 2 2 2 
s=, . [p (g-1). -4]l[p + (g-1) -5] 

= [8 (2-1) -4]1[8 +(2-1) -5] J 2 2 2 2 

= 1 

n 1= (p*g-1) = 8(2-1) = 8 

n 2= s[(N-1)-(p+(g-1)+1)12]-[p(g-1)-2]12 

= [(54-1)-(8+(2-1)+1)12]-[8(2-1)-2]12=45 

y= ulls=0.379 

F ( 8 , 4 5) = ( 1-y) ( n 21 n 2 ) ly= ( 1-0 . 3 7 9) ( 4 5 I 8) I 0 . 3 7 9= 9 . 2 2 

The theoretical F-value is 2.94 under d.f.=8.45 and 1% level . 

Classification of Data 

The SAS method was used for the classification of 

frozen ground events rather than the BMD method because SAS 

can handle unequal priori probability and unequal within 

group variance-covariance matrices. 

In order to determine whether or not the frozen and 

unfrozen ground events come from the same population, Box's 

method (1949) with M-statistic was used to test H
0

:E 1=E 2 , 

where E1 is the "within group" variance-covariance matrix 

of the population of frozen ground and that of E
2 

is 
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unfrozen ground. Doing this, M=l89.54 is obtained. This 

M value is converted to F=3.72, n 1=36 and n 2=1413 degree of 

freedom. Since F(36,1413) is 1.60 at the 1% level, we 

reject the null hypothesis H
0

:E 1=E 2 and accept H:E 1~E 2 . 

This means that frozen ground and unfrozen ground events 

do not come from the same population. Thus the "within 

group" variance-covariance matrices are unequal between 

these two groups. This will have to be considered later 

in the classification analysis and may restrict use of 

the discriminant functions as a classification tool. 

A Bayesian conditional-probability model was used 

to identify the probability of frozen or unfrozen ground 

occurring during a given freeze event. Suppose the popu

lation means and within group variance-covariance matrices 

of each group can be estimated from that of the samples. 

Prior probabilities can also be estimated from the group 

relative frequencies. Then, if three observations are 

obtained from historical data without knowing whether or 

not these observations are for frozen ground events, the 

following procedure may be used to assign a frozen or 

unfrozen probability to each observation. 

The means and the "within group" variance-covariance 

matrices which were calculated from the original 54 obser

vations (42 are unfrozen and 12 are frozen) are taken as 

given. 
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TABLE 7 THE MEANS OF EACH GROUP 

variable 
Group xl x2 x3 x4 x5 x6 x7 x8 

Frozen 10.83 143.13 0.23 0.63 1.00 5.54 0.42 0.54 

Unfrozen 3.57 17.57 0.23 0.25 0.48 2.36 1.07 0.15 

TABLE 8 THREE ADDITIONAL SAMPLE OBSERVATIONS 

Variable 
Observation xl x2 x3 x4 x5 x6 x7 x8 

1 1.00 2.00 0.52 0.05 1.74 0.00 1.00 0.05 

2 13.00 84.50 0.00 0.80 0.44 5.80 0.00 0.12 

3 12.00 70.00 0.25 1.21 0.94 12.25 0.00 0.60 

2 - -1 -First, Mahalanobis' distance, D .. = (X.-X.) 'S . (X.-X.), 
1] 1 J J 1 J 

must be calculated. Where the vector of observation 1,x1 , 

is 

(1.00 2.00 0.52 0.05 1.74 0.00 1.00 0.05)' 

(X.-X.)' is the transpose of (X.-X.). x
1

, the mean vector 
1 J 1 J 

of group 1 (frozen ground) is 

(10.83 143.13 0.23 0.63 1.00 5.54 0.42 0.54)' 

and x 2 , the mean vector of group 2 {unfrozen ground) is 

(3.57 17.57, 0.23, 0.25 0.48 2.36 1.07 0.15)' 

2 
Then, D 11 is the value of observation 1 in frozen ground 

=[ (1.00-10.83) (2.00-143.13) (0.52-0.23) (0.05-0.63) 

(1.74-l.oo) <o.oo-5.54) (l.oo-o.42) <o.o5-0 .54TI'* 



'J 0.65 -0.02 2.90 -0.21 0.69 -0.30 -0.67 -1.00 

-o. 02 0.00 -0.09 -0.01 -0.03 0.01 -0.67 0.06 

2.90 -0.09 36.00 9.50 2.80 -2.60 -8.30 -1.60 

-0.20 -0.01 

0.69 -0.03 

9.50 33.00 -0.42 -2.00 -4.80 -14.00 

2.80 -0.42 2.40 -0.35 -0.59 -4.70 

-0.30 0.01 -2.60 -2.00 -0.35 0.32 0.88 1.40 

-0.67 0.02 -8.30 -4.80 -0.59 0.88 5.00 2.50 

-1.00 0.06 -1.60 -14.00 -4.70 1.40 2.50 29.00 
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*[(1.00-10.83) (2.00-143.13) (0.52-0.23) (0.05-0.63) 

(1.74-1.00) (0.00-5.54) {1.00-0.42) (0.05-0.54)] 

2 2 2 2 2 2 So, D 
11

=12.01. D 12 , D 21 , D 22 , D 31 , and D 32 are 

calculated similarly and are listed in Table 9. 

TABLE 9 THE MAHALANOBIS' DISTANCE o2 .. 
1.) 

Observation Frozen ground Unfrozen ground 

1 12.01 18.16 

2 18.47 23.02 

3 5.51 24.36 

P(x
1
.jH.)P{H.)=PCHJ.)exp[-cx.-x.) ·s-1 . cx.-x.)/2];j21IPis.j 

. J J 1. J J 1. J J 
- -1 --(x.-x.)'s .(x.-x.) 

=exp[ 1 
J · J 1 

J -lnjs. I +2*lnP(H.)] 
2 J J 

Then, let Chi-square =[(X.-X.) 's-1 . (X.-X.)+lnjs. l-2*lnP(H.)] 
1. J J 1. J J J 

=[ (D
2 
.. +lnjs ·l-2*lnP (H.)] 
1.] J J 

• • • 
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Where lnls1 1=3.18, lnls 2 1=-1.02 and 2*lnP(Hi)=2*ln(0.22F-3.03, 

/' . 

2*lnP(H2 )=2*ln0.78=0.50 

The Chi-square values are shown in Table 10. 

TABLE 10 CHI-SQUARE VALUES 

Observation Frozen ground Unfrozen ground 

1 18.22 17.64 

2 24.68 22.50 

3 11.72 23.84 

TABLE 11 CONDITIONAL PROBABILITIES FOR 3 OBSERVATIONS 

Observation Frozen ground Unfrozen ground 

1 0.430 0.570 

2 0.250 0.750 

3 0.998 0.002 

From Table 10, it is seen that Chi-square for obser-

vation 1 for frozen ground is greater than that of obser-

vation 1 for unfrozen ground. This means that observation 

1 is closer to the centroid of the known unfrozen ground 

observation that that of frozen ground. In Table 11, the 

probability of frozen ground in observation 1 is less than 

that of unfrozen ground in observation 1 since the prob-

abilities are inversely proportional to the distance. The 

probabilities of frozen ground of 143 observations in the 
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data were calculated by a computer program using the above 

procedures. All the results are given in the appendix. 

In the original data, forty-two of the 54 obser

vations were unfrozen ground events and twelve were frozen 

ground. In order to test the discriminatory power on the 

basis of these eight variables, these 54 given observations 

were classified with the Bayesian method. It was found 

that 2 of the observations of frozen ground events which 

had been thought to be frozen ground events were classified 

into the unfrozen ground group and 1 of 42 observations of 

unfrozen ground were misclassified into the frozen ground 

group. This is not too surprising since the original 

classification was made using somewhat sparse data. In 

matrix notation this misclassification is indicated by the 

"confusion matrix". 

C= l~ 1~ I 

There is a method to test the discriminatory power on the 

basis of their variables for this confusion matrix. Massy 

(1965) used the Chi-square statistic for testing this dis

criminatory power. The null hypothesis is that the function 

does not have the ability to classify correctly. If we 

reject the null hypothesis, it means that we have a relatively 

high degree of confidence in its abiltiy to discriminate 

properly. The statistic is 

Chi-square=(N-nk) 2/[N(k-l)] 
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Where N is total number of observations. 

n is the number of correct classifications. 

k is the number of populations. 

So, Chi-square=(54-51*2)
2
/54(2-1)=42.67. Its degree 

of freedom is one. The theoretical Chi-square at the 1% 

level and 1 d.f. is 3.84. Since 42.67 is greater than 

the theoretical Chi-square, the null hypothesis is rejected. 

We are confident that the Bayesian method was able to dis

tinguish between frozen and unfrozen ground events. 

Results and Disc~ssion 

Using the 89 unknown observations in the Bayesian 

classification model, it was found that 10 of the 89 unknown 

observations were classified into frozen ground events and 

the remaining 79 were classified as unfrozen. Table 12 

shows 20 observations sampled at random from the 89 events. 

A frozen ground event is caused by the total effects 

of the eight factors. In Table 12, it can be seen that the 

freeze index of some observations is not very large and 

the soil still is assigned a frozen condition because the 

other seven variables carry enough weight to assign the 

event to frozen ground. A trait of multivariate analysis 

is to consider all eight variables as a system. A frozen 

ground event is caused by the combined effects of these 

eight correlated factors, not by a singe variable. Also 

from the data in Table 12, it can be seen that McCool and 

Molnau (1974) could not correctly classify all runoff events 
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TABLE 12 THE PROBABILITY OF FROZEN GROUND FOR 20 RANDOH 
EVENTS 1960 TO 1973; MISSOURI FLAT CREEK 

Mot! th/Da te/ Prob. of frozen 
Year xl x2 x3 x4 xs x6 x7 xa ground events 

1} 12/15/60 3.0 13.5 o.os 0.15 0.91 1.70 0 0.05 0.06% 

2) 12/04/62 1.0 2.0 0.68 0.00 0.04 0 0 0.01 4.89% 

3) 2/13/69 3.0 13.5 0.46 \J.OO 0.00 0 0 0.18 1.57% 2/15/69 

4) 1/28/70 3.0 4.5 0.36 0.01 0.21 0 0 0.16 0~98% 
1/30/70 

5) 11/22/60 1.0 2.0 0.52 o.o. 1.74 0 1 0.05 42.70% 

6) i2/23/60 13.0 84.5 0.00 0.80 0.44 5.8 0 0.12 25.09% 
1.04/61 

7) 11/24/61 3.0 12.0 1.45 0.86 0.11 8.0 2 0.01 40.00% 
11/26/61 

8) 12/S/61 11.0 137.5 0.23 1.10 1.31 10.1 0 0.02 .100.00% 
12/16/61 

9) 11/15/61 7.0 59.0 0.03 0.71 2.29 3.7 0 0.02 99.45% 11/21/61 

10) . 1/09/62 16.0 247.0 0.37 0.70 0.01 8.8 0 0.02 100.00% 1/24/62 

11) 2/21/62 12.0 123.0 o.oo 0.96 0.05 11.6 0 0.06 98.52% 3/04/62 

12) 1/10/63 5.0 115.5 0.00 0.05 0.03 0.5 0 0.00 100.00% 1/14/63 

13) 12/25/69 15.0 144~0 0.17 0.31 1.11 4.9 2 0.02 99.35% 1/08/70 

14) 1/10/70 4.0 13.0 0.48 1.08 0.60 1.5 2 0.16 100.00% 1/13/70 

15) 1/17/70 3.0 14.5 0.18 J. 59 1.16 6.2 0 0.73 100.00% 1/19/70 

16) 2/26/71 12.0 70.0 0.25 1.21 0. 9.4 12.5 0 0.60 99.77% 3/09/71 

17) 12/27/68 9.0 199.5 0.04 1.44 1.42 21.5 . 0 0. 90 100.00% 1/04/69 

18} 12/22/62 5.0 46.5 0.04 0.00 0.09 o.o 0 0.01 1.19% 12/26/62 

19) 1/20/73 4.0 5.0 0.04 o.oo 0.00 0.0 0 0.03 0.54% l/23/73 

20) 11/28/62 2.0 6.5 0.34 o.oo 1.12 o.o 0 0.01 0.74% 11/:l9/62 
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on the basis of freeze index along since several of the 

observations have a freeze index below 100. 

The BMD method uses a certain number of discriminant 

functions with equal prior probabilities among groups and 

equal within-group variance-covariance matrices. The first 

discriminant function usually takes care of a major part of 

the variance, the second one takes care of a major part of 

the remainder, and so on. The first two discriminant vari -

ables for the fifty-four observations known to be frozen o r 

unfrozen are listed as follows 

Ymk=-O.ll*(Xmkl)-5.19)+0.0l*(Xmk2-45.47)+0.91* 

(Xmk3-0.23)+1.07*(Xmk 4-0.33)+0.2l*(XmkS-0.59) 

-0.13*(X k 6-3.07)-0.10*(X -0.93)+1.79*(X k 8-0.24) 
m mk7 m 

· zmk=-0.57*(Xmkl-5.19)+0.03*(Xmk 2-45.47)-1.4l*(Xmk3- o.23) 

-2.16*(Xmk4-0.33)-.20*(XmkS-0.59) +0.27*(Xmk 6-3.07) 

+0.13*(Xmk7-0.93)+0.20*(XmkS-0.24) 

T~1e s e two f unctions, when p l otted in two dimensional sca t ter -

grams , result i n Figure 5 for fifty-four observations and 

Figur e 6 for all the . observations. It is obvious that the 

two groups are well separated in general, but there are 

some overlapping. The resulting classification is also some-

what different from that by the SAS method. The actual 

classification of events was done using. the SAS program for 

the initial 54 observations and a program based on the SAS 

method for all additional observations (appendix C) because 

it can handle unequal prior probabilities and unequal within 

group variance-covariance matrices. 
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CHAPTER VI 

CONCLUSIONS AND RECOMMENDATIONS 

51 

The main purposes of this thesis were to introduce 

a discriminant method to analyze the frozen ground problem 

in small watersheds and to identify historical frozen ground 

floods from past data. Although it is not known whether 

the data fits some of the assumptions of discriminant anal

ysis or not, the combination of use of discriminant function 

and Bayesian classification appears to be a good way to 

classify frozen or unfrozen ground events. 

The classification of observations can lead toresults 

having widely different probabilities of error. For some 

observations, the decision of their assignment can be made 

with confidenc~ But in others the best decision will be 

subject to great uncertainity. Overall and Klett (1972) 

suggested: 

1. Classify the observations into group I if the 

probability of its belonging to group II is 

smaller than some prespecified value, 0.10. 

2. Classify the observation into group II if the 

probability of its belonging to group I is 

smaller than some prespecified value, 0.5. 

3. Avoid making a definite classification pending 

examination of additional information. 

There are several methods for variable selection. 

McCabe (1975) said that the selection of anoptirnalsubset 
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of variables should not be considered as a final solution 

but rather as a starting point for further analysis. 

Autocorrelation analysis can be used to show the 

independence or dependence of the data. Although some of 

the variables have dependent relations among the observa

tions, their mutual independence is still assumed. 

Mahalanobis' generalized distance is applicable only 

to groups in which the measurements are normally distributed. 

For our data we assume it is a multivariate normal distri

bution in order to simplify the analysis but much further 

analysis would have to be done in order to prove this. 

Unequal within group variance-covariance matrices 

between these two groups cause an inaccurate di-scriminant 

function. This is why we used the 8 variables directly 

in the Bayesian classification model which can deal with 

unequal within group variance-covariance matrices. 

CONCLUSIONS 

study: 

The following conclusions can be drawn from this 

1. The eight variables used in this thesis are 

sufficient to classify the data into frozen 

or unfrozen ground runoff events. 

2. Using discriminant analysis, it was revealed 

that 10 of 89 unknown observations are probably 

frozen ground and the remaining 79 probably are 

not frozen ground runoff events. 
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3. The freeze index is the most important of the 

eight factors studied for estimating the prob

ability of frozen ground in Missouri Flat Creek. 

This is seen by the stepwise selection of vari

ables (Table 5). 

4. The occurrence of a crust of frozen soil on a 

watershed at the start of a historical snowmelt 

or rainfall event cannot be studied by relying 

upon only one variable such as the freeze index, 

but several variables must be used to reflect 

the interaction that results in the physical 

world. 

5. Precipitation on frozen ground doe~ .not necessarily 

cause high runoff. 

RECOMMENDATIONS FOR FUTURE STUDIES 

The following recommendations are given in the hope 

that the next step in this project will be able to build 

upon the results of this thesis. These recommendations _ 

are: 

1. Check the classification of frozen ground with 

independent data from other sources to 

verify the classification. 

2. Use other methods, such as a nonparametric 

method, to analyze the data and compare the 

events with the result of the method used in 

this thesis. 
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3. Use additional factors which may influence 

the occurrence of frozen ground events and try 

to use discriminant analysis again. 

4. Use this method in another area where freeze

thaw cycles are prominant in the winter runoff 

region, such as Spokane or Pendleton. 
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APPENDIX A 

DATA INPUT LIST 



l 8 44.5 0 o. 01 1.54 0. 1 0 160 
l 3 6.5 0.75 0.13 0. 31 0.9 0 174 
l 2 9.0 0.43 o. 03 o. 2 :J J.3 0 32.1 
1 5 14.5 0.05 0.26 iJ 3.2 0 46.4 
1 1 1.5 o.ul a 0. :) 1 0 0 9.2 
l 3 14. 0 0.10 0.95 ;) • '•3 7.5 4 39.6 
l 4 17.5 0.03 0.54 0.04 S.3 0 33.5 
l 1 l. 0 0 0 0.47 0 0 40.6 
l 2 2.0 0.35 0.10 0.59 0 1 88.0 
l 3 5.5 0.04 0.41 1.42 2.9 0 94.0 
1 7 28.0 0.34 0.28 .J 2.6 2 63.6 
1 5 16. 5 0 0.17 J.72 0 1 58.0 
1 l 2.5 0.42 l) 1.21 0 1 117H 
1 3 4.0 0.2 0 o. 02 J.Oi3 .J. 3 0 122 
l 4 16.5 0.30 0 0.66 0 0 137 
l 2 l. 5 0.26 0.16 d.26 J.6 0 216 
1 1 1. 0 ,) • 2 8 I] 0.46 0 0 11 't 
1 3 8.0 O.Q7 1.42 1.62 14.7 0 23.() 
1 1 0.5 1.75 0.~5 0.97 0 18 63.0 
1 11 98.1.) u.o2 l). <i-9 o. 03 5.0 0 7.5 
l 9 53.5 0.12 0.67 J.29 5.7 0 16.5 
1 4 18.5 0.04 () 0.52 0 0 25.0 
1 2 4.0 0.20 0.27 0 0.3 0 60.5 
l 3 10.0 0.12 J.09 l. 19 0.5 1 43.4 
1 2 2.0 o. ll o. 17 1.05 1.3 0 330 
1 4 15.0 0. 2 5 0.07 O.d 3 0.8 0 298 
l 2 2.0 o. ll :J.18 ,) • 2 7 1.8 0 38.4 
1 2 1. 5 0.26 0 ;J 0 0 20.9 
l 3 5.5 O.Ot> 0. 14- ,) • 6 3 1. 5 1 23.3 
1 4 9.5 0.10 0. ll ,) • 2 5 0 4 36.9 
1 2 10.5 0.15 0. 12 0.30 0 0 8.5 
1 7 5R.5 o. 2 5 0. 53 <).66 3. 50 0 61.d 
1 4 6.d u ,.) • .) 7 . ) :) .3 0 87 
l l 4.0 0 ().25 1.1 4 3. 0 . 0 174 
l 1 4.5 0.26 :) •J. 26 0 2 54.2 
1 2 4 ~ L). f) 3 0.1~ 1.67 J.8 0 SO.J 0'\ 

• J 1\.) 

1 10 88.5 1. 4q 2.15 J.2.-} 2().5 4 24.6 



1 7 65.5 0 0.19 0.14 3.8 0 42.9 
1 3 40.5 0 0.14 0.15 3.0 0 37.6 
1 3 27.5 0 0 0.67 0 0 175 
1 1 2.0 0.20 0 (). 10 0 0 170 
1 4 12. 0 0.45 0 t). J6 0 6 76.6 
2 16 205.0 o.o3 1.04 1.29 6.6 0 814 
2 q 123.0 0.12 0.95 4.18 9.5 0 739.9 
2 11 146. 5 0.01 0.90 1.20 3.2 0 353.6 
2 5 22. () 1. 06 0.52 l). 48 11. 1 0 213 
2 25 323.0 0.38 1.50 0.16 23.2 0 54 
2 5 20.0 0 0 0.28 0 0 475 
2 8 90.5 0.49 ().30 0.43 0.30 2 227 
2 4 22.0 0.12 0.79 1.08 1.8 1 586 
2 6 20.5 0.01 0.11 ;J. 84 0.5 0 228 
2 12 234.0 o. 07 0.38 ).14 4.5 0 165 
2 14 3 06.5 0.43 0.34 J.87 1.2 1 231 
2 15 204.5 0.06 J.73 1.05 4.6 1 523 
l l 2 u. 52 0.05 1. 74 0 1 33.7 
1 4 11. 5 0.99 J 0.39 0 1 7.1 
1 7 51.0 0.19 0 0.05 0 0 2.9 
1 3 13.5 0.05 0.15 v.91 1.7 0 38.5 
1 13 84.5 0 0.80 0.44 5.8 0 82.3 
1 l 6.0 0.08 0.14 0 o.s 0 1 • 3 
1 3 12.0 1.45 o. 86 . o. 11 8.0 2 6.1 
1 1 5.0 0.55 0.04 1). 97 o.s 5 27.5 
l 1 l. 5 0.32 o. 08 J.49 0 0 37.5 
l 1 0.5 J 0.06 0.22 0 0 1. 9 
1 2 2.0 0.09 u.lo 0.56 0.7 0 4.8 
1 2 6.5 0.34 0 l. 12 0 0 8.4 
1 1 2.0 0.68 0 J.04 0 0 5.5 
l 2 5 • I) a 0 l. 06 0 0 13.2 
1 5 46.5 0.04 0 i). oq 0 0 4.9 
l 2 7.0 J J 0 0 0 2.5 
1 4 29.5 ,) J l.J4 0 0 4.7 
1 8 67.5 o.oz o. 63 .) • 76 5.4 0 4. l 
1 2 6.0 0.76 0 0.1~ 0 4 6.4 

0'1 
w 

1 2 4.0 J 0 .19 ,) • 16 I) 3 5.4 



1 1 2.0 o. 09 0.14 0.88 1.5 0 16.0 
1 9 40.5 0.84 0.56 0.85 5.5 1 6.6 
l 2 3.0 0.37 0.48 0.16 3.5 3 10.3 
l l 2.0 1.37 0 0.26 0 4 38.5 
1 1 0.5 0 0 0.36 0 2 44.9 
1 1 2.0 0.10 J a.o1 0 1 46.0 
1 2 6.5 0.07 0 1).03 0 0 38.2 
1 1 3.0 0.01 0 0.02 0 0 34.0 
1 1 3. 5 0.02 0 0.2() u 0 23.0 
1 3 14.5 0.01 0.06 0 0 0 113.0 
l 6 29.5 0 0 1.83 0 () 8.2 
l 1 0.5 0 0.10 1.88 0 0 10.6 
l 2 4.0 0.15 t}. 27 1.06 2.5 1 21.7 
1 12 103.0 2. 36 t).84 0.53 6.9 0 39.0 
1 2 6.0 0.39 0.34 0.49 2.8 l 212 
1 2 4.5 o.4o 0 0 0 1 44.6 
1 3 26.5 0 l) 0.23 0 0 19. l 
l 1 1.0 0 o.us 0.22 0 0 18.3 
l 6 33.0 0.23 o. 32 0 2.2 0 20.4 
l l 3.5 0.26 o. 13 0.19 0.8 0 0.4 
l 8 45.5 0.10 0 0.10 0 0 J.4 
1 6 3 7. 5 0 o. 21 0.20 3.0 0 2.1 
1 l 0.5 0.01 0 0.02 0 2 13.0 
l 1 2.5 0 0 0.32 () 0 19. 1 
1 1 3.J J J ;). 36 0 0 5.6 
1 1 3.5 J.i)4 J 0. 1-t9 0 0 2. ;J 

1 1 1.5 0.3 6 0 0.04 0 0 5.2 
l 4 7.5 J.04 0 0.~8 0 0 16.1 
l l . u.s 0.11 0.11 0.43 0 0 22.8 
1 3 11.0 o. 34 o. oq .).09 1.2 i) 11.2 
1 2 2.5 0.05 0 0 0 0 9.3 
1 1 J.5 0.15 0.29 0 4.0 0 33.0 
1 6 20.5 0.15 ;). 28 J • .:!3 1. 8 0 1.3 
l 3 7.0 0.1.7 J.J3 0.03 0.3 l 1.8 
1 l 2.5 0 0 i ). 3 1 0 0 6.9 

56.5 0. 19 0.51 0.21 
0'\ 

l 8 6.0 2 5.5 ~ 

l 7 47.5 0 J. 1)2 ..).50 () l) 16.2 



1 2 6.0 0 0 1.21 0 0 43.2 
1 1 1.5 0.11 0 0.54 0 1 29.9 
1 2 2.0 0.31 0 0.45 0 0 24.2 
1 3 13.5 0.46 0 0 0 0 126 
1 15 75.5 0 0.68 0.20 4.1 0 6.5 
1 3 4. 5 0.36 o. 01 0.21 0 0 114 
1 6 32.5 0 0.53 0.31 5.0 0 197 
1 2 26.5 0 0.11 0.69 0 0 9.6 
1 2 3.5 0.44 0.25 0.14 0.7 3 11.5 
1 3 10.0 0.04 0.21 o .• o2 0.80 2 19.8 
1 1 4.5 - 0 0.02 0.25 0 0 5.9 
1 3 6.0 0.04 0.23 o.oa 2.5 0 5.8 
1 12 102.5 0.08 0.37 0.58 3.6 2 14.6 
1 1 1.0 0.42 o. 02 0 0 3 152 
1 3 5.5 0.02 0 0 0 2 170 
1 3 22.0 0.11 0.12 0.51 1.5 l 6.6 
1 1 1 0.22 0.05 0.35 0 1 3.7 
1 1 1 0 0 0.43 0 0 5.9 
1 4 5.0 0.04 0 0 0 0 18.6 
1 3 14.5 0 0 0.08 0 0 11. 1 
1 1 0.5 o.oa 0 0.01 0 1 10.9 
1 5 18.5 0.01 0 0.45 0 0 10.3 
2 7 59.0 0.03 0.71 2.29 3.7 0 15.3 
2 11 137.5 0.23 1. 10 1.31 10.1 0 12.0 
2 16 247.0 o. 37 J.70 0.01 8. 8 . 0 10.9 
2 12 12_~. 0 0 0.96 0.05 11.6 0 4~ • . ?_ --- ··-- - . --·-· ·--·- ----
2 5 115.5 0 0.05 0.03 0.5 0 2.1 
2 9 199.5 0.04 1. 44 1. 42 21.5 0 640 
2 15 144.0 0.17 0.31 l. 11 4.9 2 12.1 
2 4 13.0 0.48 1. 08 0.60 1.5 2 113 
2 3 14.5 0.18 1. 59 1.16 6.2 0 523 
2 12 70.0 0.25 1.21 0.94 12.5 0 432 

0'\ 
Ul 
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APPENDIX B 

MULTIVARIATE ANALYSIS OF VARIANCE OUTPUT 



GROUP lNO. OF OBS. 42 
MEANS FOR GROUP 1 

3.57 17.57 o. 23 0.25 0.48 
STANDARD DEVIATIONS 

2.54 23.62 0.36 0.41 0.47 
OISPERSION DETERMINANT• 0.3681E+OO 
-----------~~------~--~~--~---------~~------
GROUP 2NO. OF OBS. 12 
MEANS FOR GROUP 2 

10.83 143.12 0.23 0.63 1.00 
STANDARD DEVIATIONS 

6.07 lll. 85 0.31 0.43 1.08 
DISPERSION OETER Ml NANTE 0.2426E+02 

-------------~------------~-----------------
MEANS FOR TOTAL SAMPLE 

5.19 45.47 
3.59 55.56 

T MATRIX 
.ROW• 1 o. l2E +04 

0.75E+03 
ROW• 2 0.31E+06 

-0.93E+03 
ROW• 3 0.63E+Ol 

-0.24E+OO 
ROW• It O.lOE+02 

ROW• 5 o. 2-\E+02 
ROW• 6 0.15E +04 
ROW• 1 o. 38E+03 
ROW• 8 0.54E+Ol 
A MATRIX 
ROW• 1 0.49E+03 

0.22E+03 
ROW• 2 o.t5E+06 

-0.77E+03 
ROW• 3 0.64E-04 

0.94E-02 
ROW• 4 0.13E+Ol 

ROW• 5 0.2SE+Ol 
~OW• 6 O. 94E+02 
ROW• 7 0.40E+Ol 
ROW a 8 O.l4E+01 
W MATRIX 
ROW• 1 0.67E+03 

0. S4E+ 03 
ROW• 2 O.l6E+06 

- ·o.t6E+03 
ROW• 3 o. 63E +01 

-0.25E+OO 
ROW• 4 o. 90E +01 

ROW• 5 0.22E+02 
RO.W• 6 0.14E+04 
ROW• 7 0.38E+03 
ROW• 8 0.40E+Ol 

0.23 0.33 
0.35 O.lt2 

0.18E+05 
-0.70E+02 

0.15E+02 
0.31E+03 

0.21E+01 

0.39E+Ol 

0.25E+02 
-0.20E+Ol 
-0.43E+Ol 

0.85E+04 
-0.44E+02 

0.31E+Ol 
0.45E+03 

0.93E-02 

O.l8E+01 

o.15E+02 
-0.19E+02 
-0.24E+Ol 

0.90E+04 
-o. 26E+02 

o.t2E+o2 
-O.l4E+03 

O. 21E+Ol 

0.21E+Ol 

0.93E+Ol 
O.l7E+02 

-0.20E+Ol 

DISPERSION OETER~INANT= 0.3418E+02 

0.59 
0.63 

0.45E+OO 
0. l6E+02 

0.91E+03 

-0.61E+OO 

O. 11E+03 

0.91E+OO 
-0.24E+01 

O.l8E+OO 
0.26E+02 

0.45E+03 

O.l3E-Ol 

O.llE+02 

-0.32E+Ol 
O.llE+02 

0.28E+OO 
-O.lOE+02 

0.47E+03 

-0.62E+OO 

0.10E+03 

0.41E+01 
-0.14E+02 

2.36 

4.74 

5.54 

6.63 

3.07 
5.20 

0.66E+02 

0.46E+03 

0.32E+02 

0.41E+01 

0.61E+01 

0.26E+02 

0.61E+03 

0.78E-Ol 

-0.23E+Ol 

O.l9E+Ol 

0.40E+02 

-O.l5E+03 

o.31E+02 

0.64E+01 

0.42E+Ol 

67 

1.07 

3.02 

0.42 

0.67 

0.93 
2. 70 

FOR TEST OF HlCEOUALITY OF OISPERSIONS),M• 
FOR F, NOF1• 36 AND NOF2• 1413 

189.541 AND F• 3.717 

UNIVARIATE F-RATIOS,WITH NOF1• 1 AND NOF2• 52 
VARIABLE AMONG MEAN SQ WITHIN MEAN SO F-RATIO 

1 492.20 12.88 38.20 
2 147127.87 3086.56 47.67 
3 o.oo 0.12 o.oo 
4 1.35 0.17 7.74 
5 2.54 0.42 6.08 

ETA SQUARE 
.4235 
.4783 
.oooo 
.1296 
.1047 

6 94~37 26.99 3.50 .0630 
7 4.00 7.26 0.55 .0105 
8 1 • 3 8 0. 0 8 1 1. 99 • 2 57 0 

WILKS LA~BDAc 0.3805 GENERALIZED CORRELATION RATIO , ETA SOUARE•.6195 
F-RATIO FOR H2, OVERALL DISCRIMINATION,• 9.16 
~OF1• 8 AND NOF2• 45 

0.15 

0.26 

0.54 

0.34 

0.24 
0.28 

0.22E+02 

0.99E+04 

0.33E+02 

0.84E+OO 

0.35E+02 

O. 37E+04 

-O.l6E-Ol 

O.l4E+Ol 

-o. l3E+oz 

0.62E+04 

0.33E+02 

-0. 52E+OO 
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APPENDIX C 

CLASSIFICATION OUTPUT 



b ·'+'• {· 
5'• .1 /•1 

l). t) '•?. 
.1. 5 ,ln 

- ~1.11 '1 

~.ll'Jii 

~~. l.~fl 

c;•,f. ' l">ll 
J. :129 
4. (13~ 

-1.237 
t•l. OlU 

(1, 0'•? 
l1. !\:") 
tl. 1 ?o 
ll. O'i ~ 
0.006 
J. '.> '? 

-0.~0 ~ -1,qJA O.ROI 
- ~l • l ., 0 - l • l ~· 'j 0 • u 0 ' 

VAR-r nv~ ~ uAr RIXr 2 
3 r •• d 7 '1 l• 1 (, • 2 s o - o • 1 3 o 

b 1 t>. 2 ~ ·v l.~ S ll • :\ 6 7 - I • <) il 3 
-0,130 -I,QAJ U.OY9 
t. r ·Jtl .~4.09?. -v,\)~12 

-0. 1 ~ ' - 'l· 2 o \ - ,) . o ·rn 
2t>.f () t1 :n1.1on o.77CJ 
-0.4 70 -O.l 1tfl .1. OVJ 
-J.3R1 -R.l3Q -0.04R 

lNVfr~ F V~~-COVh~ MAT~JX= 

ll. 5 •)) - :),11' 
'•. t} ll :l .. J • .' \ [, 
ll. !) 'i .~ (l, t ) \ h 

0.1-n (1, ,J1 1t 

ll.Ol'• n. :• lh 
I • ll'l .1 d, I 3'1 
tl, I 7 '• , I, I .~; I 

-0. ,)£ 1 o • . n J 

I. 7 'ltl ··0 • . , '• 7 

2'• .nq2 -•;,,,_u 
-0.00? -11.07.1 
0.1!1~ o. I H 
O. t:H I • l t'l ~ l 
2.?.26 0.12.7 

- o. l)l, 1 -u. 104 
0.030 o. 241 

'•.li •J ."i -ll. ,, 1} ~i - o, I :• J 
Ctl,lllll -:\. • ; \~ tl - I. I ' • ·i 

e.· ~ ' .! 1l. H<il (I • I~ • \ 7 
l, ti •h ) ll.l ,''1 -11 • . 1:· I 
J. l ~ ·I \l,U •t o • f . 1'1 

.. ' ;•.,, .... ) •), · ) , ) J ·· 11,,'1 1 
,) • ' l.J.l •). v'J ,: - ,-) • .1 t 'f 

- J • .~I, ) · ·0 ,l)t, t, U. J c• I 

L6 . hl'l -u. '• ro - c. :\t' 0 
J \I • 7 ~l . l -o. 14il - I\ • I ., ·) 

,) • 1 (' •) u. 0 "1 •) - ll. 0 ·• :l 
2 • . ~iu -J, ,)(,j ll. CI ;) 

J, 3c' 1 - ·.). I ~) I~ 0. ;> t,} 

4 3. '}I.£, -1. n J -c. '•., ~~ 
-1.713 0 ·'•'• 1 -0. 0 1 6 
-J.'• 7r.i -O.Ul(, o. ll'• 

0.92 ~ +0J-J,Sul -Ol O.l~E•OJ-0.25E+Ol-J.45E-Ol 0.22Et00 0.32E-Ol 0.46E+0J 
-0. <.1() r - •11 0 • 1 l E -0 l i) • 3 9 1-- C 2 0 • 3 1 E + G .J J . 2 GF:- 0 l- J. 3 4 1: - v 1- l), 3't f ·- 0 2- 0. - ~ I t7 - 0 1 

0. I 2 F +t~ 0 0. 3 flf:- 0 2 ll. 2 H + 02 0. l 0 [ Hl 2 J. 2 '• E t ,)1- 0, 16 f' • d 1-0, 2 1• H 0 l-l). ll L ,. 01 
-O,l~ "' +'ll J,"H[+OO O.!OH02 O.l2~'+u3-•).62[-.)2-0.l,) :: + • l 2 -0.21 EHi l O.lv:: +Ol 
-0 , 'rt F- (l 1 0 • 2 1E - •J 1 0 , 2'• f -+ 0 1 - 0 • 1 5 t: - 0 1 0 • ~ M: + 0 1 - 0 • l n t D 0- 0. 2 9 F +r 0- 0 • ' • ;·o~c • 0 l 

0. 2 2 ( .. 0 ;)-· .) • ~i '• [- 0 1- J • 1 (, r .. 0 1- 0. 11) F t 0 2- J. 1 7r t I) ,) 0. ' j n t ;) () 0 • 2 .. , ~- + ll J 0 • l : r_ .. 0 '.I 
0.33f-JI- 0 .3'•':-02- ;J,?'• F i0l-0.21f'+Ol-0,?9E+Oll 0.?4f t-,)U O.J S~ +Ull 0.7'tf' + Cot') 
0.'.t·:· • (l l}-J,31E-01-0.71[-t·Ol O.l9[+01- •),39[+Jl u.L6l+llJ 0.7'o(i t)J O.~ O!: +J? 

INVE ~ S [ V~ ~ -CnVAR MAT~IX• 2 
(1, (,r;! •·O J-1), 2) t- () 1 0, zq t : i 0 l-0 • 2 l r H)') 0, 6 9£ +0 0-0, 30 1· t·tl 0-0, tJ "ll:i· 00- 0, l ~I C i (Jl 

-0.?3' '··01 0.9'A'-·03-0.UF-Cll-0,8l.f; -,12-J.2'iL-Ol O.hH-dL 0 • . 19£.-0l O.~.t. i· <I! 
0.2•J ~~ +J1-oJ.fl7r--OI 0,3f>f' +02 0.<;5!:+-01 l).211H0l-0,2 f> ( t ,)J-;), t!3i. +-tH-O.J t ,~ <· Ill 

-O.?l f•·!L' -O,B?[-07 0,'.'') ;' +0 1 0.33f+O.'-J,t,]r+u0-0,2 :JE •Ol-0.4f! t' +l.l1-J.I ··! •<'.? 
0. £, 9 f • .) ) - J • 2 r, F - () I I) • 7 1\ r:+ 0 1- !) • 4 7 [ t ll .I l) • 2 4 !' + 0 1 - 0 • 3 '• r + ') "- 0 • ~i 'J ~: + ') ·.1 - 0 • 1t n • c 1 

-O. :WC •·OJ ;),lOE- O l-0.2f · ~' ~ll1·· l).20Etu1 -· u.3'Jl : +OO O,J?I t-OU O.(;Hf_+(hl U,j', ' •til 
- 0. 6 7 t_ + :j 0 J • 1 ') 1- - 0 1 .. () • d J r • 0 I ·- 0 • l.f~ F I I) 1 -l) • ~ ') r- + tJ J J • tHl F • t] {) () • r, (l r • () 1 f ) • . ' ' , r I :) ,_ 

-o.!IH:•:H ,J.',6F-ot- .l.tt. ::. •ot-o.t,,c.+o :'-f'). 1.7 t= rnl o.t'tl •nl •),2"f. +-OI d,?.! i! •·u7. 
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At\SOLUlt V •~ LUf r')f hit ( I[: I H<~iJNt\Nl fU. GROUP 1,., O.V,.\I~~IILUTt V!.LlJt lJf Till' DCH:ki·llt<.'\i ·IT I CR GPOUI' ? o: ? 1t. JO 

OBS( RVA 'I ('I tiO.: 
3,'}') '•'•. ~i J o.oo o. 01 J. 54 o.to 0. q;) 0.?.7. 

(HI-SOlJa~ i' v .~u1r. r;~nu r> I: 12. 'l!.i '1 Gf.'.l.JUP 7: 7.4.4C•II 
OBS t: !l ',II\TI ~ t; ~' r. • :. 2 

~.()') 6.50 o. '1'J v. l3 0.31 U, 'Ill o.no ().? '• 
CHI -~.t)i.l ·\ ·~ :-. v.'t.u:.: 1 (,R()ttr ) >< 10 ·'•61 GIW•.IP 2• 16.204 
res•:R'tt.r r ~ -.: N(l • ..; '3 

? • .) .) Q,JO 0. 1+3 0.:>3 o.lo 0 ,30 v.ou 0.04 
C.HI-SI~ Ut.J;_: Vt. LlJ E , GPOUP l = 3,H40 GR O•JP 2:: 13. 4'·:3 
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102 o. 99hfl1t o. 00 316 135 O.OJOOIJ l.OOJOO 

o~snv:.r 1 rN PP.CB. or GRililP l PRilB. 'lF GR:JUP CB<;fOVo\TinN rnr:B. OF f.ROIJP l PROR. or GRCUP 2 
ll)3 0.98435 0.01565 136 o.ooooo 1.00000 

CBSERVAT I u~l P?.GB. OF r,p(l •JP l PRI.)B. OF c;RCUP 2 I'J8St'~'V.\T I GN PPn~. OF Gf..DUP l P~OB. OF GRI'lUP 2 
104 0.98312 0.01688 13 7 l). () l'+ 77 o. ')1]523 

OBSF.I-' VAT I ON PPCR. OF GPQ\.JP 1 P~OB. OF r.ROUP 2 'JBSfi:Vi\TION PP CB. CF GRCUP 1 P:{() 0. OF GROUP 2 
l 05 0.99010 O.OO<JB2 13U o. ;)l):)t)t) 1. Ou\) .)0 

OASf~ViHION PR Cf}. '1F GRO•.H' 1 PROB. OF GR!1UP 2 CBSl~<VAT ION PRf~. OF GP t;tJP 1 flRUA. UF GROUP 2 
106 0.991'/8 0.00802 13<J ll. Jtl:10U l. •) l)dO ·l 

OBSCPVo\T !CN PP C~. OF liRI"JtJP l PROS. JF GRGUP 2 OP.SfPVt\T I ntJ rn c~ . OF GROIJP l Pl)0f3. ,j f- GRCUP 2 
107 0.99407 0.00593 11t0 o.0064fl I).<J'J354 

O~SEPV,\TIOtl PROF\. CJF G~OUP l PROB. OF GRCUP 2 !11lSHVAT!f'l"J PHCR. nF GROUP 1 PRlJIJ. CF GROUP l 
10~ 1. 00000 o.ooooo 141 0.00~1,);) 1. OJOO•> 

OBS£RV.'I.TIO~ P~O~. 'lF GROIJP 1 P~os. 0F GRnUP 2 CHSEPVflTION PRCH. or GRGIJP 1 PROB. OF GRJlJP 2 
lO<J l • • )Ot)UO 0.00000 142 0. OOtlOr) l. 1)0001,) 

OBSE"PV.'\TJCf\: PRt:u. OF ;",110lJP 1 flRCO. CF G~OUP 2 O~~E~VATICN PRC~. UF r.I\UUP 1 PROO. l)f GROUP 
110 0.9<:;<;68 0.00012 1'•3 0.002l2 0.')9166 

01\SfllVt\TIC~ PRm. JF ~P f'1UP 1 P~OO. OF GR(iUP 2 
ll1 O. 9q<J6U 0.0003Z 

OBSHV/.T I f)N PRrO. UF GI'.PUP 1 PRO~. OF G~CUP 2 
112 o.<Jt314/ 0.01~53 

OB$['< V/1 T TON PPr'3. OF GRl' ·Jf" 1 P:.(l1A . !1f <~llCU11 2 
ll3 1. OOOOJ 0. :)0000 

Clf\SHVATtON PR C9. (1F r;ROIJP 1 oRoe. r.F GRCUP 2 
114 1. 00.)1') ') o.ooooo 

OBSHVo\T lOt\ PRCR. OF GROUP 1 PRUB. l)f GROUP 2 
11 5 C. 99 •Nl O.OJ009 

CSSfRVATION PRCB. OF GF.nUJ.I l PROS. OF GROUP 2 
116 0.999R2 0.00018 

OASn VAT IMJ PRClO. f')F GROJP 1 PllfJB. CF GIHJUP 2 
117 0.9998A J.00012 

O~SEPVAT!CN PRCP . • r:Jf GROUP 1 PRO£\. OF GRCUP 2 
118 0.9945<J 0.00'541 

flBSEf:V/ITJC~ PROR. or- GF''IUP 1 PRUe. OF GROUP 2 
119 c. 999't) o.OOJ"i7 

CBSEilVATION PRO(I. or GR ("'HJP 1 Pi<UB. OF G~OUP 2 
120 0.9999ti 0.00002 

OBSn' VfiTIJN PROf\. OF Gll~UP l PPOB. OF GROUP 2 
121 0.99912 0.00()"8 

ORSH vo. T I rN .PRG~ • OF r.~ OlJP 1 PROB. OF GRCUI> 2 
127 0.00001) 1.00000 

CBSHVATICN PRCln. OF r;Rnur l PQOB. IJF G 1~ uUP 2 
123 o. ,)0000 1. uo .Joo 

OflSEPVAT10N PRCR. OF GRnUP 1 rr..Of\ . OF GRCUP 2 
124 O.OOJOO 1.00000 

01\St:RV.\ T I m1 PR CI3 . nF CR('l tJP 1 IJIHlB. Of G~GUP 2 
125 0 .00\>02 0.9CI99H 

OASEP v.\ TT ON PRCO. OF G~JClJP 1 PRfHI. fJ F r.~,;up z 
126 o. Q l) , ) •}l) 1. ullJOCl 

l1l1SlRV•\TlCN f>llC!I. OF r~UliJP 1 p ;~ oll. nr G~ ·lUP z 
12'1 C. fl5'1 'H J. l't ·l09 

('lf\SfRV.'\TICl~J PRO P. . Of- r.~tPIJP 1 PFUl\. OF GIHJUP 2 
128 0.00001 O.'l'J999 

OBSnVATIClN PROF\. OF GR 1lUP l Pl{'lA. OF GqiHJP 2 
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r) ;~ T .~ f F. T : 
T' iPUT r~·{ (11 JP 1 Xl l-6 X2 l ·-12 X'.\ L~-1!' Xlt l'J-~) :,. X~) Z~·-30 >;{) 31-)(J 
X7 3f-42 Xd 43-4J; 
C.~~ O<; 
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U IS C R I ~ -~ £!~ .4~:1 t. ~.;A I. Y S I S 

Gi\CJUP PRIO~ PROO~GILlTY 

1 D. l?ll"l'/78 

2 12 

1 • 0 0 () . .) 0 u 0 l) 



VAR!t.SLE ~ 

Xl t.2 

)(2 42 

X3 42 

X4 42 

X5 42 

X6 42 

X7 42 

xs 42 

Xl 12 

X2 12 

X3 12 

X4 12 

X5 12 

X6 12 

X7 12 

xs 12 

niSC~i""~i'iA"iT .!I~ALY'SIS 

OISC~I~I~~~T A~~LYiiS SI~PLE STATISTICS 

GKIJ!JP ~ 

SUM 14:A'i liAR l.A'~CE 

l5J.J00)J,)l)\) ).51l42d;7 6.44.>9~-'03 

73d. OJOuJOOO 17.:)7142357 SS7.9:.HB81? 

9.620J'),)Ji) J.l.2<.;)4lb2 ll.l2620Jll3 

l0.510000.)J J. 2Sv2 H l.J O.ltd l~ i34d 

20. J~ )J:) .J)•) J • .:.7n33333 v. 21 ul3 J74 

99 • .?0JJvvJO 2.3ol~0~7f, 2?..439.;61397 

4S.OOJOJJJO 1. ·.)7142d57 9. J'12 33449 

b.31)JJ))J 0.1516~~67 u.06112l"l4 

G"' 1UP = 2 

130.0CCJJUJO 10.:13333333 36.37B78788 

1117.soooouco l43.ll5~J·JJJu 125ll.3693l~ld 

2. 73 .Hil)Q )0 o. :n1 (,6">~ r t1. 098.351 ~2 

7. 'Jo COllvOO 1. 1;.3~~0~JO 0 • l J :3~ 5 1r 5 5 

12.JO O· lJJJJ l • ·) ·) 1 ) •J) ') ') l.lo7 :3'"JO'Il 

66. <; JOOOO )0 5.5'tl6t.~b7 lt3.'#462b18d 

s.o:Jovo.Juu J.416ot.o67 u.4t..ia6<17v 

6. 4'..0CJ:.J :)O J.S .36'33H3 0.11372424 

S"'.4 ',J.!.:.C· 
CE: '/IL!IG~. 

2. j:)~~ :f{-,:;3 

Z3.".1ll3e5~ 

J.1~5.?5cc£ 

o.~lZli.nl 

c.,:..:,.j.,;'1~U 

4.?! 7.:.B77 

3 • . Jl ?3-.'12.1 

o. ?<;.:;::,;-en 

6.:nz1 ·:,o10 

Lll-~5~~3.?-.c:. 

J. 1 : ...... ..i&b 1 

.:.-~; .... ~.,;l..J 

l. -:i-:·c. ".[0}2 

tt.c~!"9'1e4 

•J.c s. .:.::5N2 

J.P:rn..:;-<:5 

OJ 
N 



DlSCRl~I~ANT ANALYSIS 

~ISCRIMINANT ANALYSIS WITHXN COVA~IA~CE ~AT~lCES 

::>F "' · 41 G~JUP = 1 

VARI~SL!: X1 X2 X3 X4 

X1 6.44599303 54.1.?891936 u.J ·t1533lO (.).50034343 

X7 xa 

-1).50522~413 -o .1son11l 

Xt X2 X3 X4 

X2 54.1299198{) 557.95dl8815 0.~2872822 4.88839721 

X7 xa 

-3.90766551 -1.15817073 

X1 xz X3 X4 

X3 0.04153310 0.82372822 0.12620.383 0.05238560 

X7 xa 

0.80155749 0.00698943 

X1 X2 X3 X4 

X4t 0.50034343 4.88839721 o. J523 8560 i>.16<i95 'H8 

X7 X8 

0.17412892 -0.02078089 

Xl xz X3 X4 . 

xs -0.11707317 -1.23646341 o. ;.)J586423 0.01360772 

X7 xs 

0.12168293 0.03783943 

X1 X2 X3 X4 

X6 5.39790941 t.1.ulJ10453 J.57159698 1.89015563 

X7 xa 

0.90034843 -0.21113008 

xs 

-0.11707317 

X5 

-l.2H46341 

X5 

.J.Jv5e to 42:> 

'<5 

o. Jl3(,0772 

X5 

O. 21623.H4 

X5 

.). l3'i2U32 5 

xo 

5.8'17'1J9 .. ~ 

lCo 

61.J!JlJ453 

X6 

J.57l5-7o98 

X6 

1.89 Jl5563 

X~ 

;).13<;2J325 

Xo 

22 .43S.:.5H7 

(X) 
w 



DF = 41 

V~D. IAolE Xl 

X7 -J.50322!:.4B 

X7 

9.09233449 

Xl 

X8 -~.15J1H7l 

X7 

-O.J4l53537 

DISCR!M!~ANT tNALYSIS 

DISCRIMINANT ANALYSIS WlT~IN COVARIANCE MATRICES 

G~ClUP = 1 

X2 X3 X4 

-3.9J766551 J.8;)055749 0.174121.392 

X3 

-0.04158537 

X2 X3 X4 

- 1. 15 d l 7 ;) 13 J.JJ698943 -J.02078ue9 

xs 

0.06712154 

X~ 

O.l27bb2')3 

X5 

o.037a3943 

xo 

0.90034843 

Xb 

-C.2lll3008 

(X) 
~ 



DlSCRIMIN,NT A~AL~SJS 

DISC~IMINANT ANALYSIS WlT~I~ C~VARI~NCt MATklCFS 

OF = 11 GROUP = 2 

VA~IASLE X!. X2 X3 X4 

Xl 36.678787~0 6lo.2500vJI.)O -:J.ll96Q697 1. N8181. d2 

X7 xa 

-.J • .r..£:,::;69~97 -0.37575758 

lCl X2 X3 X4 

X2 616.25J0~001 12 5 ll • 3 6 'J 3 l 8 l 8 -1.93340909 24.09227273 

X1 X8 

-J.l4712727 -a.l2ll363c 

Xl X2 X3 X4 

Xl -0.12%'16')7 -1.9~3409 .')9 C.C9ud5152 -<).00150000 

X7 X8 

o .o3q 24:?42 -0.04802424 

Xl X2 X3 X4 

X4 L. 79018182 24.09227273 -0.0015COCO 0.188254'>5 

X7 xa 

-0.06272727 O.J3J7ldli:i 

Xl X2 X3 X4 

X5 -0.75727273 -9.20318182 -O.\.lS4C'iC9 0.137481 a2 

X7 xa 

-1).1()36363~ o. 24259091 

Xl X2 X3 X4 

)C6 26. 70 757576 331.707954~5 0.7291<;6'17 2..2262.7273 

X7 xa 

-1.77343485 -0.46365152 

X5 

-u. 757l.72 13 

X5 

-9.20318132 

)('i 

-~J.u7U4J<J.Y; 

X5 

J.l3hdte2 

X5 

l.l6l89J"H 

X5 

·). 327 3636.:. 

Xo 

26. 7 J 7';) 15 76 

)I;> 

3J1. 7019 :, .. ss 

X6 

J • 7..c" l ·;:." 1 

X6 

l. .2ZU.1l73 

X6 

u.32.73o364 

X~ 

.:.3.9-+<-2c7es 

(X) 
(J'1 



)lSC~l~I~A~T A~'LY5IS 

DISCR!~!N~NT ~N~LYSlS ~lfh!~ SJVL~It\CE ~ATRICES 

OF = ' 1 G;{ :)UP = 2 

VAR!:.5Lf Xl X2 X3 ;(4 X'> ;(o 

't.1 -o. 469t.CJ(, 'H -0.14772727 J.J3924!4l -0.06272727 -0.1036~636 -1. 7134&4r,j 

X7 Xd 

u. 44fJC}6 C}7J -0.01651515 
------~---------------------------------------------------------------------------------------------------------------------------

Xl X2 X3 x4 X':> X :> 

xs -0.375757SR -8.12113616 -u.)-+8J.t:.24 ().03071518 J.2425'1J9l -J • .:. t. 3 6. ~i :. : 

X7 xa 

-G.Ol651 5 L5 O.lD/2424 

(X) 
m 



OlSCRI~!N~NT 1NALYSIS 

DISCRI~INANT ANALYSIS ~ITH[N C~RRELAT!ON CJEFFIClENTS 

GiWUP = 1 

VA.Rlt.6LE Xl X2 X3 X4 X5 

Xl 1.0\JOJJO o.9u257o 0.046047 0.47&031 -O.J9916J 
O.OOJJ J. ouul 0.7692 0.0)17 0.539i) 

X2 0.902576 L.OOJ00J 0.09R757 0.5Jl9S9 -O.lt2569 
0.0001 O.OOJO 0.5407 o. C·v 10 0.515"+ 

X3 o. 046047 O.O<Jd757 l.QOOJOJ o.35nat J.J.3549d 
0.7692 J.5407 u.OOO':J 0. ·:: 190 o.c.1ao 

X4 u.47c3J3l J.5Ul9 3 9 0.3516!31 l.J) j JQJ O.iJ7J933 
0.0017 O.OJlJ J. 0190 O.LOOO J.6594 

xs -0.099163 -0.11256') 0.035498 o. ;)7(:983 l.OQ .) ,)J ;) 
0.539~ 0.5154 0.81BU J.o594 J •. )!)00 

X6 0.490396 0.545248 0.3396'>5 J.c;67876 O.ObJl'i5 
O.J013 0.0004 0.0262 ~.00Jl ~. 6'133 

X7 -0.065994 -0.054863 o. 74 7326 0.140075 ..J.09l•Jol 
0.6811 0.7299 u.OOOl C. 62 C2 0. 57 30 

xa -.:>.229155 -O.ld9252 O.J75939 -J.l ~4.504 .:>.3140ab 
J. 1407 0.2280 J. 6379 0.2146 J. 0.:.-04 

I PROB~dlLITY > (R( 

X6 X7 

0.490396 -0.065994 
J.OJ13 ). 68 11 

0.545248 -J.u54163 
o. \)l.)J4 J.729'1 

0.339655 0.74732" 
0.0.262 J.JOOl 

C/.967876 0.141))/5 
O.OJ .• H .) • ·:l2 J2 

o. 0"63195 O.J:".Jl06~ 
0.6933 0.573.) 

l. OOOJ:JO O.U63G33 
J. IJ ,)Q u J.694 0 

O.J63J33 1.000:.100 
0.694;) •J. OJCi•) 

-0.172033 -o. J53232 
0.2 755 u.737l 

X3 

-0.229155 
O.l4J7 

-O.ld9252 
0.22d0 

.).075:j39 
J.d79 

- ·). l '1 45 fo4 
0.21:,6 

t).3l ·=d : 3 
.J. 'J4 ;.)4 

-).172 ')33 
•:J.2755 

-J.J53232 
J.7371 

l.GC).)OO 
J.OiJOO 

co 
........ 



D!SC:<Ir·a~•A'JT At.uvsrs 

DISCRI~I~A~T ANALYSIS rHTHIN Crli< 0.E:...:.nc:. C!JcFFICIENTS 

GK. Cl: J? = 2 

VARTA5LE Xl xz X3 x.;. X5 

Xl l.OOuJOJ 0.907227 -u .u6 792 8 0.682453 -0.115309 
J.OOJu u.OOJl J. 32 77 J. JlL.O t). 72l)5 

X2 l). 'i0722 7 l. Ql) . ) i)QJ -O.::J563<J9 J.49l..1o24 -O.;.HC.. t35 
0 . <JC ;) l o.oooo 0.8557 J.C~30 u.aou4 

X3 -0.067928 -J. J%3-19 l. OOOOOJ -o. r:· tj99t. -).2.3.)767 
J. 82 77 ).135:>7 o.ooco '.). <>717 0.52::.8 

X4 0.6820:.53 0.49&'•2<. -O.Oli.J9'}6 1. -J .)vJ0u o. 2-132 J5 
J . ,)1 It:) u. 0980 J.9717 ,).(.J\)J 0.&429 

X5 -J.ll53d9 -u.07ul35 -o. z3 ;J767 0.293205 l.~.n.JJu 
0.72')5 1).8-)84 o.:>na J • .J42CJ J.JOOO 

X6 J.b63415 o. 4~7345 0.3491358 O. 7740Cb 0.045695 
1).0180 0.1422 0.2644 0.]034 o.aG25 

X7 -(). 11568') -O.OJl<J75 1).186692 -J.2lo2t,.4 -o .143441 
0.7198 O.CJ910 0.566d 0.~054 0.65'15 

xs -O.l834tl2 -0.215297 -0.45294-2 0 .2C:J '~!tl J.6;>5o51 
0.5736 0. 5J73 o. 1366 c. 5!. 2~ J.Jl7';-

I PRJ~~3I l! TY > I K I 

X6 X7 

0.663415 -o.u::.6 dq 
0.0180 o. 11 9o 

0.447345 -O.J:Jl975 
0. 142 2 J. C~ ') 1~ 

J.349J53 u. 1cH 692 
0.2644 o.s&oo 

o. 7740 l}t, -0.21<'.;244 
~').Jj34 J.?v54 

\,). ,)4": 695 -0.1 4344~ 
J.,jazs J.65S5 

1. :JQOOO:) -0.40 0154 
l). 0000 0.1955 

-0.4•)01!.>'• l.OOJJOO 
!).195') J.OOOJ 

-J.2u7398 -o. on2 52 
0. 523 :> O.t-:152 

~-.a 

-O.l-334 '> 2 
•.).57 '36 

-:J.Zl52<;7 
J.5j73 

-J.452942 
CJ. Dt..t: 

J.~JC:- 9 41 
J.51 J 2 

J.t)o:ic 5 : 
v • .:..:.15 

-0.2-)73/J 
1). :>235 

-O.u73252 
0.9152 

l.GC.::'lJ0:J 
O.J~ .-, J 

(X) 
(X) 



Ol$CRI~!!'.:f\f:T :.1\:t.LYSIS 

o;: = 52 DISC~I~INA~T ANlLYSIS POOLED COV~RIANCE ~ATRIX 

VA~!~RLE Xl X2 X3 X4 xs Xb 

Xl 12. S836~%3 173.0391~835 O.:)J531l36 o. 77489011 -J.2525000J 10.299'15-.21 

X7 XB 

-.}.49771 <)62 -0.1'7333333 

Xl xz X3 X4 X5 XI> 

X2 173.03914835 30d6.56438874 o. 23365302 8.~5075549 -2.9ll 73077 li8.273llll6 

X7 xa 

-3 .1122'}3 96 -2.t..31l .1577 

------------------------------------------------------------------------------------·----------------------------------------------
Xl X2 X3 .X4 X5 xe. 

X3 O.J053ll36 J.233as3n 0.12042170 o.u409S6 12 -J.Jll<;62,3 .~ u.604'i:>S44 

X7 X3 

o. 63 .;suc7 -0.0J464JJ5 

Xl X2 X3 X4 X5 X6 

X4 (). 77489:ll 1 8.95J75549 ). ·J40'1367.? 0.17362880 O.OhCllc& 1.96!25733 

X7 l(8 

0. 124024 73 -J.uv9Jo636 

>:1 X2 X3 X4 xs )\e; 

X5 - •J. 2 52 5JO.JJ -2.92173077 -0 0 0 ~ l 'I c 2 32 J.J3'>8llR6 0.4175~583 o.lHvJ~41 

X7 X9 

o. 07d 75000 0.>)311'5224 

Xl X2 X3 X4 xs "6 

X6 10.29995421 118.27311126 J. 6-)4935'•4 1.9(>1~5733 J.!79J064l 2 6. <1e SvJ412 

X7 xa 

0.3347l9b5 -0.26454d Hl 
00 
\.0 



• 

OF = 52 

VA~ I ABLE Xl 

X7 -0.49771062 

X7 

7. 26350 733 

Xl 

xs -0.19!333333 

X7 

-o.oJ;,zsz.:Js 

DISCR!~!NANT tNALYSIS 

DISC~IMINANT ANALYSIS P20LE~ CDVA~IA~CE MATRIX 

X2 x:; X4 

-3.11229396 0.63951007 0.12402413 

Xd 

-J.J36282J5 

X2 X3 X4 

-2.63110577 -0.004643C8 -u.OOCJ2tl636 

X8 

0.07697901 

X5 

0.0787~000 

;(5 

G.03ll5224 

X6 

J.33·H29:3S 

X6 

-J .2 :. .:,.54( ~'3 

\0 
0 



DISCRIMINANT ~~ALYS~S 

D!SCRIM!NA~T A~ALYSIS PARTIAL CORRELATION COEFFICIENTS CCrPUTEJ F~OM POOLED CGVARIA~CE MATRIX I ?ROo > I K I 

VtR!A8LE Xl X2 X3 X4 X5 X6 X7 X~ 

Xl t.ouoJoJ J. 36 7734 0.004264 0.51779~ -0.1Je565 0.552359 -J.O:) h50 -O.t'i 9i.53 
o. 00t:J O.U ;) .)l 0.9744 J.OUJZ o. 556 2 0. 0 )J 1 u.7i54 J.1492 

xz 0.867734 l. OOJOOu o.ui213J 0.366421 -O.OiH386 0.4J97S4 -o. no1 a6 -J.t7Jt:.c;z 
0.(.:001 0.0000 0.9283 0.0045 ..J.56l:J2 o. 0021 0.8773 u.21Q5 

X3 o. 104264 0.012130 1.000000 0.2332<::9 -0.053349 0.335~55 0.631769 -•). 041'127 6 
0.97'r4 J.9288 O.OJOO o. 03 75 0.7C60 0.0134 0.0001 0.7312 

X4 0.3177'16 ~·.3ao~2l J.ZoJli39 1. i.luOuOO 0.147775 o. 905-i-.)3 o. ll •J) 76 -o. J 8 54t:.q 
().):)')2 o. J •)45 J. 03 75 O.OO::Jl) 0.2911 u.uJJl u.s~zJ J.549& 

X5 -0. lOS 36 5 -c. JB 1386 -O.J53349 u.t:.7775 1.000000 u.o53324 iJ. o .. 52 19 J.452~47 
J. 556 2 \).56 92 o. 7,)6() 0.2911 o.Jv.J0 0. 7 0& 1 0.7465 J.JJlJ 

X6 0.552359 o. 409784 0.335555 0.9054J3 0.053324 1.000000 0.0239C7 -J.D3537 
0. OOJ 1 :.).0027 0. J 134 0.0001 .:J.7J6l O.ODJO J.5593 J.1b53 

X7 -0.051450 -,).0207136 o. 6~31'19 0.110376 o.J45219 0.023907 l.OOO:iOu -J. IHb?.l 
0.7154 0.87B v.COu1 o.Si-28 o.74o5 o.o59J o.JJu0 J. 730J 

X8 -o. 199153 -0.! 70692 -0.01.82 76 -0.085469 0.452647 -o. 183537 -0.043521 1. CJ.)O\)v 
i) .1492 0.2195 o. 7312 0.549fl 0.0010 0.1853 0.7300 c.uuvJ 

\0 ..... 



DISCRIMINANT ANALYSIS 

P ! S C K I ~ I 11,1 A ~H A ~ J t.. L Y S I S ~ITHI ' ~ COVt..RIANCE ~1ATK!X I~~FQ;<·-1t.TID~.J 

GRCt: P R.t.i'W, OF CJVM~ IA~-:Cc :-l:.TP.IX ~~ATIJRAL LOG JF Hlr l)F.T::~~·r;-.; ~\T 
JF- THE CO'VAi<.I.:. ~• C:: ,~.:_y ;.., rx 

1 8 -O.'I946S787 

2 8 3.16<)45640 

PO(!L r:: L) 8 3.53231769 

"" N 



J!SC~I~I~ANT ANALYSIS 

h 0 T ~ T I O~·J : 

DISCRIMINANT ANALYSIS 

TEST OF HQMOGENIETY OF WITHIN COVA~IANCE MATR£CfS 

K ~i:YASER. :Jf= ~R:J\JPS 

p NUMBER OF VA~I~BLES 

N T 0 T A L ~I U '.A E. E R L) F 0'3 S E R VAT I 0 N S 

NCI) ~ NU~BER OF JBSERV~TIJ\S I~ T~E I•TH ~RnUP 

v 

RH:J 

OF 

TT 
~(!)I 2 

I~!THI~ SS MAT~IX<I>I 

N/2 
I?OOLED SS MATKlXI 

2-
I l I 2? + 3P - l 

1.0- I SUM------ I ------------
1_ N(l)-1 N-1< _I t · C? +-1 l ( K -1 ) 

.5(K-l)P(P+l) 

P~/2 I 
I N V I 

U\ll'E~ NULL HYPCTdESIS: -2 RHO LN I ------------------ I !S C!ST:{lBUTED .1\Pt'>:<uXI"'~ATF.LY AS ':HI-s ;;· j~:.~t;(JF) 
I __ ·P "l t I ) /2 I 
I_ I I N(I) _I 

TEST CHI-SQU~R~ VALUE 142. 368f.t64 74 \·! I TH 36 8F P~OB > CH!-SrJ o.oJJl 

SII\lCE THE CHI-S~:JA;;'t; VALUE IS SIG:~Ir!Ct.NT AT T~E 0.05JO Lc.JEi.., THE WITHU.l CJV:.R.IANCC: MAT:~ICc5 it!Ll BE 
US~~ IN THE J!S: \ IM!NANT FUNCTION. 

REf-ER.ENCE: KEr-.:OALL,M.G. MJD STUA r'J. T 9 A. THE AOVAt-,Ct:D TrlEOF..Y JF STATISTICS Vf~L.3, ?266 <: .262. 

'-0 
w 



DISCRIMI~ANT ANALYSIS 

DISCRIMINA~T ANALYSIS ? A I R (J I S E S Q U t.. c, E D G E r t :: R A l I Z E 0 0 I S T A N C E S B E T vj E ~ fJ G RJ J UP S 

2 -1 
WHERE: D (lfJ) = ( i- i l' COV X - X 1 + L~ ICOV I 2 LN ?K Iu? . 

I J J I J J . 
-.) 

GENERALIZED SQUA~EC DISTANCE TJ G~OUP 

FRG~ GROUP 1 2 

1 -0.49205901 71.70813752 

2 14.87855452 6.17161119 

\..0 
~ 



DISCRIMINANT AN4LYSlS 

JISC~IMINANT A~ALYSIS CLASSIFICATIO~ RESULTS FOR E~CH ORSE~VAT~U~ 
GIVING GENEQALIZEJ SQUARED .DISTANCE TO EACH GROUP I POSTERIQR PROBABILITY UF ~EM~E~SHIP IN EACH GROUP 

2 -1 
WHEQ.E: C (X) z: ( X - X J' COV ( X - X ~ + LN ICOV I 

J J J J J 

OBS 

2 

3 

4 

5 

b 

7 

8 

9 

10 

11 

12 

13 

14 

15 

2 L'l PP.ICR 
J 

:.~•o PR(JIXJ 
2 2 

EX?(-.5 D (XJ) I SU~ El(P(-.5 D IXJI 
J K K 



OISCRIMlN~NT ~~ALYSIS 

O!SC~l~INA~T A~ALYSIS CLASS!FICATlO~ RESULTS FOR EACH ORSERVATtu~ 
GIVING GE ~ E ~ ~LIZ~D S OUA~ED DISTANCE TQ EACH G~OUP I POSTERIOK PROBABILITY nc ~~MBE~SHlP 1 ~ EACH G~CU P 

()')$ 

lb 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

Z1 

113 

?.9 

30 

31 

~ E NEPALIZEO S~UAR ED 0ISTA~CE TO GROUP 

FR J~ 
G:i.O,JP 

l 

CLASSIFI: O 
I~TQ G~JtJ? 

2 

l 

1. 7Bl33 <t 
"· 9902 

1.901937 
~.9956 

19.217417 
t.uvJJ 

33.3d965e 
1. OJ•JO 

14.838b07 
0.4545 

6.1>42013 
0.9962 

0.762468 
0.9993 

6.633738 
o. <J92 6 

3.~92285 
0.9995 

Z.lobl41 
0.1&78 

2.222423 
0.9741 

O. 7ll62S 
O.S9<H 

2.2 '113(>(> 
v.99o4 

1.174411 
0.999C) 

4.d42:)6U 
1.vuvo 

4.J117l2 
u.99S5 

2 

ll.Ol32U6 
O.OJ98 

12.724216 
1).0.)44 

62.64Llo9 
J.vJoo 

118'7.o564 1! 1 
I). ·J)J •) 

14. 7l .. o9 '• 
v.515'> 

17.768379 
o.o:no 

15.16.B27 
».J •)v7 

~ 

16.435~o3 
J.:JJ74 

13.396)65 
u.uJu5 

10.956q54 
0.0122 

9.476114 
0.0259 

l6.7l64ll 
'}.'J)J] 

13.~44'.1!)/ 
u.-JJ3f> 

19.121&0l 
0.0.)01 

7il.42•)224 
O.OJvJ 

16. H754':J 
o • . ~Hs 

\0 
m 



DISCPI~INANT ANALYSIS 

DISC~!Ml~A ~T A~ALYSIS CLASSIFICATION RESULTS F0R E'CH 03SE~VATI J ~ 
GIVING GENERALIZED SOUA~EO DISTANCE TO E~CH GMOUP I POSTERIOR PROSABILITY ilF ~EMRE~Stll? IN EACH GROUP 

GENEil.!ILIZED Sr.!UM~J;L) DISTANCE TJ GP.OUP 

ens S: R Q~1 CLt.SSIFIC:D l 2 
GROUP INTO GROUP 

32 1 1 11. OJu 1 f..1 15.49o706 
0.9045 0. ·1955 

33 1 1 3.5(LJ966 13 • .; 3 5-340 
0.'192t1 u.OJ72 

34 1 1 4.J269-f4 25.93110') 
1.ouoo () •. ))00 

'j 5 1 1 1.97917'1 )U.769Z.'J6 
1.uvoo o.oJou 

36 1 1 14.3:)o732 21.603303 
o. 9741.> 0. ,)254 

17 1 1 32.74120:! 120.011~ 6 1 
l.vJJJ 1). J J :J() 

38 1 1 8.836561 13.573141 
0.9144 0 .03'> :-. 

19 1 1 9.69249\J 22.12.)466 
0.9930 J .OJ2J 

40 1 1 3.1 .. 8359 13.147'>7:> 
.). <;<; 3 3 J. 0 .)6 7 

41 1 1 l.990<i27 13. 735'•11 
0.9972 O.J)2d 

42 l 1 7.5!Jl054 145. 745i\l:) 
1.0JOO o.vJJJ 

'•3 2 2 1 8 7 • l ·l 3 l 1 1 13.Q43l3::) 
o.oooo l.JJ()I) 

44 2 2 128.032699 16.047209 
0.001)0 t.oJJv 

45 2 2 139.65996 ,) 13.824~66 
o.Ju.:>u l.C.lJ ') 

46 2 2 3S.SJ927') 15.61:> 2 64 
O.O:iOO l.:)JJJ 

47 2 2 241.7&6596 15.53uJdJ 
J.OJOD l.JJ.J O ~ 

....... 



DISCRIMINANT ANALYSIS 

OISC~!MINANT ANALYSIS CL~SSIFICATION RESULTS FOR EACH OBSE~VATIG~ 
GIVI~G ~ENERALIZEn SQUA~ED DISTANCE TQ EACH GROUP I POSTERIQR PRCBABlllTY JF ~E~~ERSttlP I~ EACH GPJUP 

Of\S 

40 

49 

50 

51 

52 

53 

54 

GENERALIZED SQUARED ~ISTANC~ TO GROUP 

FRO~t 

GROUP 

2 

2 

2 

2 

2 

2 

2 

CLASSIFIED 
INTO GROUP 

1 

2 

2 

2 

2 

2 

l 

8.533729 
0.8589 

36.2l<J628 
o.uOJIJ 

49.373878 
o.ouoo 

5-.074/79 
J.9781 

262.942251 
o.oooo 

559.466029 
u.JJJO 

168.871437 
o.oooo 

2 

12.14 567 c 
0.1411 

13.025212 
l.IJJOO 

14.334'>18 
1. OJC J 

12.6761bl 
0.021:.} 

l2.7577S4 
1.0000 

13.2&3007 
1. 0 J0(J 

0.947232 
l.OJOO 

\0 
co 



OISCRI~INANT A~ALYSIS 

DISC~IM!NA~T ANALYSIS SUI-1MA. ~.Y OF CLASSIFICATIC:\l PERFOiH'A iJCf LJSING GEN~~ALilE.Q S~U.\r'. EC' JIST~ J:E 

2 -l 
\.JH ~ "E : D ( X j = ( X - X ) • c 0 v ( X - X 

J J J J 
+ LN ICCJV I 

J 

NU~9ER OF OBSERVATIONS CLASSIFIED I~TU GROUP 

FRO,"\ GROUP 1 2 

1 41 1 

2 2 10 

2 L:-J PK I SK 
J 

\.0 
\.0 



APPENDIX E 

BIOMEDICAL COMPUTER PROGRAMS-STEPWISE 

DISCRIMINANT ANALYSIS OUTPUT 

100 



BMD07~ - STEPWISE DISCRI~INANT ANALYSIS - REVISED SEPT 14, 1970 
UNIV~RSITY OF IDAHO 
COMPUTER SERVICES 

PROBLEM CODE FRNGRO 

NUHS~R OF VARIABLES 8 

NUMBER OF GROUPS 2 

NU~8ER CF CASES IN EACH GROUP 42 12 

PRIOP PROBABILITIES o.sooo 0.5000 

V.\RIABLE FORMAT (lX, FS.O, 7F6.0) 

DATA INPUT FRO~ CARDS 

MEANS CTHE LAST COLUMN CONTAINS THE GRANO MEANS OVER THE GROUPS USED IN THE ANALYSIS) 

GROUP 
A 

VARI~BLE 

1 3. 51143 
2 17.57143 
3 0.22905 
4 o. 25024 
5 0.47833 
6 2.36190 
7 1.07143 
8 0.15167 

STANO.\RO DEVIATIONS 

GPOUP 
A 

VAR lABLE 
1 2.53889 
2 23.62111 
3 0.35526 
4 0.41226 
5 0.46501 
6 4.73702 
7 3.01534 
8 0.25908 

B 

10.83333 
143.12500 

0.23167 
0.63000 
1.00000 
5.54166 
0.4166 7 
0.53833 

B 

6.07278 
111.85413 

0.31441 
0.43388 
1.08069 
6.62919 
o.o6856 
0.33723 

WITHIN G~CUPS COVARIANCE MATRIX 

VAPIABLES 
1 2 

VARIABLE 
1 12.88366 
2 173.03860 3086.55762 
3 0.00531 0.23386 
4 o. 71489 S.95073 
5 -o. 25250 -2.92173 
b 10.29994 118.27290 
7 -o. 49771 -3.11226 
8 -0.1 '7833 -2.63110 

WITHIN GROUPS CORRELATION M~TRlX 

5.18518 
45.4 7221 
0.22963 
0.33463 
o. 59426 • 
3.06851 
0.92593 
0.23759 

3 

0.12042 
0.04099 

-0.01196 
0.60493 
0.63951 

-0.00465 

4 

0.17383 
0.03981 
1.96125 
0.12402 

-0.00989 

5 

0.41754 
0.17901 
o. 07875 
0.08115 

6 

26.98891 
0.33473 

-0.26455 

7 

7.26343 
-0.03628 

8 

0.07698 

__, 
0 __, 



VARIABLES 
1 2 

VARIABLE 
1 1.00000 
2 0.86773 1.00000 
3 0.00426 0.01213 
4 0.51780 0.38642 
5 -0.10887 -0.08139 
6 0.55236 0.40978 
1 -0.05145 -0.02079 
8 -0.19915 -0.17069 

3 4 5 

1.00000 
0.28329 1.00000 

-0.05335 0.14777 1.00000 
0.33556 0.90548 0.05332 
0.68379 0.11038 0.04522 

-0.04828 -0.08547 0.45265 

6 1 

1.00000 
0.02391 1.00000 

-0.18354 - 0 .04852 

8 

1.00000 

__. 
0 
N 



SUBPROBLEM 
F-lEVEl FCR INClUSIO~ 
~-LEVEL FOR DELETION 
T('ILERA NCE LEVEl 
CONH Ol VALUES 

1 
0.0100 
o.co5o 
0.0001 

11111111 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
STEP NU~BER 0 
VARIABLE ENTERED 

VARIABLES NOT INCLUDED AND F TO ENTER- DEGREES OF FREEDOM 

1 38.2031 
z 47.6673 

3 
4 

0.0005 
7.7435 

5 
6 

6.0830 
3.4966 

52 

1 0.5509 
8 18.1213 

.................................................................................................... 
STEP NJMBER 1 
VARIABLE ENTERED 2 

VARIA~LES INCLUDED AND F TO REMOVE- DEGREES OF FREEDOM 

2 47.6613 

VAPIABLES NOT INCLUDED AND F TO ENTER- DEGREES OF FREEDOM 

0.0751 

U-STAT!ST IC 
APPRC'XlMATE F 

3 0.0019 

0.52114 
47.66727 

F MATRIX - DEGREES OF FREEDOM 

GROUP 
8 

GROUP 
A 

47.66727 

4 0.0080 

DEGREES OF FREEDOM 
DEGREES OF FREEDOM 

52 

1 
1 

1 

5 

52 

51 

4.7238 

1 52 
52.00 

6 0.5660 7 

.................................................................................................... 
STEP NU~eER 2 
VARIABLE ENTERED 8 

V~RIABLES INCLUDED AND F TO REMOVE - DEGREES OF FREEDOM 

·z 43.6188 8 15.5752 

VARIABLES NOT INCLUDED AND F TO ENTER- DEGREES OF FREEDOM 

1 0.3563 

U-SUTISTIC 
A.PPROX P.-4ATE F 

3 0.0151 

o. 39968 
38.30165 

F MATRIX - DEGREES OF FREEDOM 

GROUP 

GROUP 
e 

A 

38.30168 

4 0.0227 

DEGREES OF FREEDOM 
OEG~EES OF FREEDOM 

z 51 

z 
2 

1 

5 

51 

50 

0.1579 

1 52 
51.00 

6 0.0491 7 

··············~···························**························································ 

0.1835 

0.0364 

8 15.5752 

~ 

0 
w 



STEP NUMBER 3 
VARIABLE ENTERED 1 

VAPIABLES INCLUDED AND F TO REMOVE - DEGREES OF FREEDOH 

0.3563 z 3.8910 8 15.6382 

VAPIABLES NOT INCLUDED AND F TO ENTER -DEGREES OF FREEDOM 

3 0.0173 

u-STATISTIC 
APPROXI~ATE F 

4 0.0088 

0.39685 
25.33092 

F MATRIX - DEGREES OF FREEDOM 

GROUP 
8 

GRGUP 
A 

25.33057 

5 o.1n1 

DEGREES OF FREEDO~ 
DEGREES OF FREEOOH 

3 50 

3 
3 

1 

6 

50 

49 

0.2696 

l 52 
50.00 

7 0.0211 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• •••••• 
STEP NU~BER 4 
VARIABLE ENTERED 6 

VARIABLES INCLUDED AND F TO REMOVE - DEGREES OF FR~EDOM 

0.5720 2 3.3151 6 0.2b96 

VARIABLES NOT INCLUDED AND F TO ENTER - DEG~EES OF FREEDOM 

3 0.1368 

U-STATISTIC 
APPROXIMATE F 

4 o. 5211 

0.39468 
18.78806 

F M!TRIX - DEGREES OF FREEDOM 

GROUP 
8 

GROUP 
A 

18.78770 

5 0.2741 

DEGREES OF FREEDOM 
DEGREES OF FREEDC~ 

4 49 

4 
4 

49 

8 14.5170 

7 

48 

0.0120 

1 52 
49.00 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
STEP NU~BER 5 
VARIABLE ENTERED 4 

VARIABLES t~ClUDEO AND F TO REMOVE - DEGREES OF FREEOOH 

0.5081 2 3.2166 4 o. 5211 

VARIABLES NOT INCLUDEO AND F TO ENTER - DEGREES OF FREEDOM 

3 0.1538 

U-STAT!STIC 
APPROXIMATE F 

5 0.1563 

0.39044 
14.98779 

F MATRIX - DEGREES OF FREEDOM 

GROUP 

GROUP 
A 

7 0.0778 

DEGREES OF FREEDOM 
DECREES OF FREEDOM 

5 48 

5 
5 

6 

48 

0.7793 

l 52 
48.00 

47 

8 11.8491 

__. 
0 
~ 



B 14.98733 

.................................................................................................... 
STEP NUMBER 6 
VA~IASLE ENTERED 5 

VARIABLES INCLUDED A."lD f' TO REMOVE - DEGREES OF FREEDOM 

1 0.5629 l 3.0270 4 o. 3976 

VARIABLES NOT INCLUDED AND F TO ENTER - DEGREES OF FREEDOM 

3 0.1947 

U-STATISTIC 
APPROX !MATE F 

7 0.0804 

0.38914 
12.29634 

F MAT~TX - DEGREES OF F~EEDOH 

G~OUP 

8 

GROUP 
A 

12.29597 

DEGREES OF FREEDOM 
DEGREES OF FREEDOM 

6 47 

6 
6 

1 

5 

47 

0.1563 

46 

1 52 
47.00 

6 0.7219 8 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
STEP NU~BER 7 
V~~lA6LE ENTERED 3 

VA~IA6LES INCLUDED AND F TO REMOVE- CEGREES OF FREEDOM 

1 0.6726 2 2. 7522 3 0.1947 

VARIABLES NOT INCLUDED AND F TO ENTER - DEGREES OF FREEDOM 

1 0.8811 

U-STATI STIC 
APPROXIMATE F 

0.38750 
10.38695 

F ~ATRIX - DEGREES OF FREEDOM 

GROUP 
B 

GROUP 
A 

10.3866~ 

DEGREES OF FREEDOM 
OEG~EES OF FREeDOM 

7 46 

7 
7 

1 46 

4 0.3961 

1 

1 52 
46.00 

45 

5 0.1972 6 

.................................................................................................... 
STEP NUM~ER 8 
VARIABLE ENTERED 7 

VAil.IABLES INCLUDED AND F TO REMOVE - DEGREES OF FREEDOM 

1 
2 

o. 7941 
2.5477 

U-S T .t. TI S T I C 
APPROXIMATE F 

3 
4 

0.9949 
0.8228 

0.38006 
9.17524 

F MATRIX - DEGREES OF FREEDOM 

GROUP 

GPO UP 
A 

5 
6 

0.3547 
1. 5602 

DEGREES OF F~EEOOH 
DEGREES OF FReEDOM 

8 45 

8 
8 

7 
8 

45 

0.8811 
5.4723 

1 52 
45.00 

7.6949 

0.8504 8 7.3142 

__, 
0 
(J'1 



B 9.17492 
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F LF.VEL INSUFFICIENT FOR FURTHER COMPUTATION 

FUNCTION 
A B 

VARIABLE 
1 1.12 544 l.'t '.i 173 
2 -0.04690 -o. ou. 11 
3 4.49524 7.2531)9 
4 1.67609 '•. tJ n n 11 
5 1.49667 2.1?245 
6 -0.35767 -o. -r!>064 
1 -0.21544 -0.52850 
8 0.84231 6.24854 

CONSTANT 
-2.89865 -10.'t7528 

GROUP WITH SOU ARE OF DISTANCE FROM AND POSTERIOR 
LARGEST PROB. PROBABILITY FOR GROUP -

GROUP A B 
A 

CASE 
1 A 11. 28 5 0.796, 14. 006 0.204, 
2 A 9.759 0. 9't 1' 15.281 0. 05 9, 
3 A 3. 079 0.994, 13.325 0.006, 
4 A 1.659 0.996, 12.518 0.004, 
5 A 2.545 0.999, 16.772 0. 001' 
6 A 11.018 0.998, 23.790 o. 002' 
7 A 2.408 O.C)97, 13.743 0.003, 
8 A 1.916 0.999, 15.114 0.001, 
9 A 1,310 0.9?2, 11.0'·4 o.ooo, 

ro A 1.18'• 0.994, 11.513 0.006, 
11 A 3.956 0.976, 11.353 0.024, 
12 A 2.504 0$986, 11.079 0.014, 
13 B 34.635 0.034, 27.926 o. 966' 
14 A o. 954 o. 993' 10.953 0.007, 
15 A 2.438 0.970, 9.363 o. 030, 
16 A 1.485 0.984, 9.676 0.016, 
17 A 1.679 0.995, 12.2 64 o. 005' 
18 A 16.383 0.998, 28.747 0.002, 
19 A 40.648 0.998, 52.940 0.002, 
20 A 5.833 0.738, 7. 901-t 0.262, 
21 A 5.720 0.913, 10.425 0.087, 
22 A 1.233 o. 994' 11.367 0.006, 
23 A 3.266 0.9q4, 13.385 0.006, 
24 A 2.679 0.994, 12.859 0.006, 
25 A 1. 730 O. G67, 8.481 0. 03 3' 
26 A 2.381 0.914, 7.098 0.086, 
27 A o. 796 0.998. 13.286 0.002, 
28 A 1.4 78 0.990, 13.469 o. 002. 
29 A 0.938 0.99-8 t 13.124 o.ooz, 
30 A 4.399 0.998, 16.711 o.ooz, 
31 A 2.350 0.995, 12.802 0.005, 
32 A 4.280 0.011, 7.195 0.189, 
33 A 1.554 0.995, 12. 1 92 o. 005' 
34 A 4.669 0.990, 16.889 o.ooz, 
35 A 1. 718 0.998, 14.551 0.002, 
36 A 7.954 0.998, 20.150 o.ooz. 
37 A 29.507 0.848, 32.943 0.152, 
38 A 2.794 0.974, 10.024 0.026t 
39 A 3.957 0.996, 15.?.25 0.004, 
40 A 1.333 0 a982 t 9.291 0.018, 
41 A 2. 019 0.995, 12.565 0.005, 
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42 A 6.302 0.997, 1 a. 068 0.003, 

GROUP A B 
B 

CASE 
1 B 21.885 o.ooo, 3.846 1.ooo, 
2 B 19.465 0.003, 7.598 0.997, 
3 A 15.960 0.956, 22.099 0. 04't' 
4 B 42.3 75 o.ooo, 25.459 1. 000' 
5 A 7.152 o. 824, 10.243 0.176, 
6 8 7.903 0.172, 4.758 0.828, 
7 B 15. 054 0.197, 12.240 0.803, 
8 A 3.69 5 0.925, 8.708 o. 075' 
9 B 21.033 0.001, 11.050 0. 993' 

10 B 45.081 o. ooo, 23.453 l. 000' 
11 B 35.437 o.ooo, 11.099 1.000, 
12 B 40.275 0.001, 25.710 0.999, 

NUMBER OF CASES CLASSIFIED INTO GROUP 
A B 

GROUP 
A 41 1 
8 3 9 



SUMMARY TABLE 

STEP 
NUMBER 

VARIABLE F VALUE TO NUMBER OF u-STATISTIC 
ENTERED REMOVED ENTER OR REMOVE VARIABLES INCLUDED 

1 2 47.6673 1 0.5217 
2 8 15.5752 2 0.3997 
3 1 o. 3563 3 0.3968 
4 6 0.2696 4 0.3947 
5 4 0.5211 5 0.3904 
6 5 O.l5b3 6 0.3891 
7 3 0.194 7 7 0.3875 
8 7 o. 8811 8 0.3801 

EIGENVALUES 

1.63109 0.00001 o. 00000 o.ooooo -o. ooooo 

CUt-~ULATIVE PROPORTICN CF TOTAL DISPERSION 

1.00000 1.00000 1. 00000 1. 00000 1.00000 

CANONICAL CORRELATICNS 

0. 78736 0.00291 0.00157 0.00092 o. 00018 

COEFFICIENTS FOR CANONICAL VARIABLE -

ORIGINAL 1 2 3 4 5 
VARIABLE 

l 0.10824 -0.56604 0.21136 -o. 1381 c 0.11312 
2 0.01088 0.03338 -o. Oll26 0.00127 o. 00261 
3 0.91484 -1.40911 -2.36101 -3.20436 -0.86386 
4 1.06548 -2.16088 -5.02430 2.68509 -0.09756 
5 0.20758 -0.20230 0.34646 -o. 42690 0.14151 
6 -0.13036 0.26984 0.44 760 -0.01320 -0.13428 
1 -0.10385 0.12899 o. 31281 0.31666 0.28742 
8 1.79337 0.19745 1. 01881 0.78773 -1.604-43 

Gi\CUP CANONICAL VA~IABLES EVALUATED AT GROUP MEANS 
1 -0.66990 -0.00000 -0.00000 -o. ooooo o.ooooo 
2 2.34465 -o.ooooo o.ooooo o.ooooo -o.ooooo 

CHECK ON FINAL U-STATISTIC 0.38007 

-o.ooooo -0.00000 

1.00000 1.00000 

0.00064 0.00064 

6 1 

-0.02377 0.06072 
-0.00014 0.00069 

1. 95822 0.54830 
0.14274 0.86542 

-0.10850 0.50168 
0.04328 -o. 01402 
0.10729 -0.15775 
0.30986 -3.04712 

o.ooooo o.ooooo 
o.ooooo o.ooooo 

-0.00000 

1.00000 

0.00104 

8 

o. 07840 
-0.00150 
-0.66621 
-0.42151 
-1.64539 

0.06364 
0.06026 
1.23312 

-o.ooooo 
-o.ooooo 

~ 

0 
CX> 



POINTS PLOTTED ON THE FOLLWING GRAPH 

X s FIRST CANONICAL VARIABLE 
Y = SECOND CA~ONICAL VARIABLE 
CASE NUMBER FOLLOWED SY * INDICATES THE POINT IS OFF THE G~APH 

GROUP A MEAN COORDINATES -0.670 -o.ooo 
CASE X y CASE X y CASE X y 

1 0.386 -1.716 11 -0.389 -1.545 2 -0.078 -1.002 
4 -0.964 -0.513 14 -0.821 -a. 2 01 5 -1.522 1.060 
1 -1.043 0.133 17 -0.918 0.601 8 -1.352 0.974 

10 -0.876 -0.144 20 0.494 -1.108 

21 0.057 -1.852 31 -0.896 0.178 22 -0.843 -0.212 
24 -0.851 -0.103 34 -1.189 1.446 25 -0.283 0.231 
27 -1.234 0.422 37 0~268 -a. 248 28 -1.152 0.147 
30 -1.205 -0.261 40 -0.483 0.721 

41 -0.912 o. 836 
42 -1.114 -0.124 

GROUP B MEAN COORDINATES 2.345 -o.ooo 

CASE X y 

1 3.829 -0.435 11 4.874 -1.169 
2 z. 806 -0.986 12 3.253 0.302 
3 -0.181 -0.166 
4 3.643 0.686 
5 0.325 -0.499 
6 1.359 -0.942 
1 1.304 -1.258 
8 0.006 -1.346 
9 2.493 2.919 

10 4.425 2.894 

OVERLAP IS INDICATED SY s, GROUP MEANS BY *• 

CASE X y 

12 -0.585 -1.058 3 
15 -0.311 -0.642 6 
18 -1.213 0.637 9 

32 0.354 -1.089 23 
35 -1.291 1.029 26 
38 -o.362 0.412 29 

-o. 862 0.136 13 
-1 .281 0.620 16 
-0.111 -0.151 19 

-0.841 -0.177 33 
0.055 -0.55(; 36 

-1.184 o.on: 39 

1.950 
-0.521 
-1.201 

-0.927 
-1.185 
-1.032 

0.725 
-o. 036 

0.178 

-0.52t 
0.972 
1. 730 

__, 
0 
\.0 



-3.670 -1.416 o. 83 7 3.091 5. 345 
-2.543 -0.289 1.964 4.218 

+ •••• + ••••••••••••••••••••••••••••••••••••••••••••••••• + •••• + •••••••••••••••••••• 
5.345 • 
5.164 • 
, .. 984 • 
4.804 
4.623 • 
4.443 • 
4.263 • 
4.083 • 
3.902 • 
3.722 • 
3.542 • 
3.361 • 
3.181 • 
3.001 • 
2.821 • 
2. 640 • 
2.460 • 
2.280 • 
2.099 • 
1.919 • 
1.739 • 

·1.559 • 
1.378 • 
1.198 • 
1.018 • 
0.037 • 
0.657 • 
0.477 • 
0.296 • 
0.116 • 

-0.064 • 
-0.244 • 
-0.425 • 
-0.605 • 
-0.785 • 
-0.966 • 
-1.146 • 
-1.326 • 
-1.506 • 
-1.687 • 
-1.867 • 
-2.047 • 
-2 .. 228 • 
-2.408 • 
-2.588 • 
-2.768 
-2.949 • 
-3.129 • 
-3.309 • 
-3.490 • 

A 

A 

A 

AA 
A 

AA A A 
A 

AA A 
A AA*A 

A A 
A 
A 

A 

8 
8 

A 8 
A 

A 8 

* 8 A 
8 8 

A A 

A 8 8 
AA 8 

8 8 
A 

A 
A 

-3.670 • • 
+ •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• + ••••• 

-2.543 -O.Z89 l. 964 <\.218 
-3.610 -1.416 0.837 3.091 5.345 

FINISH CARD ENCOUNTERED, JOB TERMINATED 
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5.345 
5.16<\ 
4.984 
4.804 
4.6Z3 
4.443 
4.263 
4.063 
3.902 
3.722 
3.542 
3.361 
3.181 
3.001 
2.821 
2.640 
2.460 
2.280 
2.099 
1.919 
1.739 
1.559 
1.378 
1.198 
1.018 
o.8H 
0.657 
0.477 
0.296 
0.116 

-0.064 
-0.244 
-0.425 
-0.605 
-0.785 
-0.966 
-1.146 
-1.326 
-1.506 
-1.687 
-1.867 
-2.041 
-z.zza 
-2.408 
-2.588 
-2.768 
-2.949 
-3.129 
-3.309 
-3.490 
-3.670 
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